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Porrerweanral 


This is an important book, which I hope will be studied by everybody concerned 
with physics and astronomy. I can guarantee that the student who works steadfastly 
through the many splendid examples will end by knowing a very great deal about 
relativity and cosmology. I can also guarantee that the practised expert will find 
much that is a surprise and a delight. 

Backed by many years of distinguished research, the book is a masterpiece of 
clarity. From his earliest days as a graduate student, Jayant Narlikar has always 
been an incisive writer and lecturer. The mystery about a lecture by Narlikar is to 
understand how he manages to go at such an apparently leisurely pace, to write on 
a blackboard with extreme precision and without haste and yet at the end of an hour 
to have covered an immense amount of ground. The solution to the mystery has to 
be that he wastes less time than most of us on irrelevances, which is just what the 
reader of this book will find from the first page to the last. Author, publisher and 
reader are all to be congratulated. 

I wrote the above at the time of the first edition of this book. No word needs 
changing but a few need adding. This is not only an important book. It is the best 
book and, I believe, by a considerable margin. Pity the student who doesn’t work 
from it. 


Sir Fred Hoyle 


(Sir Fred Hoyle passed away shortly before the publication of this book.) 
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The progress of modern cosmology has been guided both by observational and by 
theoretical advances. The subject really took off in 1917 with a paper by Albert 
Einstein that attempted the ambitious task of describing the universe by means of a 
simplitied mathematical model. Five years later Alexander Friedmann constructed 
models of the expanding universe that had their origin in a big bang. These the- 
oretical investigations were followed in 1929 by the pioneering work on nebular 
redshifts by Edwin Hubble and Milton Humason, which provided the observational 
foundations of present-day cosmology. In 1948 the steady-state theory of Hermann 
Bondi, Thomas Gold and Fred Hoyle added a spice of controversy that led to many 
observational tests, which are essential for the healthy growth of the subject as a 
branch of science. Then in 1965 Arno Penzias and Robert Wilson discovered the 
microwave background, which not only revived George Gamow’s concept of the hot 
big bang proposed nearly two decades before but also prompted even more daring 
speculations about the early history of the universe. 

The landmarks mentioned above have led to many popular and technical books on 
cosmology. In particular, the rapid growth of interest in the areas of general relativity 
and cosmology during the 1970s was reflected in a number of classic textbooks that 
came out in the early 1970s. The purpose of the present textbook is to introduce the 
reader to the state of the subject in the early 1980s. The approach adopted here is, 
however, different from that found in most other texts on the subject. so it is perhaps 
desirable to state what the differences are and why they have been introduced. 

For example, it is usual to find cosmology appearing at the end of a text on general 
relativity, introduced more as an appendage than as a subject in its own right. Per- 
haps this is one reason why cosmology still stands apart from the rest of astronomy, 
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where it really belongs. The astronomer tends to regard cosmology as a playground 
for general relativists rather than as a logical extension of extragalactic astronomy. 
To correct this tendency, the relative importance of cosmology and general relativity 
has been inverted in this text. Chapter 2 introduces general relativity more as a tool 
for studying cosmology than as a subject in its own right. Thus the relativist may find 
many topics dealt with at a superficial level or not at all. This chapter covers only 
those topics that are really necessary for understanding the large-scale geometrical 
properties of the universe. I have taken this approach in the hope that the relatively 
elementary treatment of general relativity will not put a newcomer off, as a more 
exhaustive treatment might well do. The expert relativist may skip this chapter and 
refer to it only for fixing the notation. 

Chapters 3 and 4 introduce the standard models of cosmology as solutions of 
Einstein’s equations. The tools developed in Chapter 2 will be found applicable 
here; and the reader will find the pace more relaxed than in Chapter 2. 

Chapters 5-7 concentrate on the physical aspects of standard cosmology. 
Gamow’s idea of primordial nucleosynthesis, the current state of ignorance on 
galaxy formation, the properties of the microwave background and the various 
recent contributions of particle physics to our understanding of the early universe 
are discussed here. 

Perhaps this would have been the appropriate stage to move on to observational 
cosmology. However, I felt that the reader should also be taken on a short excur- 
sion into non-standard cosmology. Contrary to the view propagated (unfortunately) 
by many experts in cosmology today, the subject is not a closed book; neither is 
standard cosmology the only answer to the problem of the origin and the evolution 
of the universe. Part HI of this book introduces some alternatives to the standard 
models. 

Although some readers may prefer to see an observational test discussed im- 
mediately after the theoretical prediction, I have left observations to the last part 
of the book. This approach has made an overall assessment of the various models 
possible. A survey of cosmological observations shows how better techniques and 
a better appreciation of errors and uncertainties have led to frequent reassessments 
(a classic example being the value of Hubble’s constant, which is still uncertain!). I 
have therefore not gone into very many observational details, but have emphasized 
how the observations are made and the likely sources of errors. In any case it would 
be unwise to go into too many details in an introductory text. 

In spite of many remarkable advances, cosmology is still very much an open 
subject. On the observational side, the launching of the space telescope in the mid- 
1980s is likely to revolutionize our view of the universe. On the theoretical side, 
the grand unified theories (GUTs) are still grappling with the problem of the early 
universe, while quantum cosmology is in a rudimentary state. Cosmologists have 
yet to appreciate the problems posed by life in the universe. How did life come into 
existence? Is it confined to the Earth or is it widespread in the universe? A text of the 
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future may well devote a large part of its discussion on cosmology to contributions 
from biology. 

It is assumed that the reader is familiar with standard mathematical methods like 
differential equations, vector analysis, Fourier series and transforms, the calculus of 
variations and so on. A knowledge of basic physics including mechanics, elementary 
thermodynamics, electromagnetic theory, atomic structure and fluid dynamics is 
also assumed. Similarly, basic knowledge of elementary astronomy will be useful. 
The text is intended for advanced undergraduates, graduate students and teachers of 
astronomy and cosmology. 

This book contains over 400 exercises, of which over 80% are of a computational 
nature. Many of them are designed to illustrate or amplify the material described in 
the text. It is hoped that they serve their intended purpose. 

I thank Art Bartlett for encouraging me to write the book. Comments received 
from Bob Gould, Bob Wagoner, Dimitri Mihalas, Richard Bowers and Geoff 
Burbidge were of great help during the preparation of the manuscript. Last, but not 
least, it was Fred Hoyle who introduced me to the fascinating field of cosmology as 
a graduate student and | am indebted to him for agreeing to write a foreword to this 
book. 


I began writing this book while visiting the Department of Applied Mathematics 
and Astronomy at the University College, Cardiff, Wales. I am grateful to the head 
of the department, Chandra Wickramasinghe, for the facilities extended to me at 
Cardiff. For the prompt typing of the manuscript I am indebted to Ms Suzanne Ball 
and Mr P. Joseph. It is also a pleasure to acknowledge the help I received from the 
Drawing Office and Xerox Facility of the Tata Institute of Fundamental Research. 


Bombay, India Jayant Narlikar 


Vrerict ts : cereal ovbibareas 


Tam happy that the revised second edition of An Introduction to Cosmology is seeing 
the light of the day. The motivation and format of this edition continue to be the same 
as for the earlier edition and hence this preface only supplements the more detailed 
preface of the first edition given above. 

The changes incorporated in this edition broadly reflect the new developments 
in cosmology that came in the eighties, e.g., inputs from particle physics including 
the inflationary universe, new attempts at structure formation, recent observations 
of the large-scale structure and the improved (more sensitive) limits on the intensity 
fluctuations of the microwave background. The observational sections have been 
updated although no textbook can really keep pace with the rapid advances in 
cosmological observations. 

A comparison of the two editions will reveal a slight rearrangement of the 
chapters, including a streamlining of the part devoted to alternative cosmologies. 
The final chapter is perhaps more critical of standard cosmology than before. This 
is necessary, In my opinion, in order to correct the prevailing impression that the 
standard hot-big-bang model describes the universe so well that no significant new 
or alternative inputs are required. 

I thank Simon Mitton for encouraging me to proceed with the job of revising 
the book for Cambridge University Press. Thanks to speedy typing by Santosh 
Khadilkar and help with artwork by Arvind Paranjpye. the job could be completed 
within the time frame set by Simon. I also thank the numerous reviewers of the first 
edition whose constructive comments helped in preparing the revised manuscript. 


Jayant V. Narlikar 
Inter-University Centre for 
Astronomy and Astrophysics, 
Pune, India 
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It is a measure of the advances that cosmology has made in the last decade that a third 
edition of this book was felt to be necessary. The second edition had come out just 
as the COBE satellite had revealed for the first time small-scale inhomogeneities in 
the cosmic microwave background. Although the COBE findings came as a reliet to 
the big-bang theorists who were becoming uncomfortable with the apparent absence 
of any evidence for a primordial interaction between matter and radiation (that any 
scenario for the formation of large-scale structure would inevitably require), they 
demanded considerable modifications of the existing paradigms. Since COBE the 
number of findings of inhomogeneities on various angular scales has grown and, 
at the time of preparing this edition, it has just been possible to take note of the 
BOOMERANG and MAXIMA findings. 

The third edition also takes note of the observations of type-I supernovae in 
arriving at the magnitude—redshift relation for redshifts as high as ~0.8. It also 
relates the story of how the inflation paradigm has gradually been changing ground 
and admitting a greater role for the cosmological constant. Thus the chapters on 
observational cosmology have been revised substantially and expanded. 

On the theoretical side, the basic ideas in standard cosmology have remained 
essentially unchanged. The major thrust has been on the problem of understanding 
structure formation, which can very well claim to be the stiffest challenge for the 
big-bang cosmology. Does dark matter play a crucial role in forming the visible 
structures? Is there a significant non-baryonic component in the dark matter? Can the 
baryonic component be made consistent with the observed abundances of light nu- 
clei, especially deuterium and lithium? Are theoretical models able to accommodate 
the very old stars observed today? At the time of writing there are no definitive ‘yes’ - 
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or ‘no’-type answers to these questions. The final chapter examines the big-bang 
scenario critically from various points of view and raises issues of relevance to the 
future developments in cosmology. 

It is because of the relatively open-ended nature of these issues that the book 
reviews in Chapters 8 and 9 past attempts to understand the universe through al- 
ternative ideas and concentrates on one that claims to offer viable competition to 
the big-bang cosmology today. Even though alternative cosmologies do not feature 
prominently in any cosmology curriculum today, | swongly urge students (and read- 
ers in general) to read these chapters, if only to see how a minority of scientists of 
repute have felt uncomfortable enough with the standard paradigm to be inspired to 
think of alternatives. 

I thank Simon Mitton for his persuasive push to work on this third edition. It 
is a pleasure to thank Arvind Paranjpye for help with obtaining images and Prem 
Kumar for illustrations, most of which are new to this edition. I also acknowledge 
the assistance of Vyankatesh Samak for help in getting this manuscript into a ATEX- 
ready form. 


Jayant V. Narlikar 
Inter-University Centre for 
Astronomy and Astrophysics, 
Pune, India 
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Chapter | 


The large-scale structure of the universe 


1.1 Astronomy and cosmology 


No branch of science can claim to have a bigger area of interest than cosmology, for 
cosmology is the study of the universe; and the universe by definition contains every- 
thing. Although, because of its profound implications, cosmology has traditionally 
excited the imaginations of poets, philosophers and religious thinkers, our approach 
to the subject will be through the science of astronomy. Astronomy started as a study 
of the properties of planets and stars and gradually reached out to include the limits 
of the Milky Way system, which is our Galaxy. Modern astronomical techniques 
have taken the subject beyond the Galaxy to distant objects from which light may 
take billions of years to reach us. 

Cosmology is concerned mainly with this extragalactic world. It is a study of the 
large-scale structure of the universe extending to distances of billions of light years 
— a study of the overall dynamical and physical behaviour of billions of galaxies 
spread across vast distances and of the evolution of this enormous system over 
several billion years. 

At first such a study may appear an ambitious task. Are our tools of observation 
good enough to provide sufficient scientific information about the large-scale struc- 
ture of the universe? Is our knowledge of the laws of nature sufficiently advanced 
and mature to interpret this information? By way of an answer to these questions, 
we quote a remark of Albert Einstein: ‘The most incomprehensible thing about 
the universe is that it is comprehensible’. Although our observing techniques are 
far from perfect and our knowledge of physical laws leaves considerable room for 
improvement, we are still in a position to make some sense out of what we observe 
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about the universe, which is why we can begin to study cosmology as a branch of 
science. That is, we will take the large-scale structure of the universe as a physical 
system, subject to the known laws of physics, and follow the usual procedure of 
science, that of observing features of relevance to this study and then trying to 
interpret them and making predictions that can be tested by further observations. 
This is what this book is all about. 

Nevertheless, our successes in interpreting the universe through physical models 
should not blind us to the enormity and depth of the basic questions that emerge. 
The models may, at best, represent a first approximation to reality, which could still 
be elusive. 

We will begin with a brief survey of some of the features of the universe that are 
pertinent to the subject of cosmology. Before coming to the present understanding. 
however, it is instructive to present a brief historical review of how this understand- 
ing was arrived at. In what follows and, indeed, throughout the book, we will use 
the following units of length, mass and time that are common in cosmology. 


m Length The physicist uses the metre (for the SI units) or centimetre (for the 
c.g.s. units). While we shall use the latter in deriving quantitative expressions 
from physical formulae, they are too short for cosmic distances. The physicist 
would have preferred the light year, that is the distance travelled by light in 
one year (9.46 x 10!7 cm ~ 10!8 cm), while the astronomer prefers the 
parsec, a unit that naturally arises when one is determining stellar distances 
by using the method of parallax. One parsec is defined as the distance at 
which half the diameter of the Earth’s orbit subtends an angle of | arcsecond 
when it is looked at symmetrically from the normal direction. Larger units 
constructed from the parsec (pc) are, the kiloparsec (1 kpc = 10° pc), the 
megaparsec (1 Mpc = 10° pe) and the gigaparsec (1 Gpe = 10° pc). 


: Time The basic unit of time is of course the ‘second’, but on occasions 
cosmology demands much longer time scales. The typical unit is the gigayear 
(1 Gyr = 10? years ~ 3 x 10!® s). 


* Mass The physicist may use the ‘kilogramme’ (SI units) or gramme (c.g.s. 
units), but masses of astronomical objects are best expressed in the mass unit 
of the Sun’s mass Me © 2 x 10°? g. 
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In the history of astronomy, the era of William Herschel (1738—1822) stands out 
as one when astronomy expanded its frontiers beyond the Solar System, to look at 
stars in the Milky Way. Although Herschel (see Figure 1.1) shot into fame largely 
through his discovery of the planet Uranus (the first ever new planet to be discovered 
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in recorded history), it was his study of stars that gave a first understanding of what 
the Milky Way is, namely that it is a distribution of stars ina disc, spread all around 
the Sun. Such a distribution of stars on a large scale is now known as a galaxy, with 
the Milky Way being called the Galaxy. Figure 1.2 shows the map of the Galaxy 
prepared by Herschel. Notice that the Sun is shown to be at the centre of the Galaxy. 

The Herschelian picture with the Sun at the centre of the Galaxy, remained the 
accepted picture until the beginning of the nineteenth century. The distances to 
stars in the Galaxy were determined in the early days by the trigonometric method. 


Figure 1.1) William 
Herschel (1738-1822). 
Photograph by courtesy of 
the Royal Astronomical 
Society, London. 


Figure 1.2 A map of the Milky Way prepared by William Herschel ca. 1788, shows 
the Sun (S) at the centre. 
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Unfortunately this method loses accuracy beyond ~S0—100 pe. Furthermore, the 
dark patches in the Milky Way are not due to an absence of stars; rather they arise 
from absorption of starlight by particles of dust en route. Dark nebular patches like 
the famous Horsehead Nebula (see Figure 1.3) show regions of concentration of 
dust. Interstellar dust may exist in several forms, such as graphite, silicates and 
solid hydrogen. The effect of dust is to reduce the intensity of light from distant 
stars in the Galaxy through absorption and seattering. In the early days astronomers 
overestimated stellar distances in the Galaxy because they failed to correct for 
interstellar extinction. (Without correction, the faintness of a star was assumed to 
be wholly due to its distance from us.) The early astronomers also mistook dark 
regions for “holes” or empty regions in the Galaxy. 

A more reliable method that made use of the variable stars called Cepheids be- 
came available in 1912. Harlow Shapley used this method to measure the distances 
of remote stars in our Galaxy and showed that our Galaxy was much larger than 
it had previously been thought to be. The revised picture of the overall size of the 


Figure 1.3 The Horsehead Nebula in Orion. The dark shape arises from interstellar 
dust. Photograph by courtesy of school students in Pune operating the 14-inch 
telescope at Mount Wilson Observatory through the internet. Facility provided by the 
Director, Gilbert A. Clark Telescope in Education Foundation. 
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Galaxy also meant a change in the perceived location of the Sun and its planets 
vis-a-vis the centre of the Galaxy, but not before several debates between those such 
as J. C. Kapteyn, who believed that the Sun was more or less at the Galactic Centre 
(GC), and a small minority represented by Shapley, who placed it considerably far 
from the GC. We have to allow for the fact that, unlike other galaxies, which we can 
look at from outside, the shape and size of the Milky Way have to be determined by 
observations from within. 

Figure 1.4 shows a schematic representation of the Milky Way as it is perceived 
today. We see it face-on in Figure |.4(a) and edge-on in Figure 1.4(b). The face- 
on picture shows the spiral structure of the Galaxy, whereas the edge-on picture 
demonstrates that it is a disc with a central bulge. The disc is also referred to as the 
galactic plane. 

The diameter of the disc is estimated to be ~30 kpc and its thickness ~1 kpc. 
The Sun, together with all its planets, is located ~10 kpc from the centre. The 
Galaxy rotates about its polar axis, although not as a rigid body. Figure 1.5 shows 
how the circular orbital velocity varies at different distances from the GC. The 
Sun, for example, takes ~200 million years to make one complete orbit. Like 
the Sun, many other stars also go round the Galactic Centre (GC), whereas some 
stars have highly eccentric orbits that take them out of the galactic plane and 
also very close to the GC. (Figure 1.6 illustrates the two types of orbits.) Stars 
of the former type (like our Sun) with nearly circular orbits in the disc (shown 
by continuous lines) are called population-I stars, whereas stars of the latter type 
are called population-II stars. Their orbits are shown by dotted lines in Figure 1.6. 
From the metal contents of the two types of stars and the theory of nucleosynthesis 
it is possible to argue that population-II stars are older than population-I stars. 


Figure 1.4 A schematic picture of the Milky Way, seen on the left (a) face-on as a 
circular system with spiral arms and on the right (b) edge-on as a disc with a central 
bulge. The Sun and its planets are located about two thirds of the way out from the 
centre. The Galaxy rotates about a central axis, with N and S the galactic North and 
South poles. C is the centre of the Galaxy. 
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Astronomers also refer to an even earlier generation of stars called the population-IIJ 
stars, which were supposedly very massive and are now extinct, having burnt out 


quickly. 
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Figure 1.5 The diagram shows a model of the speed of rotation of the Galaxy about 
its polar axis, around the GC, which is clearly not that of a rigid disc rotating about 
its axis. Figure adapted from J. N. Bahcall & R. M. Soneira (1980), Ap. J. Suppl., 44. 
73. 
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Figure 1.6 Two types of orbits of population-I and population-II stars. The former 
(like the Sun, as in Figure 1.5) move in the disc in nearly circular orbits, whereas the 
latter go into the halo and also close to the GC in highly eccentric orbits. 
Population-I orbits also wobble up and down the galactic disc. 
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The mass of our Galaxy is estimated at ~1.4 x 10!!Mo and it is estimated that 
there are upwards of 10!! stars in the Galaxy. However, stars alone do not make up 
the whole of the Galaxy. The dark Janes in Figure 1.7 show that obscuring matter is 
also present. 

Absorption lines in the spectra of galactic stars show that absorbing gases are 
present in the interstellar medium. Gas appears in various forms — atomic and molec- 
ular, hot and cold. Emission nebulae around stars are made of gas that absorbs the 
ultraviolet radiation from stars and radiates it as visible light in spectacular colours. 
The so-called H II regions are hot regions near stars and contain hydrogen gas that 
has been ionized by the ultraviolet light of the stars. In contrast the H I regions are 
cool regions of atomic hydrogen. The 21-cm observations in radio-astronomy were 
largely responsible for detecting neutral hydrogen in the Galaxy. Moreover, since the 
1960s radio and microwave studies have revealed the existence of several complex 
molecules in the interstellar gas clouds. Figures |.8 and 1.9, respectively, illustrate 
the H I and H II regions. 

It took a few years longer for astronomers to appreciate the extragalactic nature 
of the universe. The general belief at the turn of the twentieth century was that all 
the hazy nebulae were located within the Milky Way. The idea, proposed by a few 
astronomers, that the nebulae were galaxies of stars similar to the Milky Way was 
ridiculed or ignored. One reason for doubting that they were distant galaxies was 
the claim by A. van Maanen that they possessed significant proper motions. Spiral 
nebulae such as M33. M81, MIO1, NGC 4051 and NGC 4736 exhibited, according 
to van Maanen, proper motions as great as 15 000 km s~!, if they were indeed as far 
as a few million light years away. Dynamical theories ruled out such large motions 
on the grounds of stability of spiral structures. However, other observers could not 
repeat van Maanen’s measurements and gradually the claim lost credibility. 

It is interesting to note that Shapley, who had contributed so much towards our 


understanding of the structure and size of the Milky Way, took the conservative view 


a ee Se ae 
Figure 1.7 A composite picture of the Milky Way obtained by joining together 
pictures taken in different directions. The bright portions are due to stars, whereas 
the dark lanes indicate where interstellar dust is extinguishing the starlight en route. 
Courtesy of NASA/Ames Research Center. 


Figure 1.8 A map of the Milky Way, using atomic hydrogen; that is, highlighting 
the H-I regions. Courtesy of NASA/Ames Research Center. 
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Figure 1.9 A typical H-II region in the Galaxy, the Trifid Nebula. Photograph by 
Arvind Paranjpye. 
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(shared by the majority) that all nebulae are part of the Milky Way Galaxy. Towards 
the end of the second decade of the twentieth century, there was a famous debate on 
this issue between Shapley and Curtis. As it soon turned out, Shapley’s viewpoint 
was untenable. 

In the 1920s, Hubble discovered that certain bright nebulae previously considered 
part of the Galaxy were actually remote objects lying well beyond it. Hubble’s 
discovery finally laid to rest the belief that the whole of the observable universe 
was contained in our Milky Way, an island floating in infinite space. The nebulae 
that Hubble had proved to be extragalactic turned out to be galaxies in their own 
right. The idea that our Galaxy may be one amongst many populating the universe 
and that all such galaxies are like islands in vast (otherwise empty) space had in fact 
been proposed by Immanuel Kant in the eighteenth century and had been known as 
the “island-universe hypothesis’. It received confirmation through such observations. 

Today the astronomer has a much better perspective on the vastness of the extra- 
galactic world. The following section describes broad features of various types of 
galaxy known today. There we shall also see that the galaxies appear to contain dark 
matter that extends substantially beyond their visible boundaries. 


13 Types of galaxy 


The spiral structure of our Galaxy shown in Figure 1.4(a) was difficult to establish 
observationally, since we view it from within. It is easier to see this structure in other 
galaxies, unless we are viewing them edge-on. Our nearest large galaxy, labelled 
M31 (see §1.7 for the meaning of this label), in the Andromeda constellation, has 
a similar spiral structure (see Figure 1.10). Spiral galaxies, as such galaxies are 
called, are probably the most numerous amongst the various types of bright galaxy 
(see Figures 1.11 and 1.12). Like our Galaxy they exhibit rotation, flattening with a 
central bulge and dark lanes of absorbing matter. 

In 1926 Hubble classified the various types of galaxy in the following way. The 
various classes of spiral galaxies are called Sa, Sb, Sc and so on. The sequence is 
in decreasing order of the importance of the central nucleus or bulge in relation to 
the surrounding dise (see Figure |.13). Along the sequence, the central spheroid has 
decreasing luminosity and the spiral arms become more loosely wound. Our Galaxy 
and M31 are of type Sb. Some spirals have bars in the central region. These are 
called barred spirals and are categorized as SBa, SBb and so on. See Figure 1.14 
for an illustration of a barred spiral. 

While spirals are the most numerous amongst bright galaxies, the most numerous 
amongst all galaxies are these classified as ellipticals. These are ellipsoidal in shape 
(see Figures 1.15 and 1.16), exhibit very little rotation and have very little gas and 
dust. The various types of ellipticals are placed in the sequence EO, El, ... , E7. 
This sequence describes progressively flattened profiles of galaxies, EO being nearly 
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spherical and E7 of markedly flattened lenticular form. If a and b are the major and 
minor axes of the ellipse, then the n for the galaxy En is given by 
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Figure 1.10 The Great Galaxy in Andromeda, a spiral galaxy of type Sb. 
Photograph of Palomar Observatory/Caltech. 


Figure 1.11 A galaxy of type Sa, the well-known ‘Sombrero Hat’. Photograph by 
courtesy of William C. Keel, Department of Physics and Astronomy, University of 
Alabama, Tuscaloosa, USA. 
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These types are schematically illustrated in Figure 1.17. Unlike star images, which 
tend to be pointlike, galaxies have nebulous shapes like those described above. 
Astronomers can measure the distribution of light across a galaxy with great ac- 


curacy using solid-state instruments such as the charge-coupled device (CCD). The 


distribution of light is conveniently described in terms of isophotes, or contours of 


Figure 1.12 A galaxy of type Sc, called the ‘Whirlpool’. Photograph by courtesy of 
school students in Pune operating the 14-inch telescope at the Mount Wilson 
Observatory through the internet. Facility provided by the Director, Gilbert A. Clark 
Telescope in Education Foundation. 


Sa Sb Sc 


Figure 1.13 The sequence of types of spiral galaxy. The shaded region represents 


the nucleus 
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equal intensity. For many galaxies, especially the ellipticals. increasing sensitivity 
of measurement shows that the boundary of a galaxy does not come to an abrupt 
end; rather, there is a gradual diminution of intensity of light outwards from the 
centre. In this connection astronomers often use the so-called Holmberg radius, 
which corresponds to the isophote at which the surface brightness drops to 26.5i7p¢ 
(photographic magnitude)! per square arcsecond, to indicate the optical boundary 
of a galaxy. 

For many decades since the discovery of galaxies it was believed that they extend 
as far as they are visible. Thus the Holmberg radius was taken as the extent of 
a typical galaxy. However, in the seventies the orbits of neutral hydrogen clouds 
circling round a spiral galaxy indicated that the masses enclosed within them far 
exceeded the visible mass of the galaxy. 

Figure 1.18 shows the typical rotation curve of a spiral galaxy. At a distance r 
from the centre O of the galaxy, a circular Keplerian orbit will have velocity 


Galaxy NGC 1365 
Hubble Space Telescope - Wide Field Planetary Camera 2 
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Figure 1.14 NGC 1365, an example of a barred spiral. Image by HST created with 
support from the Space Telescope Science Institute operated by the Association of 
Universities for Research in Astronomy. Reproduced with permission from 
AURA/STScl. 


Magnitude is a measure of the brightness of a celestial object. For quantitative details see §3.6. 
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where M(r) is the galactic mass out to radius r from the centre. The point A 
represents the visible extent of the galaxy. If all the mass were visible then M(r) 
= constant beyond A, and v should have dropped as r—'/? as shown by the dotted 


Figure 1.15 An elliptical 
galaxy of type EO in Virgo, 
M387. Its nucleus is believed 
to contain a highly collapsed 
mass of the order of 

5 x 10?Mo. Photograph 
courtesy of Palomar 
Observatory/Caltech. 


Figure 1.16 An elliptical 
galaxy of type E2 in 
Andromeda, M32. 
Photograph courtesy of 
William C. Keel, 
Department of Physics and 
Astronomy, University of 
Alabama, Tuscaloosa, USA. 
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curve. In reality v is more or less constant as far as point B which may easily be two 
or three times further away from O than A. 

If Newtonian laws of gravity and mechanics hold then we have to conclude that 
M(r) keeps on increasing beyond A; in other words, there is unseen matter present 
well beyond the visible radius of the galaxy. This dark matter poses many problems 
for, as well as introducing new elements into, cosmological theories, which we shall 
encounter later in this book. 


Figure 1.17 The sequence 
of types of elliptical galaxy 


shown schematically. Not all 
EO E2 types between EO and E7 are 
shown. 
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Figure 1.18 The rotation curve of a spiral galaxy is flat right up to point B, well 
beyond the visible extent up to A. The dotted curve shows how the rotation curve 


should have sloped down, had the entire mass of the galaxy been confined to its 
visible boundary. 
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Another type of galaxy, called SO, is intermediate between the ellipticals and 
the spirals (see Figure 1.19). Like the ellipticals, the SO galaxies have little gas 
and dust, but their isophotes are more like those of the spirals (see Figure 1.20). 
These galaxies may have formed from collisions of spirals and ellipticals. Collisions 
between galaxies are not uncommon, especially in rich clusters of galaxies. Stars 
may go through a collision relatively unscathed, since they are widely spaced, but 


Figure 1.19 Galaxy of type SO in Virgo, M84. Image from AURA/NOAO/NSF 
(http://www noao.edu/image_gallery/html/im0101.html). 
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interstellar gas and dust may be spewed out into the intergalactic space. In such a 
case the isophotes (which arise from starlight) may remain intact. 

Figure 1.21 shows Hubble’s ‘tuning-fork’-type classification and sequence of 
galaxies. Although a certain order is seen in this picture, we are still not able to 
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Figure 1.20 The isophotes (contours of equal brightness) of an SO galaxy are more 
like those of an elliptical (shown on the left) than those of a spiral (shown on the 


right). 
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Figure 1.21 The sequence of types of galaxy envisioned by Hubble. 
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say whether this is some kind of evolutionary sequence, for our understanding of 
the formation and evolution of galaxies is still very rudimentary. 

In addition to the types of galaxies already mentioned, there are others that are 
broadly classified as ‘irregular’. Figure 1.22 shows a galaxy in this class. As the 
name implies, these galaxies have no set structural pattern. However, some rarer 
species of galaxies in this group stand out because of certain special features. For 
example, in 1943 Seyfert investigated a class of galaxies in which the nuclei ex- 
hibit many features common to stars, such as broad emission lines. (The spectra of 
galaxies as arule exhibit absorption lines from interstellar gas.) The Seyfert galaxies 
also have a large amount of infrared emission; in some cases the infrared luminosity 
may be as much as 100 times the visual luminosity of our Galaxy (see Figure 1.23). 
There is considerable similarity between Seyferts and another class of astronomical 
objects, the quasars (described in §1.5). 

Apart from these morphological types, galaxies are also classified in terms of 
their spectral features and luminosities. W. W. Morgan introduced the formal spec- 
tral classification, while van den Bergh introduced the so-called luminosity classes. 
We will not go into the details of these classifications here. It is hoped that, when the 


Figure 1.22 NGC 4449, an irregular galaxy. © Sven Kohle and Till Credner, 
Observatory Hoher List, Bonn, Germany. 


1 The large-scale structure of the universe 


subject of the structure and evolution of galaxies is better understood, such classi- 
fications can be better appreciated. Meanwhile, these may be regarded as empirical 
indicators of galactic physics, indicators that may help us understand it better, just 
as empirical classification of stars helped bring about the eventual understanding of 
stellar structure and evolution. 


1.4 Radio sources 


The advent of radio-astronomy led to the discovery of strong sources of radio emis- 
sion outside the Galaxy. As we shall see in Chapter 11, these radio sources also serve 
as useful probes of the structure of the universe. The first extragalactic radio source. 
Cygnus A, was discovered by J. S. Hey, S. J. Parsons and J. W. Phillips in 1946. 
When the position of the radio source in the sky could be accurately specified. Walter 
Baade and Rudolf Minkowski, at the Mt Wilson and Palomar Observatories, located 


Figure 1.23 The central region of the Seyfert galaxy NGC 1068 imaged by the 
Hubble Space Telescope. Image by courtesy of Fred C. Bruhweiler and Cherie 
L. Miskey at IACS/Catholic University of America and the Astrophysical Journal. 
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what looked like a pair of colliding galaxies at the position of the radio source (see 
Figure 1.24). This process of identifying an object on the photographic plate at (or 
very close to) the position of the radio source 1s known as optical identification 
of the radio source. It implies that the optical and radio-astronomers are looking 


at the same object, but at different wavelengths. The discovery of Cygnus A led 


Figure 1.24 The radio 
source Cygnus A is located 
around the optical object at 
the centre of the photograph. 
Image by courtesy of 

R. Perley, J. Dreher and 

J. Cowan. 
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to the early view advocated by Baade that radio sources arise from collisions of 
galaxies. 

Eventually, however, it turned out that Baade was wrong in considering the 
optical object in Cygnus A an example of colliding galaxies. In the seventies it 
became possible to study structures of radio sources in great detail. (Very-long- 
baseline interferometry can detect structures at the angular scale of less than a 
milli-arcsecond.) The picture that has emerged not only for Cygnus A but for a 
majority of extragalactic radio sources is shown in Figure 1.25. 

Here we have two radio-emitting blobs on opposite sides of a central component, 
usually located close to and on opposite sides of a galaxy. It is believed that radio 
emission from the blobs takes place owing to the acceleration of fast-moving elec- 
trons by ambient magnetic fields, a process known as synchrotron emission. The 
particles themselves may have been fired in an explosion in the central region of 
the object. The source of the explosion is still a mystery. In 1963 Fred Hoyle and 
William A. Fowler suggested that gravitational energy in a collapsed object may 
somehow have been converted into kinetic energy of the electrons. In the late 1970s 
several scenarios involving a supermassive black hole of mass ~10°Mo were pro- 
posed. As was first pointed out by Geoffrey Burbidge in 1958, theoretical estimates 
demand a powerful energy machine to generate energy reservoirs of 10°°-10° erg 
in these radio sources. The potential energy of two colliding galaxies falls far short 
of this target. 


Figure 1.25 This radio map of Cygnus A illustrates the most common type of 
extragalactic radio source, made up of two radio-emitting blobs located 
symmetrically on the opposite sides of a central region. The central region is 
believ ed to be the source of activity that generates fast particles moving out along 
Jets, which collide in the intergalactic medium, producing radio emission in blobs. 
Image by courtesy of R. Perley, J. Dreher and J. Cowan. 
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1.5 Quasars 


The term quasar was first used as a short form for the full name ‘quasi-stellar radio 
source’. Quasars were first discovered in 1963 as a result of an optical identification 
programme. The position of the radio source 3C 273 (see §1.7 for the meaning 
of these catalogue numbers) was accurately determined by lunar occultation.? The 
optical identification of this object (see Figure 1.26) and of another radio source, 
3C 48, revealed starlike objects with emission lines; and it was originally assumed 
that these were radio stars in the Galaxy. When their spectra were carefully exam- 
ined, however, it became clear that the wavelengths of emission lines were strongly 
redshifted. 

If the wavelength of an emission line in the laboratory is Ag and its observed 
wavelength in the source of the light is A > A, then the line is said to be redshifted 
by a fraction z given by 


3C 273 and its J et : é Hubble Space Telescope 
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Figure 1.26 The quasar 3C 273, the first to be discovered and identified as an 
extragalactic object. The jet is highlighted. Image courtesy of Herman-Joseph Roser. 


2 If the Moon happens to cross the line of sight to a source, the source is said to be occulted, The 
drop in the intensity of a radio source as it is blocked by the Moon and the rise w hen the Moon 
has moved out of its way give an accurate indication of when it was occulted and, since the 
Moon’s position in the sky is accurately known, it is possible to have an accurate estimate of the 
direction to the radio source. 
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It is usual to call z the redshift of the object. (The name redshift is used to indicate 
a shift to the red end of the visual spectrum.) For 3C 273, z = 0.158; for 3C 48, z = 
0.367. 

These were high values of z for stars in the Galaxy, which tend to have val- 
ues <10~°. What were these objects? In 1964 Terrell suggested that they were 
high-velocity stars ejected from the Galaxy. The commonly accepted interpretation, 
however, has been that the redshifts arise from the expansion of the universe, a 
concept we will introduce in §1.8. 

If the latter interpretation is correct, it implies that quasars are very distant objects 


(153). 


7 
& 


and, since from such large distances they look bright enough to be mistaken for 
stars, they must be intrinsically very powerful. Many quasars exhibit rapid variation 
in their light and radio output. This fact places a limit on their physical size: for. if an 
object exhibits variability on a characteristic time scale 7, its size must be limited 
by ~cT, where c is the speed of light. This limitation, arising from the special 
relativistic result that no physical disturbance can propagate with a speed >c. makes 
quasars very compact indeed. We saw in §1.2 how big our Galaxy is. A quasar, in 
comparison, may emit a comparable amount of energy per unit time from a volume 
whose linear extent may be only a few light hours! 

More than 10000 quasars are now known. Only a few per cent of the total 
quasar population emit radio waves. Thus the early qualification ‘radio source’ is not 
applicable to the bulk of the quasar population and the term “quasar” today is used 
also for radio-quiet objects. The purist may, however, prefer the term ‘quasi-stellar 
object’ (QSO). 

In the early 1980s, the X-ray astronomy satellite Einstein Observatory revealed 
that X-ray emission ts also a common feature amongst quasars, much more common 
than radio emission (see Figure 1.27). Itis generally believed that the X-ray emission 
comes from the innermost region of a quasar while the optical and radio emissions 
come from progressively outward-lying regions. 

In recent times, multi-wavelength studies of QSOs have become common, as has 
also the linking of the QSO phenomenon with compact and active nuclei of some 
galaxies like the Seyferts. The hope is that in this way one may have a better handle 
on the models of energy sources in these systems and their evolution. 


1.6 Structures on the largest scale 


A galaxy that is not a member of a group of galaxies is called a field galaxy. Other 
galaxies are members of groups or clusters that may contain from a few to hundreds 
of big galaxies. Our Galaxy, for example, is a member of a group of ~28 galaxies, 
known as the Local Group, that are separated by distances of up to ~1 Mpc. The 
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nearest members of the group are the Large and Small Magellanic Clouds, which 
are located ~50 kpc from us. While a group may contain a few to a few tens of 
galaxies, a cluster contains several hundreds of them. 

Table 1.1 lists a few of the larger clusters (see the image of one of them in Figure 
1.28). The distances quoted in Table 1.1 are not exact because of the uncertainty 
surrounding the measurements of extragalactic distances. The extragalactic distance 
scale is related to the magnitude of Hubble's constant (see §1.8). Despite progress 
in measurement techniques having been made, there continues to be disagreement 
amongst astronomers regarding the true value of this constant. The ratios of these 
numbers should, however, give us reliable estimates of the relative distances from 
Earth of these clusters. 


Figure 1.27 An X-ray map 
of the quasar 3C 273 made 
by the Chandra X-ray 
telescope. Image courtesy of 
NASA/CXC/Smithsonian 
Astrophysical Observatory 
and H. Marshall er al. 
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Table 1.1 Some rich clusters of galaxies 


Name of the cluster Distance from Earth” (Mpc) x ha 


Virgo 10.5 


Pisces 4] 
Perseus 50 
Coma 6] 
Hercules 95 
Gemini 215 
Hydra II 555 


4 Distances corresponding to Hp = 100h9 km s-! Mpc7! 
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George Abell has catalogued clusters out to distances of the order of that of Hydra 
II using strict criteria for what constitutes a cluster. In order to pick out a cluster one 
has to look for an enhancement of the number density of galaxies within a specified 
region relative to the overall background density. The order of ‘richness’ of a cluster 
is accordingly fixed by specifying the size, brightness range and background. In 
general a rich cluster will have a denser population of galaxies. F. Zwicky had also 
catalogued clusters of galaxies, but with less strict criteria than those adopted by 
Abell. 

How much matter is contained in a cluster? We will attempt to answer this 
question in §10.4. For the time being we may say that a large cluster may con- 
tain a mass of the order of ~10'*Mo. Furthermore, if we try to estimate the 
mean density of matter in the universe by taking account of how much matter 
we see in clusters of galaxies, we come up with a figure that is a few times 
1073! g cm-~?. However, as we shall see later in this book, even clusters may 
have dark matter in substantial amounts. This is because the dynamical activ- 
ity in a cluster, estimated by calculating the kinetic energy of member galax- 
ies, far exceeds the gravitational potential energy of the galaxies and, if one as- 
sumes that the clusters have reached dynamical equilibrium, then this discrep- 
ancy becomes serious. To resolve it one has to assume that a typical cluster con- 
tains a considerable quantity of dark matter with relatively low velocity. If one 


Figure 1.28 The Coma cluster of galaxies. Image by Omar Lopez-Cruz and Ian 
Shelton, NOAO/AURA/NSF. 
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includes dark matter, then these masses and estimates of density may have to be 
increased. 

The mean density of matter in a galaxy, on the other hand, is ~10724 g cm7?. 
Thus the volume occupied by galaxies is <10~° of the total volume of the universe. 
This also explains why galaxies are considered as points in constructing the simplest 
cosmological models. 

Apart from optical emission, clusters of galaxies also exhibit radio and X-ray 
emission. These emissions arise not only from individual sources located in the 
clusters but also in a diffuse fashion throughout the clusters. 

Does a structure larger than clusters exist in the universe? This can be decided by 
studying the distribution of clusters across the sky and looking for non-randomness 
(that is, grouping or clumping) on larger and larger scales. Such studies have re- 
vealed the existence of larger structures on the scale of ~50 Mpc, compared with 
cluster scales of ~ 5 Mpc. These larger units are referred to as superclusters. 

For example, in the late 1950s, G. de Vaucouleurs found that our Local Group 
is a member of a supercluster centred on the Virgo cluster of galaxies. C. D. Shane 
and coworkers at the Lick Observatory found similar clumpiness in other regions 
of the sky. Abell also found clumpiness in an analysis of the plates in the National 
Geographic—Palomar Sky Survey. 

In the seventies and eighties there were considerable improvements in the tech- 
niques for observing discrete extragalactic objects. With distances determined by 
Hubble’s law (§1.8) it has become possible to have three-dimensional perspec- 
tives of distributions of matter in the universe. These are beginning to indicate a 
large-scale inhomogeneity in the distribution of matter. For example, the following 
features are revealed by such redshift surveys. 


1. Superclusters As seen above, these are on scales of ~50 Mpc or more and 
contain several thousand galaxies. For example, the Local Supercluster 
containing the Local Group is shaped like a flattened ellipsoid with a plane of 
symmetry called the supergalactic plane. It passes through the centre of the 
Virgo cluster and the centre of our own Galaxy. 


2. Voids These are gaps in the distribution of large superclusters, with sizes that 
can be as large as 100-200 Mpc. There are apparently no (or very few) 
galaxies in these regions (see Figure 1.29). 


3. Filaments The boundaries of voids are filamentary distributions of galaxies 
in clusters and superclusters. Figure 1.29 indicates this feature clearly. 


4. The Great Attractor and the Great Wall In the late eighties it became 
apparent that galaxies in and around the Local Group seem to have a 
large-scale streaming motion towards the Hydra—Centaurus supercluster in 
the southern sky. The typical streaming velocity against the so-called 
cosmological rest frame, which we shall discuss in detail in Chapter 3, was 


1 The large-scale structure of the universe 


estimated to be around 600 km s~!. This is also the reference frame in which 
the cosmic microwave background (see §1.9) is isotropic. This motion is 
believed to have been caused by a ‘Great Attractor’ (GA); that is, a huge 
mass of some tens of thousands of galaxies. The volume of the attractor is as 
large as 10° Mpc. The GA is not seen but its existence is inferred from its 
gravitational effect. Such massive structures may be present elsewhere in the 


universe also. 


Mapping of the universe on a large scale reveals the presence of a large but thin 
sheet of mass. This is known as the ‘Great Wall’ and it has an area of 60 x 170 Mpc? 
(using a Hubble constant of 100 km s~' Mpc~!). Unlike the GA, the Great Wall is 
seen and Figure 1.30 clearly shows its existence. These structural inhomogeneities 
therefore span distances as large as 10% of the characteristic size of the universe 
defined in §1.10. 

Some studies also suggest a cellular structure for the universe; that is, matter 
distributed preferentially in a grid-like fashion, with a characteristic cell size of 
~125 Mpc. Some analyses claim that there is a fractal hierarchy in large-scale 
structure extending beyond the 200-Mpc scale. However, at the time of writing this 
text, evidence of this kind needs to be checked further. 

In the 1920s and 1930s the general belief was that the universe is homogeneous 
on a sufficiently large scale. The cosmological models which were proposed in 
those days made this simple assumption. In Chapters 3 and 4 we will outline 
these models. However, it is now becoming apparent that these models were too 
simplistic. They face the problem of explaining how structure inhomogeneous on 
such a large scale came into existence. The problem has become more difficult, 
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Figure 1.29 Galaxy distributions exhibit giant voids and long filaments, as mapped 
in this survey by the Center for Astrophysics. Courtesy of M. G. Geller and 
J. P. Huchra of the Smithsonian Astrophysical Observatory. 
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since, as we shall see later in this chapter, the radiation background is relatively 
much smoother. 


1.7 Coordinates and catalogues of astronomical objects 


Betore proceeding further we will describe how the astronomer locates the position 
of a heavenly body in the sky. In general the astronomer does not know the distance 
of the body from us; he sees it projected on the sky, on what is known as the celestial 
sphere. Two coordinates, akin to longitude and latitude, are therefore needed in order 
to specify the position of the body on this sphere. 

Figure 1.31 shows two different coordinate systems, both of which are useful 
to the astronomer in different contexts. The system in Figure 1.31(a) uses right 
ascension (RA, denoted by @) and declination (6), coordinates related to the ge- 
ometry of the Sun—Earth system. Here the poles are the points N and S on the 
celestial sphere where the Earth’s axis of rotation intersects it. The celestial equator 
is the great circle on the celestial sphere whose plane is perpendicular to NS. The 
plane in which the Sun appears to go round (as seen from the Earth) intersects 
the celestial sphere in another great circle called the ecliptic. The ecliptic and the 
celestial equator intersect at two points y (the ‘first point of Aries’) and Q (the 
‘first point of Libra’), corresponding to the position of the Sun on March 21 and 
September 22, respectively. Now @ and 6 are the longitude and latitude of a celestial 
object measured with respect to the celestial equator and the great circle through 
N, y. S and Q. This circle, known as the celestial meridian, plays the role of the 
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Figure 1.30 The distribution of galaxies in this survey by the Center for 
Astrophysics shows a long stream of galaxies within the velocity range 
7000-10000 km s~! that is often referred to as the Great Wall. Courtesy of 
M. G. Geller and J. P. Huchra of the Smithsonian Astrophysical Observatory. 
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Greenwich meridian on the Earth, with y the point of zero a. It is customary to 
measure @ in hours and minutes, with the range of 360° corresponding to 24 h. 
The declination is written in degrees, minutes and seconds, with + for North, — for 
South. 

While the (a, 5) coordinates are convenient for measurements made from the 
Earth, the cosmologist is often interested in knowing how the object is located vis- 
ai-vis the plane of the Galaxy. For such purposes the galactic coordinates are useful. 
These are illustrated in Figure 1.31(b). The galactic equator is the great circle where 
the plane of the Galaxy intersects the celestial sphere. N and S are the North and 
South galactic poles, while the ‘zero’ meridian is the one passing through the points 
N, S and C, where the direction from Earth to the centre of the Galaxy meets the 
celestial sphere. This meridian is also called the galactic meridian. The galactic 
longitude is denoted by / and latitude by b. In terms of the (@, 5) system, the point C 
has the coordinates a & 175 42™.4, § = —28°55’. In galactic coordinates, of course, 
C has / = 0. It is possible to convert from one coordinate system to another using 
the standard formulae of spherical trigonometry. 

Astronomical objects are catalogued in many ways. Table 1.2 lists some of the 
catalogues referred to in this book and their code letters. This list is by no means 
exhaustive, but is given as an illustration of how sources are numbered and listed. 
A more systematic method common in recent compilations is to list the object by 
its (a, 5) values in the form a(-+£)6. Thus the object 1143—245 has right ascension 
115 43™ and declination —24°30' (= —24,5°), 
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Figure 1.31 This figure demonstrates how to measure (a, 5) and (J, b) for an object 
QO in the sky using two different coordinate systems: (a) the coordinate system based 


on the geometry of the Sun—Earth system; (b) the coordinate system based on the 
geometry of our Galaxy. 
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1.8 The expansion of the universe 


We now come to the observations that launched modern cosmology, leading to 
the important law enunciated by Edwin Hubble (Figure 1.32). Between 1912 and 
1925, V. M. Slipher measured the shifts in the spectra of more than 20 objects that 
subsequently were identified as galaxies. Slipher was surprised that almost all shifts 
were towards the red end. (Our near neighbour the Andromeda galaxy shows a blue 
shift.) If we use the Newtonian Doppler-shift formula, we get the radial velocity of 
recession of the galaxy as V = cz, where z is the redshift defined in relation (1.3). 
(Since z < | in these observations, the Newtonian Doppler-shift formula can be 
applied.) 

Later Edwin Hubble and Milton Humason extended Slipher’s list of observations 
to more galaxies and to the brightest cluster galaxies. An example of the pattern that 
emerged when the redshift was plotted against the distance from Earth of a galaxy 
is shown in Figure 1.33. Also, see Figure 1.34, wherein we have photographs of 
cluster galaxies against their spectra. The dark lines progressively shift more to the 
right (the red end) as we move down the list. Also, the galaxies get smaller and 
fainter, consistently with the distance effect. 

Hubble, in fact, plotted the radial velocity of a galaxy against its apparent mag- 
nitude. If all galaxies seen are equally bright, then their magnitudes are proportional 
to the logarithms of their distances from Earth (see Chapter 3 for a definition of 


Table 1.2 Some catalogues of use in cosmology 


Name Type of object Catalogue code 

Messier Nebulae and M followed by catalogue number 
galaxies 

New General Nebulae and NGC followed by catalogue 
galaxies number in increasing RA 

Abell Clusters A followed by catalogue number 

in increasing RA 

Cambridge Radio sources 3C, 4C, 5C followed by catalogue 

(third, fourth and fifth surveys) number in increasing order of RA 

Ohio Source Radio sources _O followed by a letter (B to Z 


omitting O) and a number (the 
letter gives hours of RA, the first 
digit the declination in 10° 
intervals and the last two digits 

the decimal part of the RA to two 
places), thus 1442 + 101 is OQ-172 
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‘magnitude’ ). Thus the straight line drawn through the cluster of points corresponds 


to the linear relation 
V =cz = AD, (1.4) 


where D is the distance from Earth of the galaxy and < its redshift. The constant Ho 
is now known as Hubble’s constant. 

If, instead of plotting = against the distance D, log z is plotted against the apparent 
magnitude m of the galaxy, then another straight-line relation shows up. For, using 
equation (3.58) of Chapter 3, we get 


m = 5 log D + constant, (Ges) 


y 


Figure 1.32 Edwin Hubble (1889-1953) standing in front of the Palomar 48-inch 
Schmidt Telescope. Courtesy of Palomar Observatory/Caltech. 
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and (1.4) implies 
m = 5 logz + constant. (1.6) 


Since the distances from Earth of remote galaxies are determined through their 
apparent magnitudes (as discussed in Chapter 10), (1.6) is the practical form of 
Hubble’s linear relation (1.4). 

The relation (1.4) is called Hubble’s law. It was published as a linear law by 
Hubble in 1929 and it caused great excitement. For the prima facie interpretation of 
Hubble’s law seemed to be that there was a great explosion in our neighbourhood 
from which galaxies were thrown out. However, the linearity of Hubble’s law shows 
that we need not consider ourselves in any special position in the universe. If we 
viewed the population of galaxies from any other galaxy, we would notice the same 
form of Hubble's law. This fact and the homogeneity and isotropy of the distribution 
of galaxies suggests a highly regular structure of the universe with no preferred 
position or direction. 

Imagine a piece of dough with self-raising flour being baked in the oven and 
suppose that we have spread caraway seeds uniformly throughout the dough. As the 
dough bakes it expands and the seeds move away from each other. The phenomenon 
of the recession of galaxies might be looked upon in the same light. They are points 
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Figure 1.33 Hubble’s plot for the fifth-brightest member in clusters of galaxies. The 
magnitudes are photographic. In Chapter 10 we will see how to convert magnitudes 
into distances. The velocities are obtained by multiplying the observed redshifts by c. 
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embedded in space that is expanding. This is how the concept of the expanding 
universe was born. Notice that, as in the analogy, the caraway seeds don’t expand; 
here too the galaxies do not expand but their mutual separations increase. 

The rate of expansion is characterized by Hubble’s constant. Hubble obtained a 
value for Ho in the neighbourhood of 530 km s” ' Mpc!. (Note that these units 
arise because Hp is velocity divided by distance. The dimensions of Hee are simply 
those of time.) As we will discuss in $10.2, Hubble had grossly underestimated the 
galactic distances, with the result that his value of Ho was too high. The value of 
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Figure 1.34 The relation between redshift and distance for extragalactic nebulae. 
Redshifts (z) are expressed as velocities, cz. Arrows indicate shifts of the H and K 
lines of calcium. Distances are based on a rate of expansion of 50 km s~! Mpc7!. 
Courtesy of Palomar Observatory/Caltech. 
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Ho is now believed to lie in the range 50-80 km s~! Mpc™!, We will write it as 
100ho km s~! Mpc~!, where ho lies between 0.5 and 0.8, perhaps in the narrower 
range 0.55—0.75. Notice that, if we assume the validity of Hubble’s law, we can 
estimate the distance from Earth of an extragalactic object from its redshift given by 
equation (1.4). 


1.9 Radiation backgrounds 


Apart from matter in its visible form, the universe also contains radiation at various 
frequencies. In general, measurements of the electromagnetic radiation at a given 
frequency (or in a given range of frequencies) reveal peaks in specific directions that 
are associated with relatively nearby discrete sources, many of which can be identi- 
fied. However, after these peaks are eliminated, there is still a residual background of 
radiation. This background radiation could also arise from discrete sources that are 
located much further away and therefore cannot be resolved, or it could arise from 
processes in the interstellar and intergalactic space. Table |.3 gives a rough estimate 
of the energy densities in the various wavelength ranges. Figure 1.35 shows the same 
information in a pictorial form. It should be remembered that the measurements in 
X-rays, y-rays and so on became possible only in the early 1960s with the advent of 
space astronomy. 

Compared with the estimates of the density of matter, the total radiation energy 
density at all wavelengths is less by at least three orders of magnitude. Recall that 
the observed density of matter in the forms of galaxies, clusters, etc. 1s a few times 
10-3! ¢ cm, i.e., an equivalent energy density of a few times 107 vere cine. 
This observation is often expressed by the statement that the universe is at present 
*matter-dominated . 

Table 1.3 or Figure 1.35 also tells us that the most dominant form of radiation 
background is in the microwaves. The spectrum of the microwave background is 
very nearly that of blackbody radiation of temperature ~2.7 K. Since blackbody 


Table 1.3 The radiation background at various levels 


Type of radiation Wavelength A, Energy density (erg cm7?) 
Frequency, v 
Energy range, E 


Radio v < 4080 MHz Ee 
Microwaves 2in80cmtolmm ~4 x 107-2 
Optical 2 in 4000-8000A = ~3.5 x 107} 
X-rays E in 1-40 keV 10 


y-rays E > 100 MeV S2oniilel! 
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radiation wipes out individual details of specific sources, it is not surprising that no 
discrete source of this radiation is identifiable. Moreover, the extreme homogeneity 
and isotropy of this radiation on small angular scales rules out the possibility that 
it could have arisen from galaxy-sized discrete sources. As we shall see in Chapter 
5, the most popular interpretation of this radiation is that it is a relic of an early hot 
epoch when the universe was much denser than it is now. Unlike the distribution 
of matter, this relic radiation is extremely homogeneous. This contrast further ex- 
acerbates the difficulty of relating the origin of discrete structures of matter to tiny 
fluctuations observed against a smooth radiation background. 


1.10 Theoretical models of the universe 


We now come to the theoretical revolution initiated by Albert Einstein. In cosmol- 
ogy, theory and observations have proceeded hand in hand. If Hubble's observations 
are seen to have launched modern observational cosmology, it is Einstein’s general 
theory of relativity that can be credited with laying the foundations of modern 
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Figure 1.35 This graph shows intensities of the cosmic radiation background at 
various wavelengths. The plot is on a log-log scale. The shaded region indicates 


upper limits only. O/IR stands for optical and infrared. Notice the dominance of 
millimetre wavelength, i.e., microwaves. 
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theoretical cosmology. We will discuss in Chapter 3 the details of how theoretical 
developments in cosmology actually began more than a decade before Hubble’s 
exciting observations. We conclude the present chapter by considering the general 
question of why relativity is taken to be so important for cosmology, when New- 
tonian gravitation has generally served astronomy and astrophysics well right from 
the study of the Solar System to the Milky Way. 

Table 1.4 shows the orders of magnitude involved in the large-scale structure 
of the universe. The last entry refers to the characteristic distance scale c/ Hp that 
emerges trom Hubble's constant and the mass contained in the ‘observable’ volume 
of radius c/ Ho if the density were that seen for visible matter in our neighbourhood. 
Similarly, the time scale characteristic of the universe is Hy 1 = 1910 years. 

What interaction in physics is likely to be influential over such long distances 
and for such large masses? Of the four known interactions, only gravity and elec- 
tromagnetism are of long range. Although the electromagnetic interaction is much 
stronger than gravity on the scale of atoms, it is ineffective at determining the 
large-scale structure of the universe, since all indications are that an electric charge 
balance is preserved in galaxies, clusters and the intergalactic space. Neither is there 
any evidence for large-scale electric currents that could interact with the magnetic 
fields in the universe to produce large forces. In contrast, the enormous masses of 
astronomical objects generate huge gravitational fields. Gravitation, which is usually 
neglected in micro-physics as being too weak to be of any significance, is therefore 
the most relevant interaction in cosmology. 

Given that we need a theory of gravitation for cosmology, what is wrong with 
the Newtonian framework? It has worked well in the theory of stellar structure. It 
is even used for stellar dynamics in the Galaxy. Why not use it in cosmology? Let 
us try to understand the answer with the help of the entries in Table 1.4. Newtonian 
gravity is a theory of instantaneous action at a distance. As such it is inconsistent 
with the special theory of relativity, in particular with the limit (c) placed by that 
theory on the speed with which any interaction can propagate across space. In those 
parts of astronomy where the distances across which gravitation is supposed to act 


Table 1.4 Spatial dimensions and masses of astronomical systems 


Object Linear size Mass 

Sun 7 x 10! cm (radius) 2 x 10° g=Mo 
Galaxy ~15 kpc ~10!!Mo 
Cluster ~5 Mpc ~102-104Mo 
Supercluster ~50 Mpc ~10> Mo 
Universe* ~3000 Mpe ~107!Mo 


@ roe dy = Ile 
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are relatively small, the use of Newtonian gravity is permissible. As can be seen in 
Table 1.4, however, the distances in cosmology are so large that action at a distance 
with infinite speed becomes an unrealistic and unreliable concept. This is not so with 
objects of stellar dimensions or even for individual galaxies. 

However, special relativity itself is an imperfect theory in the presence of gravity, 
as Einstein himself had realized. The concepts of the inertial frame and the inertial 
observer (on whom no force acts), which are so basic to special relativity, are 
unrealizable in the presence of gravity. Gravity seems to be an ever-present force 
that cannot be switched off altogether. Since all matter attracts gravitationally, an 
inertial observer cannot exist at all over extended regions of space and time! Which 
is why Einstein was motivated towards formulating the general theory of relativity 
by incorporating the above-mentioned properties of gravitation. General relativity 
has the merit that it reduces to Newtonian gravitation and also to the special theory 
of relativity when the gravitational effects are relatively weak. 

Nevertheless, it was shown in 1934 by W. H. McCrea and E. A. Milne that, with 
suitable compromises, Newtonian gravitation and dynamics can describe cosmol- 
ogy in an adequate manner. Newtonian cosmology is simple to understand and 
the McCrea—Milne approach has its merits in presenting a simplistic picture of 
cosmology. We shall refer to it in Chapters 3 and 4. Nevertheless, our approach here 
is intended to prepare the reader for the more advanced ideas in cosmology and so it 
is preferable for us to resort to a framework that is free of conceptual difficulties 
and compromises. Since general relativity provides a framework that is free of 
conceptual difficulties, cosmologists feel at home with the use of this theory. It is 
therefore appropriate that we begin our discussion of cosmology by first outlining 
the general theory of relativity. The treatment of this theory given in Chapter 2 is 
at an introductory level. Even so, readers already familiar with the theory may find 
this chapter useful, if only to familiarize themselves with the notation which will be 
used in the rest of this book. 


Exercises 


1 Take the diameter AB of the Earth’s orbit as 3 x 10° km and consider a star S at a 
distance d, such that SA = SB and the angle ASB = 2 arcseconds. Calculate d. This is 
the distance unit of one parsec. Relate it to one light year. 


2 Given that the Sun takes ~2 x 10° years to make a circular orbit around the Galactic 
Centre, staying at a distance of 10 kpc, estimate the mass of the Galaxy contained within 
the solar orbit, assuming that itis spherical and ignoring any effects of mass lying outside 
the orbit. (You may use Newtonian dynamics and gravitation.) 


3 A galaxy has a visible mass of 10!' Mo and a flat rotation curve extending to 25 kpc at 
the level of 150 km s~!. What is the ratio of its dark-matter mass to its visible mass? 


4 Compute the gravitational energy of a pair of colliding galaxies, each of mass 10!! Mo, 
separated by a distance of ~10 kpc and compare it with the energy requirements of a 


Exercises 


powerful radio source. What conclusion do you arrive at from such a comparison? 


5 Using a Hubble constant given by ho = 0.6, place an approximate upper limit on the 
angular size of a quasar of redshift z = 0.2 if it exhibits a time variability on the scale 
of | h. (Use the argument that no physical effect travels in a material object faster than 
light.) 


6 Use the energy density of the microwave background given in Table 1.3 to estimate its 
temperature, assuming that it has a blackbody form. 
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Chapter 2 


The general theory of relativity 


21 Space, time and gravitation 


Every major scientific theory has its own distinctive characteristic. The distinctive 
feature of Newtonian gravitation is the radial inverse-square law. To those uninitiated 
in the laws of dynamics, the fact that a planet goes around the Sun under a force of 
attraction towards the Sun comes as a surprise. The major achievement of Maxwell’s 
electromagnetic theory was the unification of electricity and magnetism and the 
demonstration that light itself is an electromagnetic wave. The unique place held by 
the speed of light characterizes Einstein's special theory of relativity. while quantum 
mechanics can point to the uncertainty principle as the crucial feature that sets it 
apart from classical mechanics. 

To what distinctive feature can general relativity lay its own special claim? A clue 
to the answer to this question is provided in the title of this section. 

Let us compare gravitation with electricity. We know that two unlike electric 
charges attract each other through the Coulomb inverse-square law, just as any two 
masses attract each other gravitationally according to the Newtonian inverse-square 
law. To this extent, electricity and gravitation are similar. However, we can go no 
further! We also know that two like electric charges repel each other and that this 
property seems to have no parallel in gravitation. Every bit of matter attracts every 
other bit and, as yet, we know of no instance of gravitational repulsion. 

We can express this difference between electricity and gravitation in another, 
more practical, way. The existence of repulsion as well as attraction enables us to 
construct a closed chamber whose interior is completely sealed from any outside 
electric influence. This is not so with gravitation! We cannot point to any region 
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of space as being totally free of external gravitational influences. Gravitation is 
permanent: it cannot be switched off at will. 

This ever-present nature of gravitation plays the key role in Einstein’s general 
theory of relativity. Einstein argued that, because of its permanence, gravitation must 
be related to some intrinsic feature of space and time. With a master stroke of genius, 
he identified this feature as the geometry of space and time. He suggested that any 
effects we ascribe to gravitation actually arise because the geometry of space and 
time is ‘unusual’. Let us now try to understand what is meant by the word ‘unusual’ 
and how this property of space and time leads to gravitational effects — for therein 
lies the distinctive characteristic that sets general relativity apart from other physical 
theories. 

The ‘usual’ geometry of space, the geometry that we learn at school and learn to 
apply in so many ways, is the geometry whose foundations were laid by the Greek 
mathematician Euclid ca. 300 BC. Euclidean geometry ts a logical structure wherein 
theorems about triangles, parallelograms, circles and so on are proved on the basis 
of postulates that are taken as self-evident. Thus the results shown in Figure 2.1 
follow as theorems in Euclidean geometry, which is based on the original postulates 
ot Euclid. The validity of these results appears to be borne out by measurements of 
lengths and angles in physical space. 

It was only in the last century that mathematicians realized that there is nothing 
sacrosanct about Euclid’s postulates. Provided that they are not mutually contra- 
dictory, any new set of postulates can lead to a new type of geometry. Indeed, 
as the work of such mathematicians as Gauss (1777-1855), Bolyai (1802-1860), 
Lobatchevsky (1793-1856) and Riemann (1826—1866) showed, a host of such new 
geometries can be constructed. These are collectively called non-Euclidean geome- 
tries. For instance, the geometry on the surface of a sphere is non-Euclidean. If 
we define a straight line on the surface of a sphere as the line of shortest distance 
between two points, it is easy to see that these lines are arcs of great circles. Because 
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Figure 2.1 (a) The three angles of any triangle ABC add up to 180°. (b) The 
well-known theorem of Pythagoras for a typical right-angled triangle ABC. 
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any two great circles intersect, there are no parallel lines in this geometry. Figure 2.2 
demonstrates how the theorems of Figure 2.1 break down when they are applied to 
the non-Euclidean geometry of the surface of the sphere. 

The concept of geometry of space can be extended to the geometry of space and 
time, thanks to the foundations laid by Einstein’s special theory of relativity. Let us 
first recall a familiar result from special relativity in the following form. Let (x, y, z) 
denote a Cartesian coordinate system and f the time measured by an observer O at 
rest in an inertial frame, that is by an observer who is acted on by no force. We will 
return to a discussion of such observers later. Let two neighbouring events in space 
and time be labelled by the coordinates (x, y, z, t) and (x+dx, y+dy, z+dz, t+drf). 
The resulting analogue of the Pythagorean theorem shown earlier in Figure 2.1(b) is 
as follows. The square of the ‘distance’ between the two events is given by 


ds- = di- dx — dy = dz~ (2.1) 


The distance ds is invariant in the sense that another inertial observer O’ using a 
different coordinate system (x’, y’, z’, t’) to measure this distance will find the same 
answer. 

However, when we make a transition from special to general relativity and quan- 
tify Einstein’s idea that the geometry of space and time is unusual in the presence 
of gravitation, we abandon the simple form of (2.1) in favour of a more complicated 
form. This is comparable to the transition from Figure 2.1(b) to Figure 2.2(b). The 
more complicated form is still quadratic and we may state it formally as follows: 


A+B+C> 180° 8=0 
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Figure 2.2 (a) On the surface of a sphere the three angles of any triangle add up to 
more than 180°. For the triangle shown, the three angles add up to 270°. (b) The 
Pythagorean theorem breaks down for a finite spherical right-angled triangle AABC: 
it looks more complicated even for the small triangle shown inside with vertices in 
spherical coordinates (0, @): ds* = a2(d02 + sin? 6 dg”), where a is the radius of 
the sphere. 
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3 
dee ged dx”: (2.2) 
Le 


Here we have modified the notation as follows. The coordinates are now called 
x', with i = 1, 2, 3 representing the three space coordinates and i = 0 the time 
coordinate. The coefficients gj, are functions of x! with the property that the matrix 
|gix || has the signature —2. It is convenient to refer to this unified structure of space 
and time as spacetime.! 

Clearly, the geometry of spacetime in which the basic invariant distance is given 
by (2.2) instead of by (2.1) is going to be more complicated to describe. Its properties 
will depend on the functions g;,. Do these complications arise simply because of a 
choice of coordinates, or do they indicate a spacetime with a geometry genuinely 
different from that used in special relativity? How can we express the familiar 
laws of physics such as Maxwell’s equations in this spacetime? More specifically, 
how do these properties tell us about the presence of gravitation? In what way, for 
example, can we interpret manifestly gravitational phenomena like the motion of 
planets as effects of geometry? The remainder of this chapter attempts to answer 
these questions. | 
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Let us consider again the example of geometry on the surface of a sphere © of 
radius a. If we consider the sphere as embedded in a three-dimensional space with 
the Cartesian coordinates x, y and z, we may write the equation of the surface of the 
sphere as 


9) ta 2 a i 
vest 2 =a. (25) 
For describing the geometry on the surface of the sphere it is, however, more con- 
venient to use coordinates intrinsic to the surface of the sphere. Such coordinates 
are available and are like the latitude and longitude used to locate a point on Earth. 
More specifically, 


x =asin@cos@, y =asiné sing, 2a co0sd, (2.4) 


so that, for any (6, @) with 0 < & < m andO < @ < 2m, we can locate a point 
(x, y, z) on the surface of the sphere. Spherical trigonometry tells us how to measure 
and relate the angles, sides and so on of triangles drawn on this surface. The rules of 
Euclid’s geometry do not apply to these measurements. 

! This means that, if the quadratic equation (2.2) is diagonalized, it has one square term with a 


positive coefficient and three square terms with negative coefficients. The signature equals the 
number of positive terms minus the number of negative terms. 
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In our example above, the square of the distance between two neighbouring points 
(6, b) and (9 + dé, 6 + d@) is given by 


do? = [dx? + dy* + dz?]y = a*(d0? + sin” 6 dd’). (2.5) 


Thus we have here an example of g;, that are not all constants. 

However, neither the inconstancy of g;z nor its non-diagonal nature guaran- 
tees that we are dealing with a non-Euclidean geometry. For example, in three- 
dimensional Euclidean space, the transformation 


tia? Sig COS. y=rsind sing, 2 =P COs, (2.6) 
with (6, #) as defined before and 0 < r < ov, gives 
do? = dx? + dy? +. dz? = dr? + r7(d6? + sin’ 6 do’). Om 


Again we have g;x as functions of r and 6. However, now we know that we are 
dealing with Euclidean geometry and that the dependence of g;, on r and 4 is purely 
a coordinate effect. 

Thus we clearly have to devise a means of extracting essential geometrical infor- 
mation as distinct from pure coordinate effects. In a qualitative way we can see that 
the essential information must survive even when we change from one coordinate 
system to another. In order to extract such information, we must devise machinery 
that tells us what things remain unchanged under coordinate transformations. Such 
machinery is provided by the invariants, the vectors and the tensors, which we shall 
now study. 

Let us first introduce a summation convention. We will frequently encounter sums 
like 


3 3 3 
\- AB > Aix BY. os Piet eh con 
70 k=0 ik—O 


It is convenient in such cases to drop the summation symbol and write these quanti- 
ties as 


AiR. Aix Be, Peele’ a. 
the rule being that whenever an index appears once as a subscript and once as a 


superscript in the same expression, it is automatically summed over all the values 
(from 0 to 3). Thus we can rewrite (2.2) in the more compact form 


ds? = gi, dx! dx*. (2.8) 
A note of caution is needed here: the summation convention does not apply under 
any other circumstances. Thus it does not apply to quantities like 
AgB;. BRO)... 


wherein repeated indices do not follow the rule by appearing only twice, once up and 
once down. However, such expressions fortunately do not arise in most relativistic 
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calculations. Indeed. the appearance of such ‘monster’ expressions is a warning that 
we have made a mistake in our manipulation of indices. 

We will assume that the Latin indices i, j,k, ... will run over all four values 0, 1, 
2 and 3, On some (rather infrequent) occasions we may want to refer to index values 
1, 2 and 3 only, which are usually reserved for space components, and we will use 
Greek indices fz, v,... to represent these. 

It is worth pointing out here that many other textbooks use the convention of 
denoting the spacetime coordinates by Greek indices A, 4, v, etc. and the space 
coordinates by Latin indices i, j, k, etc. Also many authors prefer to write (2.1) with 
the opposite sign for the right-hand side. Likewise, in some texts, time is treated as 
coordinate number 4 instead of 0, as it is here. These differences are of a ‘cosmetic’ 
nature and do not affect the ‘physics’ being described. 


20:1 _ Scalars 


A scalar or an invariant does not change under any change of coordinates. Thus, 

if p(x! ) is a function of coordinates, then it is invariant provided it retains its value 
. ot , 5 ae 

under a transformation from x’ to new coordinates x ': 


ox’) = ox! (x) J =¢ (x*). (2.9) 


Note that the form of the function may change, but its value does not. Note that 
the infinitesimal square of distance (2.2) is a scalar quantity. 


2.2.2 Contravariant vectors 


Suppose that we are given a curve I" in space and time, which is parametrized by A 
(see Figure 2.3). Thus, the points along the curve have coordinates 


xi = x'(A), (2.10) 


where x! are given functions of 4. The direction of the tangent to I at any point on 
it is given by a vector with four components 
i 
ss. (2.11) 
dr 
Notice that the direction of a tangent to the curve is an invariant concept: a change 
of coordinates should not alter this concept. although its four components in the new 
coordinates will be different. Suppose that the new coordinates are x‘ and the new 


components are A ‘. Then 


At =—. (2.12) 
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Unless stated otherwise. we will assume that the transformation functions 
xi = xi(x*), ye x k(x!) (2.13) 


are continuous and possess at least second derivatives. It is then easy to see that A : 
and A! are related by the linear transformation 


ae (2.14) 


We use (2.14) as the transformation law for any vector A’. Quantities in general that 
transform according to the above linear law are called contravariant vectors. The 
four components of a contravariant vector are specified by a superscript. 

For example, consider the curve parametrized by 


a 
x? = constant, x= constant, ee aA x =": 


(2.15) 
The tangent to this curve is specified by the contravariant vector A’ with components 


A® =0, A! =0, A* =1, A> =2). (2.16) 


2.2.3 Covariant vectors 
Consider next a scalar function b(x* ). The equation 
b(x*) = constant (CAE) 


describes a hypersurface (that is, a surface of three dimensions) ©, whose normal 
has the direction given by the four quantities 


es 


(288) 


rf aa . 
One 


Figure 2.3 The tangent 
vector to the curve T" 
transforms as a contravariant 
vector. 


2.2 Vectors and tensors 


(see Figure 2.4). Again, the concept of a normal to a hypersurface should be in- 
dependent of the coordinates used. Under the coordinate transformation (2.13), the 
new components are 


7 and 
B’ p 


6a 
It is easy to see that B; <> 8B; is a linear transformation: 


/ ox! 


are B,. (2.19) 


Again, we generalize (2.18) as a transformation law of any vector B;. Quantities 
that transform according to this rule are called covariant vectors. For example, the 
normal to the unit sphere given by 


paw +r + 
has the covariant components 


Bo = 0, B, = 2x', By = 2x?, Bz = 2x°. 


22.4  Tensors 


The concept of a vector can be generalized to that of a tensor. Thus a contravariant 
tensor of rank 2 is characterized by the following transformation law: 

‘ik ax! ax * 

~~ ax™ ax" 


A covariant tensor of rank 2 is similarly characterized by the transformation law 


Tint (2.20) 


B= 0 (ox! Figure 2.4 The normal toa 
* three-dimensional surface & 
transforms as a covariant 
vector. 
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2 m n 
, Ox Ox (21) 


HLL = 


Tl, = — 
ik ax'i ax'k 
It is also possible to have mixed tensors. Thus T‘, is a mixed tensor of rank 2, with 
one contravariant index and one covariant index. It transforms as 


I ax! ax” 
TT’. = — / Hauge (2222) 
Oxon! 
Again, these concepts are easily generalized to tensors of rank higher than 2. The 
rule is to introduce a transformation factor dx ! /ax"™ for each contravariant index i 


and a factor 0.x” / ax * for each covariant index k. 


Example 1 


The quantities g;, transform as a covariant tensor. This result follows from the 
assumption that ds? as given by (2.8) is invariant. For, 


ds? = Rik dx! dx* 


dx! ‘m ax' n 
= gis dx ) ox l dix ) 


ax! axk hege 
— (sus eae ) evar” 


‘m ne 
be “ @by 7: 


t 
ze §m n 


that is, 


Dyin Sik: (2223) 


This tensor is called the metric tensor. The quadratic expression for ds? is called 
the line element of spacetime or the spacetime metric. 


Example 2 
The Kronecker delta defined by 

5,=1 if i=k, otherwise 8',=0 (2.24) 
is a mixed tensor of rank 2. 


Example 3 


ik . ° . 
Define ||g'"|| to be the inverse matrix of || ¢;, |, assuming that g, the determinant of 
Ilgix|| #0. (Since gj, has signature —2, g is negative.) Thus we have 


ging! = 8!;, (2.25) 


It can be shown that g'* transforms as a contravariant tensor of rank 2. (See Exercise 
6.) 


2.2 Vectors and tensors 


Example 4 


A physical example for tensors is found when one is discussing deformation of 
substances. Figure 2.5 illustrates the surface © of such a substance, which has 
normal nj; at a typical point P. If the surface is subjected to stress, the resulting 
force on an element of surface around P will be in the direction F,. different from 
the normal, but related to it by the linear tensor relation 


Fy tert 
where 7", is the stress tensor. If the stress is isotropic, then 
[ere yeah 


where p is the pressure which produces a force normal to the surface ©. 


2.2.5 Symmetric and antisymmetric tensors 


If tensors S;, and Aj,x satisfy the relations 
Sik = Ski, Aik = —Aki, (2.26) 


then they are, respectively, symmetric and antisymmetric tensors of rank 2. These 
ideas can be generalized to higher-rank tensors and we will encounter specific 
tensors having the properties of symmetry and antisymmetry with respect to some 
or all indices. 


Example 1 


giz and g'* are symmetric tensors. 


F, (Force) Figure 2.5 The 
n, (normal) stress-generated force Fx on 
\ the surface & of an elastic 
< ve substance will not 
sc Fa necessarily be along the 
sae ie normal n; to the surface. 
: e Sa The stress tensor relates the 
a ; is << force vector to the normal 


& : — 
. a < vector. 
\ Base 
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Example 2 
Consider the symbol ¢;;,; with the following properties: 
€ijjat = +1 if (ijkl) is an even permutation of (0123) 
€ijii =—1 if Gjkl) is an odd permutation of (0123) 
€ijki =O otherwise. (A277) 


We will now show that 
Cijkl = J —8 ijkl (2.28) 
transforms as a tensor. . 
First take the determinant of (2.23). Let J denote the Jacobian |ax' fox? |. Then, 


using the rule that the determinant of a product of matrices is equal to the product 
of their determinants, we get 


eae. (2.29) 


However, we have from the definition of a determinant 
Ox? Axi ax ax! 

ax'™ ax’ ax'P Axa 

Using (2.28) and (2.29), the result follows: e; jx; is a tensor that is totally antisymmet- 
ric. Strictly speaking, however, ej 4; is a pseudotensor, since it changes sign under 


. . . = lu / My 5 
transformations involving reflection, such as x° = —x°, x! = x!, x? = x? and 


e) 3 
Bate a 
Exercises 3—10 at the end of this chapter will help you to understand the operation 


of vectors and tensors. We end this section with one important operation. 


Emnpgd = €ijkl (2.30) 


236. Contraction 


The operation of contraction consists of identifying a lower index with an upper 
index in a mixed tensor. This procedure reduces the rank of the tensor by 2. 

Thus A’ B; is a tensor of rank 2 if A’ and By are vectors. The identification i = k 
gives a scalar: 


A' B; = A°By + A! B, + A2By + A?B3. 


As in special relativity, we define a vector A’ to be spacelike, timelike, or null 
according to 


BikA'A® <0, gixA'AK >0, or gj, AUAK = 0. 
{t is convenient to define associated tensors by the relations 
Ai = gigA®, AK = gik ay, (2.31) 


Thus gi% Ai Ak = A; A*. The Operations embodied in (2.31) are called lowering and 
raising the indices. We may frequently refer to A’ and A; as the same object. 


2.3 Covariant differentiation 


From the above manipulations of tensors it is clear (and can be easily proved) 
that the product of two tensors is a tensor. A reverse result is sometimes useful in 


deducing that a certain quantity is a tensor. This result is known as the quotient law. 
It states that, if a relation such as 


PQ=R 


holds in all coordinate frames, where P is an arbitrary tensor of rank m and R a 
tensor of rank m +n, then Q is a tensor of rank n. 


2.3 Covariant differentiation 


A vector field is a vector function of position defined over a subspace of spacetime. 
Let B; (x*) be a covariant vector field whose four components transform according 
to the rule in (2.19) at each point Gr) where it is defined. Suppose that B; is a 
differentiable function of (x). Do the derivatives 0B; / dx* transform as a tensor? 

We have already seen that the derivatives 06/0x* of a scalar transform as a 
vector. So at first sight the answer to the above question might be ‘yes’. Indeed, in 
special relativity we do encounter such results. For example, if A; 1s the 4-potential 
of the electromagnetic field (described in the four-dimensional language of special 
relativity), then 0A; / ax*, for Cartesian coordinates (x, y, z) and the time ¢ of (2.1), 
do transform as a tensor. In our more general spacetime with an arbitrary coordinate 
system, however, the answer to the above question is in the negative. 

This result is easily verified by differentiating (2.19) with respect to x'™. We get 


OB, ax! ax” OB; fe Bee 
ax™ — ax'kax’max”™ — ax'max'k © 


(2332) 


Thus, whereas the first term on the right-hand side does appear in the right form 
needed to make 0B; /dx” a tensor, the second term spoils the effect. It also gives a 
clue as to why this happens. The second derivative 


eal 
ax ax'k 
is in general non-zero and indicates that the transformation coefficients in equa- 
tion (2.19) vary with position in spacetime. Now, when we seek to construct the 
derivative 0B; /0x”, we have to define it as a limit: 


om bx" 


OB. C= + dx") — ae) 
— = lim a 7 
ox” bx"—>0 


However, the two terms in the numerator transform as vectors at two different points 


and, because of the variation of the transformation coefficients with position, their 
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difference is not expected to be a vector. (The difference of two vectors is a vector, 
provided that both are so defined at the same point.) 

This situation is illustrated in Figure 2.6. P and Q are the two neighbouring points 
(x*) and (x* + 5x*), with the vectors B; shown there with continuous arrows. In 
order to describe the change in the vector on going from P to Q, we must somehow 
measure the difference at the same point. How can this be achieved? 

This is achieved by a device known as parallel transport. Assume that the vector 
B; at P is moved from P to Q, parallel to itself, that is, as if its magnitude and 
direction did not change. In Figure 2.6 this is shown by a dotted vector at Q. The 
difference between the vector B;(x* + 6x“) and this dotted vector is a vector at Q 
and this tells us the real physical difference in the vector on going from P to Q. So 
we may after all be able to define a process of differentiation of vectors, provided 
that we know what happens to B; during parallel transportation from P to Q. 

First we have to note that the dotted vector at Q need not have the same com- 
ponents as those of the undotted vector at P. It is only with Cartesian coordinates 
that the components are the same. Consider, for example, the Euclidean plane with 
a polar coordinate system. A vector A at a point P with coordinates (r, 6) has 
components A; and Ag in the radial and transverse directions. If we now move from 
P to a neighbouring point Q with polar coordinates (r + dr, @ + 56), as shown in 
Figure 2.7, the radial and transverse directions at Q will not necessarily be parallel 
to those at P. Hence, after parallel transportation of A from P to Q, its radial and 
transverse components at Q will be different from A, and Ag. 

A simple calculation (see Exercise 11) shows that the components of A at Q are 
A; + 66 Ag and Ag — $0 A;. Taking a cue from this example for our general case, 
we see that the changes in the components of B; through parallel transportation will 
be proportional to the original components B; and also to the displacement 5x* in 
position on going from P to Q. We may express the change as a linear function of 
both these quantities and the most general form that we can have is 


Sispee , Tilee (2.33) 


B;+dB; Figure 2.6 The vector field 
\ ft has the components B; at P 
\ vA and B; + dB; at Q. If B; 
‘ va were transported parallel to 
\ Za itself along an infinitesimal 
= a curve connecting P to Q, its 
Se Q(xks &xky components at Q would be 
ae By + 5B;. 


2.3 Covariant differentiation 


where the coefficients ri are, in general, functions of space and time. These quan- 
tities are called the three index symbols or the Christoffel symbols. 

Notice that the introduction of (2.33) is something new in addition to the intro- 
duction of the metric. The metric tells us how to measure distances between neigh- 
bouring points, whereas (2.33) tells us how to detine parallel vectors at neighbouring 
points. This property of connecting neighbouring vectors through the concept of lo- 
cal parallelism is often called the affine connection of spacetime. There is a practical 
way of describing parallel propagation in the following fashion. 

We take the example of a sphere. Suppose that is a curve drawn on the spherical 
surface connecting points P; and Pz. The arrow shown in Figure 2.8 represents in 
magnitude as well as direction a vector A at P;. How do we transport it parallelly 
to P>? Imagine a plane touching the sphere at P;. with the vector A mapped (dotted 
arrow) at the corresponding point Q, on the plane. (By mapping, we mean that the 
magnitude and direction of the original vector on the sphere and the mapped vector 
on the tangent plane should match.) Now carefully roll the sphere on the plane so 
that it keeps touching it along the successive points of . When you reach P2, stop 
there. Let the corresponding point on the plane be Q2. Draw a vector parallel to the 
starting vector on the plane at the point on the plane corresponding to P2. Next map 
this vector onto the sphere. This will be the required transported vector at Po. 

Returning to (2.33), we see that the difference between the continuous and the 
dotted vectors at Q is given by 


OB; 
B; (x* + 5x*) — [By(x*) + 5B;] = (= alee Bs) 5x*. (2.34) 


6=0 


Figure 2.7 The radial and transverse directions at Q are not parallel to the radial and 
transverse directions at P. So equal and parallel vectors A at P and Q will have 
different radial and transverse components. 
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We may accordingly redefine the physically meaningful derivative of a vector by 
writing 


B; 
bi = ae Pe = 8 i, Bp, (2.35) 


This derivative, by definition, must transform as a tensor. It is called the covariant 
derivative and will be denoted by a semicolon, in contrast to the ordinary derivative, 
which is denoted by a comma. 

If B;-, must transform as a tensor, the coefficients I’, have to transform according 
to the following law: 

fs 2 - 
oe OX Ox Ox? O<x eae 
Ce = se ase aa + Sa (2330) 
ax™ ax'k axl "P ax'k ax! ax? 
This result can be verified after some straightforward but tedious calculation. 

A scalar, of course, does not change under parallel transportation, which is why 
ag/ dx* transforms as a vector. If we use this result we see that, for a vector Alge 
(A; A') % 1s a vector. This property allows us to construct the covariant derivative of 
a contravariant vector A': 

ae ee ee iA 7 
aa en en a (2.37) 

The rule of covariant differentiation of a tensor of arbitrary rank is easily ob- 
tained: we introduce a (+I) term for each contravariant index and a (—I’) term for 
each covariant index. Thus, for the metric tensor, we have 

O8i 


k 
‘Silat = ci ee 1 Spk — Ey, Sip- (2.38) 


=e 
eer = 


a 


a a 
en ee 
Tal 


ge 


Figure 2.8 Parallel transport on a spherical surface. See the text for details. 
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24 Riemannian geometry 


Einstein used the non-Euclidean geometry developed by Riemann to describe his 
theory of gravitation. The Riemannian geometry introduces the additional simplifi- 
cation that 


P= ee) Se (2.39) 


Note that, as defined in the previous section, the affine connection need not satisfy 
these conditions. Indeed geometries for which the above relations are not satisfied 
also exist. For the theory of relativity, however, these conditions are additionally 
assumed. 

Going back to (2.38), we see that g;,.) = 0 gives us 40 linear equations for the 40 
unknowns These equations have a unique solution. For, from (2.38) and (2.39), 
we get 


Pyjit + Dijk = Bik, 

where 
earl 

Rotate the indices cyclically to obtain two more relations: 
Viki + Vai = Skt, Vie + Unik = 81i.k- 


Next use the symmetry condition (2.39) to eliminate T'y)4; = Vyjix and Veg = Veni 
from the above three relations to get 


Obl — Sik + Sik — Shia 


On raising the index 7, we get the required solution: 


sim ( SS aL IZIm = OKI i (2.40) 
o Ox dx’ ox 


—- 
yy = 


Neil 


We next consider some particular identities relating to these symbols, that are 
useful in various manipulations. If we differentiate the determinant of the metric 


tensor we get 
dg = gg" dgix. (2.41) 


This relation is useful in expressing some combinations of T’;, and covariant deriva 
tives in relatively simple forms. Thus, using (2.40) and (2.41), it is possible to prove 


the following relations: 


aa 
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1 @ 
eet =. 7 ata f=og") 
eo 
. - / ae ae =) 
1 
Pie = mG eFi*) for Fi* =—F", (2.42) 


(Here A’ and F’* are, respectively, vector and tensor fields.) For example, to prove 
the first relation note that (2.40) gives, with k = 7, 


ey 
1 = 58°" (8mi.l + Zim,i — 8il,m)- 


Since gim.i — Gil.m iS antisymmetric in (i, m), its product with the symmetric g'” 
vanishes. The result then follows when we recall (2.41). 

The symmetry condition (2.39) enables us to choose special coordinates in which 
the Christoffel symbols all vanish at any given point. Suppose that we start with 
Tr”, 0 in the coordinate system (x') at point P. Let the coordinates of P be given 


ne 
xp. Now define new coordinates in the neighbourhood of P by 


nm 


tx a 50a Gar), a 
Then we have at P 


he fe 
i 0 ase | si (ie © _fi 
Xp ies ox eatits a x2 a xm ae nm? 


with the result that, from (2.36), 


te 


Peele =) 


Wi 


Furthermore, by a linear transformation we can arrange to have a coordinate 
system with 


ik = nik =diag(+1,—-1,—1,-1), Ti,=0 (2.44) 


at any chosen point P. Such a coordinate system is called a /ocally inertial coordinate 
system, for reasons that will become clear later. Apart from its physical implica- 
tions in general relativity, the locally inertial coordinate system is often useful as a 
mathematical device for simplifying calculations. We also warn the reader that the 
operative word is ‘local’: the simplifications implied in (2.44) cannot be achieved 
globally. What prevents us from achieving a globally inertial coordinate system? In 
seeking an answer to this question we encounter the most crucial aspect in which a 
non-Euclidean geometry differs from its Euclidean counterpart. 


2.5 Spacetime curvature 


25 Spacetime curvature 


Figure 2.9(a) repeats the previous example of non-Euclidean geometry on the sur- 
face of a sphere. We have the triangle ABC of Figure 2.2(a) whose three angles are 
each 906. Consider what happens to a vector (shown by a dotted arrow) as it is par- 
allelly transported along the three sides of this triangle. As shown in Figure 2.9(a), 
this vector is originally perpendicular to AB when it starts its journey at A. When 
it reaches B it lies along CB. So it keeps pointing along this line as it moves from 
B to C. At C it is again perpendicular to AC. So, as it moves along CA from C to 
A, it maintains this perpendicularity with the result that, when it arrives at FA, it 1S 
pointing along AB. In other words, one circuit around this triangle has resulted in a 
change of direction of the vector by 90°, although at each stage it was being moved 
parallel to itself! 

A similar experiment with a triangle drawn on a flat piece of paper will tell us 
that there is no resulting change in the direction of the vector when it moves parallel 
to itself around the triangle. So our spherical triangle behaves differently from the 
flat Euclidean triangle. 

The phenomenon illustrated in Figure 2.9(a) can also be described as foilows. 
If we had moved our vector from A to C along two different routes — along AC 
and along AB followed by BC — we would have found it pointing in two different 
directions. In fact if we had taken any arbitrary curves from A to C we would have 
found that the outcome of parallel transport of a vector from A to C varies from 
curve to curve; that is, the outcome depends on the path of transport from A to C. 


(a A Bil) 
(Ei 


(a) (b) 


Figure 2.9 (a) Parallel transport of a vector around the triangle ABC alters its 
direction from I to F. (b) Parallel transport of a vector B; from P to Q depends on the 
curve I connecting P to Q along which the vector is so transported. For the upper 
curve I’, the final outcome is the dotted vector at Q, whereas for the lower curve [’’ 
the final outcome is shown by the full arrow. 
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This is one of the properties that distinguishes a curved space from a flat space. 
Let us consider it in more general terms for our four-dimensional spacetime. Let a 
vector B; at P be transported parallelly to Q and let us ask for the condition that 
the answer should be independent of the curve joining P to Q (see Figure 2.9b). We 
have seen that, under parallel transport from a point {x'} to a neighbouring point 
{x' + &x'}, the components of the vector change according to (2.33). If it were 
possible to transport B; from P to Q without the result depending on which path 
is taken, then we would be able to generate a vector field B; (x*) satisfying the 
differential equation 


= 1, By. (2.45) 


So the answer to our question depends on whether we can find a non-trivial solution 
to the system of four differential equations (2.45). 

The necessary condition for the existence of a solution is easily derived. We 
differentiate (2.45) with respect to x” to get 


an, , OB 
Bam axk ~ jun TieB = Gon Bit lik aon 


arn 
z (S4 oT | By. 


We now interchange the order of differentiation with respect to x” and x* and use 
the result B; nx = Bj.4n. We then get the required necessary condition as 


ole oles 
a = aa +0i,0% —Ti,0% = 0. (2.46) 


i oe 
K; ay = 


It is not obvious simply from the above expression that R;”,,, Should be a tensor. 
Yet our result, in order to be significant, must clearly hold whatever coordinates we 
employ to derive it. So we do expect R,”,,, to be a tensor. A simple calculation 
shows that, for any twice differentiable vector field B;, 


Bink — Bikn = Re Bm. (2.47) 


Since the left-hand side is a tensor, so is the right-hand side and, B,, being an 
arbitrary vector, we have by the quotient law (see Exercise 10) the result that Rep, 
are the components of a tensor. 

This tensor, known as the Riemann—Christoffel tensor (or, more commonly, the 
Riemann tensor, or the curvature tensor), plays an important role in specifying the 
geometrical properties of spacetime. Although we have derived (2.46) as a necessary 
condition, a slightly more sophisticated technique shows that (2.46) is also the 
sufficient condition that a vector field B;(x*) can be defined over the spacetime 


by parallel transport. We will not, however, go into the detailed mathematical proof 
here. 


2.5 Spacetime curvature 


Spacetime is said to be flat if its Riemann tensor vanishes everywhere. Otherwise, 
it is said to be curved. Exercises 26 and 27 illustrate two other ways in which 


this tensor distinguishes the properties of a curved spacetime from those of a flat 
Spacetime. 


2.5.1 Symmetries of R;x/, 


It is more convenient to lower the second index of the Riemann tensor to study 
its symmetry properties. Since the symmetry or antisymmetry of a tensor does not 
depend on what coordinates are used, it is more convenient to write (2.46) in the 
locally inertial coordinates (2.44). We then get 


Rikim = 4(8k1.im + Bim.ki — Skm.il — Sil.km)- (2.48) 
From this expression the following symmetries are immediately obvious: 

Rikim = —Rkitm = —Rikmt = Rimik. (2.49) 
We also get relations of the following type: 

Rikim + Rimkt + Ritme = 0. (2.50) 


If we take all these symmetries into account, we find that, of the 44 = 256 
components of the Riemann tensor, only 20 at most are independent! Moreover, 
we will soon see that there are identities linking their derivatives too. 


2.5.2 The Ricci and Einstein tensors 


By the process of contraction we can construct lower-rank tensors from Rikim. The 
tensor 


Rie Riri = Ry (2.51) 


is called the Ricci tensor. If we use the locally inertial coordinate system, we 
immediately see that 


Ret = Rig. (2.52) 


Owing to the symmetries of (2.49) there are no other independent second-rank 
tensors that can be constructed out of Rjx1,). 
By further contraction we get a scalar: 


ie hee (2.53) 
R is called the scalar curvature. The tensor 
Gig = Rig — 58: R (2.54) 


will turn out to have a special role to play in Einstein’s general relativity. This tensor 
is called the Einstein tensor. 
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25.3 Bianchi identities 


The expression (2.48) suggests another symmetry for the components of Rjkim- 
This symmetry is not algebraic but involves calculus. In covariant language we may 
express it as follows: 


Rikim:n a Rikni:m =f Rikmn:t =) (255) 


These relations are known as the Bianchi identities. Their proof is most easily given 
in the locally inertial system as in (2.48). 

However, by multiplying (2.55) by g'” g*” and using (2.51)—(2.53), we can de- 
duce from these identities another that is of importance to relativity: 


G = 5ei'R = 0. (2.56) 
tk 


In other words, the Einstein tensor G'* has zero divergence. 


2.6 Geodesics 


So far we have talked about non-Euclidean geometries without mentioning whether. 
in general, they have the equivalents of straight lines in Euclidean geometry. We 
now show how equivalent concepts do exist in the Riemannian geometry under 
consideration here. 

There are two properties of a straight line that can be generalized: the property of 
‘straightness’ and the property of ‘shortest distance’. Straightness means that, as we 
move along the line, its direction does not change. Let us see how we can generalize 
this concept first. 

Let x'(A) be the parametric representation of a curve in spacetime. Its tangent 
vector is given by 
=e 

dr 
Our straightness criterion demands that wv! should not change along the curve (see 
Figure 2.10(a)). On going from A to 4. + 4A, the change in uv! is given by 


JK2i9g)) 


j _ dul kel 


The second expression on the right-hand side arises from the change produced by 
parallel transport through a coordinate displacement 5x’. However, 5x! = u! di. 
Therefore the condition of there being no change of direction w' implies that Au! = 
0; that is, 

du i oka 

ae Sl pal, a, (2.58) 
This is the condition that our curve must satisfy in order to be straight. 


2.6 Geodesics 


The second property of a straight line in Euclidean geometry is that it is the 
curve of shortest distance between two points. Let us generalize this property in the 


following way. Let the curve, parametrized by A, connect two points P; and Po of 


spacetime, with parameters A; and Ad, respectively. Then the ‘distance’ of P> from 
P; is defined as 


do Eaeks V4 a 

2 dx' dx 2 
s(P2, P|) = ik— —- dA = Lda. 2.59 
(areiap) [ (su a x) / (2.59) 


! 


We now demand that »(P>, P;) be ‘stationary’ for small displacements of the curve 
connecting P; and P, these displacements vanishing at Py and P2 (see Figure 
2.10(b)). 


This is a standard problem in the calculus of variations and its solution leads to 
the familiar Euler-Lagrange equations 


s(ss) ar (2.60) 
dA \ dx! Ox 


where x! = dx! /dA and L = [ix (dx! /da)(dx*/da)]!/2 is a function of x! and x¢. 
It is easy to see that (2.60) leads to 


d 1 dx* 1 1 dx™ dx” 
Tee. Cia = ae (|) 
da L da 2 eed. Gk 


If we make the substitution 
Figure 2.10 (a) The tangent 


vector to a geodesic moves 
parallel to itself. The 


tangents at P and Q are 
a parallel since they lie on a 
ee geodesic [. (b) The 
we condition of stationarity 
/O means that the distance ‘s’ 


between P; and P> remains 
unchanged for a small (5x') 
variation of the curve [ 
joining them. 
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ds =Ldh (2.61) 
and use (2.40), we get the above equation in the form 


d2x! . dxk dx! 
re  — | (2.62) 
ds? aye ds ds 
There are a few loose ends to be sorted out in the above derivation. First, L would 
be real only for timelike curves. Thus, if we want to use a real parameter along the 


curve, then, for spacelike curves, we must replace ds by 
do — ds, i ok (2.63) 


For null curves, L = 0. The above treatment therefore breaks down. It is then 
more convenient to replace the integral (2.59) by another: 


2 
I= / L* da (2.64) 
AN 


1 


and consider 5 = 0. We can always choose a new parameter =X (A) such that 
the equation of the curve takes the same form as (2.62), with i replacing s. 

It is easy to see that (2.62) is the same as (2.58). Although s in (2.62) has the 
special meaning ‘length along the curve’ while A in (2.58) appears to be general, it 
is not difficult to see that, if (2.58) is satisfied, 4 must be a constant multiple of s. 
This is because (2.58) has the first integral 


g ay abe yO C= tant 2.65 
7 ny cons an . . =~: 

a dA di ‘ 
These curves of ‘stationary distance’ are called geodesics. For timelike curves C > 


0, for spacelike curves C < 0 and for null curves C = 0. A is called an affine 
parameter. 


Example 
Let us calculate the null geodesics from t = 0, r = 0 to the pointt = T,r = R, 
6 = 6), @ = in the de Sitter spacetime 


ds* = c* dt? — eo?" "tar? + 7? (40? + sin? 6 dd?)] 


where H is a constant. It is not difficult to verify that the @ and ¢ equations of (2.62) 
are satisfied by 6 = 6), @ = ¢). That is, our straight line moves in the fixed (6, @) 
direction. The f equation simplifies to 


ro edn 5 
ery a en ce = {0} 
da¢ ce da 


The first integral (2.65) gives, on the other hand, 
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\ dt ) Ht dr 2 
Cat | ee | 
da dv 
The two equations can be easily solved to give 
l A c Uk 
t= — Inf 14+ —}, ee ; 
H Ao Hi+t+d9 


where Ag is determined from the boundary condition that, when r = R,t = T. Note 
that a solution is possible only if R and T are related by the condition 


foe ie Ly 
H 


We next consider the special role played by geodesics in general relativity. 


27 The principle of equivalence 


Having described the machinery of vectors and tensors and having outlined the 
salient features of Riemannian geometry, we now make our first contact with physics 
and introduce the so-called principle of equivalence, which has played the key role 
in general relativity. 

Let us go back to the purely mathematical result embodied in the relations shown 
in (2.44) and attempt to describe their physical meaning. These relations tell us that 
special (locally inertial) coordinates exist in the neighbourhood of any point P in 
spacetime that behave like the coordinates (t,x, y, z) of special relativity. Physi- 
cally, these coordinates imply a special frame of reference in which a momentary 
illusion that the geometry is of special relativity is created at P and in a small 
neighbourhood of P. The illusion is momentary and local to P because we have 
seen that the relations of (2.44) cannot be made to hold everywhere and at all times. 

In view of the assertion made in §2.1 that gravitation manifests itself as non- 
Euclidean geometry, we would have to argue that, in the above-mentioned locally 
inertial frame, gravitation has been transformed away momentarily and in a small 
neighbourhood of P. How does this happen in practice? Consider Einstein’s cele- 
brated example of the freely falling lift. A person inside such a lift feels weightless. 
The accelerated frame of reference of the lift provides the locally inertial frame in 
the small neighbourhood of the falling person. Similarly, a spacecraft circling around 
the Earth is in fact freely falling in the Earth’s gravity and the astronauts inside it 
feel weightless. (See Figure 2.11 describing floating astronauts in a space shuiile.) 

It should be emphasized that this feeling of weightlessness in a falling lift or a 
spacecraft is limited to local regions: there is no universal frame that transforms 
away Earth’s gravity everywhere, at all times. If we demand that the relations of 
(2.44) hold at all points of spacetime, we would need to have oI, )/0x™ = 0 every- 
where, leading to a lm = 0, that is, to a flat spacetime. Thus a curved spacetime 
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with a non-vanishing Riemann tensor is necessary for describing genuine effects of 
gravitation. 

The weak principle of equivalence states that effects of gravitation can be trans- 
formed away locally and over small intervals of time by using suitably accelerated 
frames of reference. Thus it is the physical statement of the mathematical relations 
given by (2.44). It is possible, however, to go from here to a much stronger statement, 
the so-called strong principle of equivalence, which states that any physical interac- 
tion (other than gravitation, which has now been identified with geometry) behaves 
in a locally inertial frame as if gravitation were absent. For example, Maxwell’s 
equations will have their familiar forms (of special relativity) in a locally inertial 
frame. Thus an observer performing a local experiment in a freely falling lift would 
measure the speed of light to be c. 

The strong principle of equivalence allows us to extend any physical law that is 
expressed in the covariant language of special relativity to the more general form it 
would have in the presence of gravitation. The law is usually expressed in vectors, 
tensors, or spinors in the Minkowski spacetime of special relativity. All we have to 
do is write it in terms of the corresponding entities in curved spacetime. Thus. in the 
flat spacetime of special relativity, the Maxwell electromagnetic field F'* is related 
to the current vector j* by 


& Bs 


Figure 2.11 An astronaut floating in space. For him the gravity has been 
transformed away locally. Courtesy of NASA/Ames Research Center. 


2.7 The principle of equivalence 


any. (2.66) 


In curved spacetime the ordinary tensor derivative is replaced by the covariant 
derivative: 


Edi (2.67) 


Notice that the effect of gravitation enters through the i, terms that are present in 
(2.67). This generalization of (2.66) to (2.67) is called the minimal coupling of the 
field with gravitation, since it is the simplest one possible. 

So, in order to describe how other interactions behave in the presence of grav- 
itation, we use the covariance under the general coordinate transformation as the 
criterion to be satisfied by their equations. It is immediately clear from the example 
of the electromagnetic field that a ray of light describes a null geodesic. 

In the same vein we can now describe a moving object that is acted on by no other 
interaction except gravitation — for example, a probe moving in the gravitational field 
of the Earth. In the absence of gravity. this object would move in a straight line with 
uniform velocity; that is, with the equation of motion 


du! 
ds 
In the presence of gravity, (2.68) is modified to our geodesic equation (2.62). 
We end this section with another example that provides a clue about how grav- 
itational effects show up in spacetime geometry according to general relativity. 
Consider the Minkowski spacetime with the standard line element 


= 0, u' = 4-velocity. (2.68) 


dis red eerdx? — dy? — dz". (2.69) 


If we make the coordinate transformation for a constant g, 
c? 2 gt 
x=— cost( #2) — 1 +x cosh( #2), 
g @ Cc 


, vi t 
t= ia sinh © ) + 2 sinh(® ) (2.70) 
g fe G G 


This leads to the line element 


ds? = ( 1+ e) dp yey ca (2.71) 
a 


What interpretation can we give to (2.71)? The origin of the (x,y,z) system 
has a world line whose parametric form in the old coordinates is given by 


63 


64 


2 The general theory of relativity 


(2.72) 


Using the kinematics of special relativity, it can easily be seen that (2.72) de- 
scribes the motion of a point that has a uniform acceleration g in the x direction, a 
point that is momentarily at rest at the origin of (x, y, z) at t = 0: We may interpret 
the line element (2.71) and the new coordinate system as describing the spacetime 
in the rest frame of the uniformly accelerated observer. 

Direct calculation shows that not all ee are zero in (2.71) atx = 0, y — I) 
z’ = 0. The frame is therefore non-inertial. For the neighbourhood of the origin, the 
metric component 


2ex 2) 
ea ees (2.73) 
(am Cs 


where ¢ is the Newtonian gravitational potential for a uniform gravitational field 
that induces an acceleration due to gravity of —g. We have here the reverse situation 
to that of the falling lift: we seem to have generated a pseudo-gravitational field by 
choosing a suitably accelerated observer. The prefix “‘pseudo-” is used because the 
gravitational field is not real — it is an illusory effect arising from the choice of co- 
ordinates. The Riemann tensor for the metric is zero. Nevertheless the relation (2.73) 
is also suggestive of the real gravitational field, as we shall see in the following 
example and later in §2.9. 


Example 


Consider a particle held at rest at the origin x = 0, y = 0, z = 0 in the manifestly 
Minkowski frame (2.69). What is its trajectory in the uniformly accelerated frame 
(2271)? 

Setting x = 0 in equation (2.70), we get 


3) ! 
t GC. t 
x=— sech( —] 
g c 


which, for small t, i.e., fort! < c/g, approximates to 


4 2D 
v= —set-, 


Thus, to an observer at rest in the accelerated frame, the particle will appear to have 
a ‘free fall’ in the negative x direction; the observer will ascribe this to gravity in 
that direction. 


2.8 The action principle and the energy tensors 


28 The action principle and the energy tensors 


Before examining relativity proper, let us see how we can write the laws of physics 


in the covariant language in a Riemannian spacetime using the strong principle of 


equivalence. We take the familiar example of charged particles interacting with an 
electromagnetic field. The physical laws can be derived from an action principle. 
First we write the action in Minkowski spacetime: 


1 e 
a : ee eee : ik a4. et ; i 
A= y ome f dsc cee jy alae » fa da’. (2.74) 


Here A; are the components of the 4-potential, which are related to the field tensor 
Fix by 


i Ae re (2.75) 


while eg and m, are the charge and rest mass of particle a, whose coordinates are 
given by a’ and the proper time by sz with 


ds* = nix da! da*. (2.76) 


How do we generalize (2.74) to Riemannian spacetime? First, we note that ;, in 
(2.76) are replaced by g;z. Next, starting from the covariant vector A;, we generate 
F;, by the covariant generalization of (2.75): 


Axi — Ai:k = Fix. (257) 


However, since the expression (2.77) is antisymmetric in (i,k), the extra terms 
involving the Christoffel symbols vanish and we are back to (2.75)! The volume 
integral in (2.74) is modified to 


/ Fi, FU® /—¢ d*x. (2.78) 
The extra factor ./—g has crept in because the combination 
J—e dx! dx? dx? dx® = ee arco (2.79) 
—g ax = 4 ijkl 2. 
acts as a scalar. We therefore have the generalized form of (2.74): 


| ik 4 €a i 
A= —Yrema | de — Fi F J=edix— 0 f avadl 
a 


(2.80) 
The variation of the world line of particle a gives its equation of motion 
ai Donec! ala 
ee (2.81) 
ds2 dsjcds, Mg 4s, 


while the variation of A; gives the field equations (2.67). 
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The transition from (2.74) to (2.80) has, however, introduced an additional in- 
dependent feature into the action, besides the particle world lines and the potential 
vector. The new feature is the spacetime geometry typified by the metric tensor g;x. 
What will happen if we demand that the ¢;, be also dynamical variables and that the 
action A remain stationary for small variations of the type 


Sik > Bik + giz? (2.82) 


From the generalized action principle, should we not expect to get the equations that 
determine the g;, and through them the spacetime geometry? Let us investigate. 

A glance at the action (2.80) shows that the last term does not contribute anything 
under (2.82) if we keep the world lines and A; fixed in spacetime. The first two 
terms, however, do make contributions. Let us consider them in that order. First note 
that 


S(ds*) = Sgix da’ da‘, 
that is, 


da' da‘ 
é(ds3) = 558k © — d5q. 


Therefore, 


5 ome f dss =; = me [es ae 7 oo Sgik. (2.83) 


Let us consider this variation in a small 4-volume V near a point P. If we consider 
a locally inertial coordinate system near P, we can identify the above expression in 
a more familiar form. Let us first identify 
F da' 
a) = CMg — 
PCa) * dsa 
as the 4-momentum of particle a. Then CDi = E, is the energy of the particle, and 
we get 


l da‘ dak 7 c2 


0 
DE =— play phy dx? 


= Pia) Pia) Sta = 5B, 


Figure 2.12 shows the volume Y as a shaded region in the neighbourhood of 
P, t being the local time coordinate and x“ (4 = 1, 2,3) the local rectangular 
coordinates. We will briefly discuss the various cases described in Figure 2.12. The 
expression (2.83) can then be looked upon as a volume integral over V of the form 


Zeus i dsg = — =i Sere tans (2.84) 


2.8 The action principle and the energy tensors 


where Tik 


im) 1S the sum of the expressions 


: 
‘Com és 

i k 
E PrayPtay 
edi 


for each particle a that crosses a unit volume of the shaded region near P. We now 


interpret this sum. 


2.8.1 The energy tensor of matter 


This expression for 7j, is none other than the usual expression for the energy tensor 


of matter (also called the energy momentum tensor or the stress energy tensor). Since 


ca 
abcdefg 
7 
° oe 
7 
(c) :— ae 


xu 


Figure 2.12 Three cases of 
particle motion in the locally 
inertial region V near a 
typical point P of spacetime. 
The thick line on the 
x-axes in each case 
represents a unit 3-volume. 
All particles a, b,c, d,... 
crossing this volume are 
counted for computing rik, 
(a) Particle world lines 

A DG ona EWE MEATY 
parallel. This is the dust 
approximation. (b) The 
particles move at random 
with speeds near the speed 
of light, frequently changing 
direction through collisions. 
This is the relativistic case. 
(c) The intermediate 
situation, in which the 
particles collide, change 
directions and generate 
pressures, but their motions 
are non-relativistic. This is 
the case of a fluid. 
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we will need this tensor frequently, it is derived below for three different types of 
matter. 


Dust 

This is the simplest situation, in which all the world lines going through the shaded 
region in Figure 2.12(a) are more or less parallel, indicating that the particles of mat- 
ter are moving without any relative motion in the neighbourhood of P. Writing the 
typical 4-velocity as uv‘ and using a Lorentz transformation to make ui = (1,0, 0, 0) 
(that is, transforming to the rest frame of the dust), the only non-zero component of 


the energy tensor is 
2 2 
7% — > mac = Doc; 
a 


where the summation is over a unit volume in the neighbourhood of P. Here po is 
the rest mass density of dust. In any other Lorentz frame we get 


ce = pocrulu®. (2.85) 
an expression that is easily generalized to any (non-Lorentzian) coordinate system. 


Relativistic particles 

This situation, described in Figure 2.12(b), represents the opposite extreme. Here we 
have highly relativistic particles moving at random through V. The 4-momentum of 
a typical particle is then approximated to the form 


=) 9 
- pee 


i_ [fF Dees) eee _ 
p= aie Ee c-|P|* inc Sea Fg = ll ll 
, 


Using the fact that the particles are moving randomly, we find that the energy tensor 
has pressure components also: 


ee 


5 P27 
ee ee ee . 
= oF (2.86) 


The factor | comes from randomizing in all directions. These are the only non-zero 

pressure components. Here € is the energy density. Thus, for extremely relativistic 
particles we get 

, 

{Gee = diag(e, €/3, e/3, €/3). (2.87) 


This form is also applicable to randomly moving neutrinos or photons. 


2.8 The action principle and the energy tensors 


Fluid 


This situation is illustrated in Figure 2.12(c) and consists of a collection of particles 
with small (non-relativistic) random motions. If we choose the frame in which the 
fluid as a whole is at rest as the frame of reference, we can evaluate the components 
of is , as follows. Let a typical particle have the momentum vector given by 


mec I 
p? 2. ny 


vile y2/e2 - V1 = v2 fe? 


(GT ag ta Wee 33) (2.88) 


Then 


5 1 ye\ 2 
‘ie aT? =T8 = 2 mP(1- 5) =p. (2.89) 


Here p and p are the density and pressure of the fluid. In a frame of reference in 
which the fluid as a whole has a 4-velocity u', the energy tensor becomes 


De =(p+pc Tu uk — pni* (2.90) 
The generally covariant form of (2.90) is obviously 
ik 


Tik. = (p + pc*)u'uk — pg’. (2.91) 


Note that p is not just the rest-mass density, but also includes energy density of 
internal motion, as seen in (2.89). 

We may now relax our restriction to the locally inertial coordinate system at P. 
The generalized form of (2.84) is then 


pee i dsq = 5 - | Tik, /=8 dbgix dx. (2.92) 


28.2 The energy tensor of the electromagnetic field 


We next consider the variation of the second term of (2.74). If we keep A; fixed, the 
Fx, given by (2.77) or (2.75), remain unchanged under the variation of giz. Hence 


6( Fig Fk /=g) = Fit Fim 8(g!' 9" /—8). 
From (2.25) we get 
be en) = —2!* bgxr. 


that is, 
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5ei* = Ss 52mn- (2.93) 
Also, from (2.41) we have 
b./—g = 38!" ./—8 Sait. (2.94) 


Substituting these expressions into the variation of the second term of the action 
gives 


fink Vg ax = ma Tit 8 Sain dx (2.95) 


16m 
with the eee. energy tensor given by 
j fal 
7 atic Fin gik _ FP), (2.96) 


It is obvious from our two examples that the energy tensor of any term in the 
action of the form A is related to the variation of A by 


1 F 
6A = 5. | Tikw=8 Sgix dx. (2.97) 


In theories defined only in Minkowski spacetime the appearance of energy tensors is 
somewhat ad hoc. They do not enter explicitly into any dynamical or field equations. 
They appear only through their divergences, the typical conservation of energy and 
momentum being given by 


T=, (2.98) 


In our curved spacetime framework the 7 find a natural expression through the 
variation of g;,. It was this variation of the metric tensor that led Hilbert to derive 
the field equations of general relativity shortly after Einstein had proposed them 
from heuristic considerations. We now turn our attention to this topic. 


2.9 Gravitational equations 


The preceding section showed that the variation of the action A with respect to 
gix leads us to the energy tensors of various interactions. We still do not have 
dynamical equations that tell us how to determine the g,;, in terms of the distribution 
of matter and energy. Einstein’s conjecture was that the energy tensors should act as 
the ‘sources’ of gravity. Following the general trend of nineteenth-century physics, 
especially the Maxwell equations, Einstein looked for an expression that would act 
like a wave equation for g;,, with 7;; as the source. It is immediately clear that the 
standard wave equation in the covariant form 


gilt 


Sik:mn = KTix, (2.99) 


where « Is a constant, will not do, for the left-hand size vanishes identically. Is there 
a second-rank tensor symmetric in its indices (like the 7;,) that involves second 
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derivatives of g;,°? Clearly, if the tensor is to bring out the special feature of curvature 
of spacetime, it must be related to the Riemann tensor. Einstein first tried Rix, before 
finally arriving at the tensor G,, of (2.54). His field equations of general relativity, 
published in 1915, took the form 


LG es sik = Gik = —KTix. (2.100) 


These equations have the added advantage that, in view of the Bianchi identities 
in (2.56), we must have 


0. (2.101) 


That is, the law of conservation of energy and momentum follows naturally from 
(2.100). 

Although there are ten Einstein equations for ten unknown gx. the divergence 
condition of (2.101) reduces the number of independent equations to six. This 
underdeterminacy of the problem is due to the general covariance of the theory: 
if gj, is a solution, then so is any tensor transform of g;, obtained through a change 
of coordinates. 

The expression (2.101) follows for any 7’* obtained from an action principle by 
the variation of g;, (see Exercise 33). This result is in fact an example of Noether’s 
theorem. which relates a conservation law to a basic symmetry. In this particular case 
the symmetry is that of coordinate invariance. It is therefore pertinent to ask whether 
the Einstein tensor can also be derived from an action principle. This problem was 
solved by Hilbert soon after Einstein proposed his equations of gravitation. Hilbert’s 
problem can be posed as follows. Consider the variation of the term 


it R./-g d*x 
VY 


for g'§ — gk 4 d¢'4 with the restriction that 5¢'* and bg") vanish on the boundary 
of V. It can be shown (see Exercises 34 and 35) that 


[bei (Ru 58 ms) J=a dx 

v 

-{ 5 gix (at; 58"R) Ee x. (2.102) 
Vv 


3 f Reed x 
Vv 


Thus it follows that Einstein's equations can be derived from an action principle if 
we add to A the term 


! jaa 
Agravitation ae Bin is R =o x. (2.103) 


Furthermore, if to the scalar R we add a constant (2A, say) that is trivially a scalar, 
we get a modified set of field equations: 
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Rie — gin + Asin = —KTik- (2.104) 


We may consider this equation as representing the variation of action in a spacetime 
region of prescribed volume, with A playing the role of a Lagrangian undetermined 
multiplier. We will consider these equations only when we discuss cosmology. since 
the extra term (the A-term) has cosmological significance. For the time being we 
return to (2.100) and relate x to known physical constants. 


2.9.1 The Newtonian approximation 


We now come to the important question of the magnitude of « and the relationship 
between general relativity and Newtonian gravitation. The first hint of the connec- 
tion between Newtonian gravitation and the present theory was provided by (2.73), 
from which we saw that, provided that goq did not differ significantly from unity, the 
difference go9 — 1 is proportional to the Newtonian gravitational potential. We now 
seek to formalize this relationship and thereby determine «. We will show that, in 
the so-called slow-motion-plus-weak-field approximation, general relativity reduces 
to Newtonian gravitation. 
This approximation is specified by the following assumptions: 


1. The motions of particles are non-relativistic: v < c. In this case we are back 
to Newtonian mechanics. 


2. The gravitational fields are weak in the sense that 
Bik = Nik + hik, \Rix| < 1. (2.105) 


The inequality suggests that we ignore powers of |/;,| higher than 2 in the 
action principle and higher than | in the field equations. 


3. The fields change slowly with time. This means that we ignore time 
derivatives in comparison with space derivatives. 


Let us now see how the action is simplified under these approximations. First 
note that, with x9 = cr, 


ds? = (nig + hig) dx! dx* ~ (1 + hoo)c? dt? — v? dr?, (2.106) 


ve | vu 
ds ~ I+ hag — cdt & (: =F =hyy = = Je dr. (alow 
(Ga 2 2c 


We next look at the term involving the scalar curvature. The linearized expression 
for the Riemann tensor (see (2.48)) is 


that is. 


aw Il 
Rikim © 5 (Aki im = him,ki — Agi — hitkm). (2.108) 
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The corresponding values of R can also be calculated. However, care is needed 
if we are to look at the action principle rather than the field equations in this 
approximation, for we anticipate quadratic expressions in the /,, to appear in the 
geometrical term (2.103). 

Item 3 above eliminates time derivatives altogether. Furthermore, the ratios of 
typical space and time displacements are 5x/5x° = v/c, where v“ are typical 
Newtonian velocities. Thus op is more important than any other /j,, at least by the 
factor c/v. We will henceforth ignore all other /;, in comparison with hog. We then 
get 


g = 1 — hoo (2.109) 
Oe acl er Shoo, (2.110) 


and 
1 
cag — (: = sho) V"hoo- 1) 


Using these relations, we finally get the approximate action as 


i | 1 
A & a2 // (: — sho) V7hoo dxd?= oS 5c / hoo dt 
| 
+ a 5m / v? dt + constant. @ay 


The constant represents path-independent terms that can be ignored in a variational 
problem. Here we have dropped particle labels a, b, ... and used the 3-vector x to 
denote x“ (4% = 1, 2,3). We can use Green’s theorem and ignore surface terms. 
Thus in the three-dimensional spatial volume, we get 


1 
i (: at hoo} V~hoo dx = i (1 = show Vhoo dS 


3-volume 2-surface 


| 5 
os / (Vio)? d°x. 


3-volume 


We can ignore the surface term. Hence 
I 243 eee l 2 
~ ae [ [vio d°x dt — S are hog dt + 2 au vu’ dt. 
(2.113) 
Now compare this with the Newtonian action 


l 
Aye gta f fevoreatxar— Som f gar tO 5m f var, 
Iv “~ . 


(2.114) 
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with ¢ as the gravitational potential. Clearly, (2.113) becomes the same as (2.114) 
if we put 


¢=4c?ho, «= 8rG/ct. (2.115) 


Thus we have completed our project of evaluating « and relating the relativistic 
framework to Newtonian gravitation. Assumptions 1-3 above are known collec- 
tively as the Newtonian approximation. It leads to the linear gravitation theory of 
Newton, which has wide applications ranging from the tidal phenomenon of the 
Earth’s oceans to motions of planets of the Solar System and motions of stars and 
galaxies in clusters. Provided that these three assumptions hold. general relativity 
does not add anything new. If assumptions | and 3 are dropped but assumption 2 1s 
retained, we are in the domain of the weak-field theory of gravitational radiation. 
For, in the weak-field limit, it is seen that effects of spacetime curvature propagate 
as waves with the speed of light. If this text were devoted primarily to general 
relativity, we would have discussed this intriguing phenomenon in detail. A few 
properties of gravitational radiation are outlined in Exercises 37-40. To get the 
full effects of general relativity, however, we must drop all three assumptions and 
face the non-linear equations of (2.100) in their most general form. Naturally this 
is a complicated task; after more than six decades of this theory there are only a 
handful of exact solutions of direct physical relevance. We will end this chapter 
with a discussion of the earliest, simplest and most important of these solutions. 


2.10 The Schwarzschild solution 


Shortly after Einstein published his equations of general relativity, Karl Schwarz- 
schild (see Figure 2.13) solved them to find the spacetime geometry outside a spher- 
ical distribution of matter of mass M. The corresponding problem in Newtonian 
gravitation yields the solution for the gravitational potential as 


@ = —GM/r, (2.116) 


r being the distance from the centre of the spherical distribution. 


At a large distance from the centre, we expect the gravitational field to be weak. 
So, under the Newtonian approximation, we expect 


$00 1 (2.117) 


—) 
cer 
We will now show how the Schwarzschild solution is obtained and how this exact 
solution relates to the above form. 


The problem is simplified by making use of symmetry arguments. If the space- 
time outside such a spherical distribution is empty, then its geometry should be 


2.10 The Schwarzschild solution 


spherically symmetric about the centre O of the distribution. So we start with the 
most general form of the line element that fulfils this requirement of spherical 
symmetry. 


It can be shown that the most general form of such a line element is 
ds* = e’c? dr? — e* dr? ~ r2(d6? + sin? 6 d¢2), (2.118) 


where v and A are functions of r and ft. If » = A = 0, we get the Minkowski 
line element in spherical polar spatial coordinates. The non-Euclidean effects are 
therefore contained in the functions A and v. Although in this case r ceases to 
measure the radial distance from O, it still has the meaning that the spherical surface 
r = constant = ro (for example) has the surface area dirs. The arguments leading 
to (2.118) are group-theoretical ones, involving the invariance of spacetime under 
rotations about the point O. The techniques describing these arguments are beyond 
the scope of this text: see the classic book by Eisenhart listed in the bibliography for 
these details. 

Given the line element (2.118), the next step is to calculate g'*, ./—g and a 
We then calculate Ry;, which are given by (2.51) and are expressible in the form: 


ori,  a>(In./—g) a 
Ry = 


ox” 


a ie ie -_ (In Vv =o) Py. (2.1 19) 


ax! axk ax! 


Figure 2.13 Karl 
Schwarzschild (1873-1916). 
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Since the space outside the distribution is empty, it has Tj; = 0. Therefore the 
contraction of the field equations (2.100) gives R = 0 and these equations reduce to 


Raa: (2.120) 


The (00) and (11) components (r = x!) give, after some manipulation, the following 


equations: 
S aeene ae (2.121) 
r re r? 
-*(~4+5)+5=0 (2.122) 
rr r2 


From these we get 
v+a =0; 
that is, 
v+A= fit) 


(here a prime denotes differentiation with respect to r, whereas an overdot denotes 
differentiation with respect to t). The arbitrary function f(t) can, however, be set to 
equal zero since we still have an arbitrary time transformation 


ae) 


at our disposal, which changes v to 


Es dg 
v y+ n() 


and preserves the form of the line element (2.118). Therefore we can take, without 
loss of generality, 


vt+A=0. (123) 
However, we also have, from Ro; = 0, 
A=0. (2.124) 


Thus both 4 and v (= —A) are functions of r only. The equations (2.121) and (2.122) 
then yield the solution 


e =e = 1 ae A = constant. 
However, if we are given the mass of the object M, we may use the boundary 


condition (2.117) to set A = 2GM/c?. Thus we get our required solution as the 
line element 
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2) 
Cal Ca 


2GM 2GM\"' _, 
age (1 = Jear as ( nh ) dr? — r?(d6 + sin? 6 d@?). 


(25123) 


This is known as the Schwarzschild line element. It turns out that, because of the 
symmetries of the problem, the other field equations are automatically satisfied: we 
need only the (11), (00) and (01) components in order to arrive at the solution. Also. 
the solution (2.125) is manifestly static. Thus there is no scope for a dynamical 
solution such as one involving gravitational radiation, even if our spherical source is 
expanding, contracting, or oscillating. This remarkable result is known as Birkhoff’s 
theorem. We now consider a few observable implications of this solution. 


211 Experimental tests of general relativity 


Most of the present tests of general relativity are based on the Schwarzschild solu- 
tion and seek to measure the fine differences between the predictions of Newtonian 
gravitation and those of general relativity. These are described briefly below. 

Before confronting the experimental situation, however, it is necessary to clarify 
how to attach meanings to measurements in a spacetime that is non-Euclidean. We 
have already seen that coordinates have no absolute status, hence relying on them 
blindly might lead to incorrect results. The Schwarzschild metric (2.125) can be 
used to illustrate the concept of measurement as will be seen next. 


Example 


Suppose that an observer is located at a point with r = constant, 6 = constant 
and @ = constant. How does he relate the time kept by his watch to the coordinate 
t? From the principle of equivalence we know that since dt = ds/c measures the 
observer’s proper time in a locally inertial frame, being a scalar, it does so in all 
frames. For our observer, dr = 0, d@ = 0 and dé = 0; so from (2.125) we get 


26M 
dr =i. — ) dr. 


CHF 


This gives the required answer. 

The experimental tests mostly revolve around application of the Schwarzschild 
line element to objects in the Solar System. However, beyond comparing the rel- 
ativistic predictions with the corresponding Newtonian ones, there has also been 
interest in other theories of gravitation. Some of these (such as the Brans—Dicke 
theory to be discussed in Chapter 8) use the spacetime metric as in relativity, but 
come up with line elements different from Schwarzschild’s. All these can be simul- 
taneously looked at in their weak-field limits and by comparing their predictions in 
the various experiments. A series of parameters can be used to specify the various 
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components of the metric with reference to these tests. Since we are looking at a 
level of approximation one step beyond the Newtonian limit, the procedure is called 
parametrized post-Newtonian approximation or simply the PPN approximation. The 
parameters are denoted by y, f, &, a), a2 and a3 and ¢1, ¢2, 3 and ¢4. We will not 
discuss the details of how these parameters are derived in a particular theory (see a 
review by C. M. Will referred to at the end), except to identify the first two which 
have values of unity in general relativity and occur explicitly in the classical tests of 
this theory. The rest have value zero in relativity. 

To identify 6 and y, we express the Schwarzschild line element in the isotropic 
form, in which the spatial part of the metric is the Euclidean one multiplied by a 
radial function: 


ds? = ec? dt? — e"[dR? + R7(d6? + sin” 6 do*)), (2.126) 


where jz and 7 are functions of the new radial coordinate R. (See Exercise 42.) 
Expanding these in powers of M/R, we get 


Os ey ea) eee 
e +26 R 


M (F 
R 


2 
M 
; e’=1+2y—, (227) 
R 
where, as mentioned earlier for general relativity, both 6 and y are unity. For some 
other theories they may have different values. We will later summarize the present 
status of the measured values of these parameters. 


The gravitational redshift 


Consider any static line element — that is, one in which g;z do not depend on x° = ct. 
Suppose that we have two observers A and B with world lines 


x” = constant = a", b+, (2.128) 


respectively. Let I’ be a null geodesic from A and B, with parametric equations given 
by 


t=O (2.129) 


with x#(0) = a4, x#(1) = be, x9(0) = cta and x9(1) = ctg. To what does our 
geodesic correspond in physical terms? 

It describes a ray of light leaving observer A at time fa and reaching observer B 
at time fg. Because of the static nature of the line element, we also have another null 
geodesic solution given by 


Si tel Oe eee cok 
x9 = x(A) AN AN —!constant: (2.130) 


This describes a light ray leaving A at ta + A/c and reaching B at tg + A/c. Figure 
2.14 illustrates this result. 
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Now, in the rest frame of A, the time interval A /c corresponds to a proper time 
interval (measured by A) of 


A ; 
St, = —[goo(a")"/°. 


If m light waves have left A in this time interval, then the frequency of these waves 
measured by A is 


cil 
va = —L[goo(a"))- 2, 
Sr [goo(a”)] 


Since the same number of waves is received by B in the corresponding proper time 
interval 5tg, we get the ratio of frequencies measured by B and A as 


ee a 
va \ goo(b") oe 


This is also the ratio of the wavelengths 4 and Ag measured by A and B, respec- 
tively. 

If. in the Schwarzschild solution, A is an observer located on the surface of a star, 
at r = rg, Say, and B is a distant observer with r >> 2G M/c?, we get 


A 2GM\ 1° 
AB nw (1 = ) (2.132) 


Thus spectral lines from a massive compact star should be redshifted. For 
2GM/(c?r,) small relative to unity, the redshift 


Figure 2.14 The proper 
time of an observer at r = 
constant in Schwarzschild’s 
os spacetime runs more slowly 
cta I we A than the coordinate time. 
< The effect is more 
pronounced as r decreases. 
The figure shows that this 
VE effect is detectable by 
oe exchanges of light signals 
- (shown by dotted lines) 
eae between two observers. 
Although signals are sent by 
A (located near the mass) at 
interval dt of proper time, 
they are received by the 
remote observer B at 
A B interval dtm > dt,. The 
coordinate time difference 
between the signals at A and 
B remains the same at A. 


A cle 


Sten r=TB 
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_ Ap-—da _ GM 


mw ) 4 
XNA Gane 


(2.133) 


~ 


White dwarf stars like Sirius B and 40 Eridani B do exhibit redshifts in the range of 
10-°-10~4, which are of the right order of magnitude. More reliable and quantita- 
tively accurate measurements, however, are possible only in a terrestrial experiment. 
For example, in 1960 Pound and Rebka measured the change in the frequency of a 
y-ray photon emitted by an excited iron nucleus as it fell from a height of 60-70 
feet (see Figure 2.15). As such a photon falls through a height H, the Newtonian 
potential decreases by gH, where g is the acceleration due to gravity on the Earth’s 
surface. From (2.131) we see that the photon should undergo a blueshift; that is, its 
frequency increases by a fraction g H/c. Although this fraction is as small as its: 
it can be measured by modern laboratory techniques. The Pound—Rebka experiment 
and later work have confirmed the gravitational-redshift effect to a high level of 
accuracy. 


The perihelion precession of Mercury 


If we treat the Sun as the mass M in the Schwarzschild solution and the planets as 
probes moving in the curved spacetime around the Sun, then, to a first approxima- 
tion, each planet will move along a timelike geodesic. The equations of motion of 
a planet are therefore easily obtained (see Exercises 46 and 47). In the Newtonian 
approximation, the planet describes an ellipse given by its polar equation 


l/r = 1+ecos(¢ — do). (2.134) 


Figure 2.15 A schematic 

A diagram of the 
Pound—Rebka experiment. 
A cobalt nucleus at the top 
of the tower decays to an 
excited iron nucleus. The 
latter emits a y-ray photon, 
which goes down the tower 
to be absorbed by an iron 
nucleus in the ground state. 
H=226m To ensure that absorption 
occurs. one has to 
compensate for the increase 
in the frequency of the 
falling photon: the absorbing 
nucleus at the bottom has to 
be given a Doppler velocity 
away from it. 
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Here / is the semi latus retum, e the eccentricity and @ the direction in which its 
perihelion (point of closest approach to the Sun) lies. 

Observations of the orbit of planet Mercury had revealed that dy Is NOL a Constant, 
Rather, the perihelion precesses steadily at a small but perceptible rate of 575 arc- 
seconds per century. Of this, all but 43 arcseconds per century could be accounted 
for by the perturbation of Mercury’s orbit by the Newtonian gravitational effect of 
other planets. 

A more careful solution of the equations (see Exercise 48) shows, however, that 
$o is not a constant, but changes its magnitude at a steady rate, as illustrated in 
Figure 2.16. This precession of perihelion is at a rate 


6mGMo 


where Mo is the mass of the Sun and T is the period of the planet. The value of n 
is largest for Mercury, which of all the planets has the most eccentric orbit and the 
closest orbit to the Sun. The rate for Mercury, n = 43 arcseconds per century, can 
explain exactly the rate of precession, which had long remained unaccounted for in 
the Newtonian theory. 

In the late 1970s, a more dramatic example of such a precession was observed for 
the binary star system that houses the pulsar PSR 1913 + 16. Here the gravitational 
effects are stronger than those in the Sun—Mercury system and the rate of precession 
is as high as 4.23 degrees per year — about 3.6 x 104 times the value for Mercury. 
(We should caution the reader, however, that, unlike in the Sun—Mercury case, in 
which, because of the large disparity of their masses, the Sun could be considered 
at rest and Mercury moving around it as a ‘test’ particle, in the binary-pulsar case 
the two stars have comparable masses and hence the Schwarzschild solution is not 
strictly applicable. Ideally one should solve the relativistic two-body problem. This 


Figure 2.16 Perihelion is 
the point of closest approach 
to the Sun (S) in the orbit of 
Mercury. As successive 
orbits are completed, the 
perihelion advances steadily 
from P; to P> to P3 and so 
on. (The rate of advance per 

{4 orbit is actually much 
smaller than that shown 
here.) 
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has not been possible so far and hence only an approximate extrapolation of the 
Sun—Mercury problem is generally used for theoretical comparison.) 


The bending of light 
Just as timelike geodesics determine the tracks of planets, we can calculate the track 
of a ray of light by determining the equations of null geodesics. These equations 
are straightforward to write down (see Exercise 48) and integrate (see Exercise 49). 
The most dramatic effects arise when a null geodesic goes very close to the mass 
distribution. 

For a ray light of grazing the solar limb (see Figure 2.17), the spatial direction of 
the ray changes by an angle 


oe pi sie) ~ 1,75 arcseconds, (2.136) 

CaORG 
where Ro is the radius of the Sun. The bending angle is indeed very small; its 
measurement was first attempted by Eddington (see Figure 2.18) and his colleagues 
in 1919 at the time of a solar eclipse. (The experiment involves measuring the 
apparent change in the direction of a star as its line of sight grazes the solar limb. 


For obvious reasons, optical astronomers have to wait for a total solar eclipse in 


S S Figure 2.17 The ‘bending’ 
ae u of rays of light from star $ 
shifts its image to S. This 
effect is noticeable when the 
ray of light grazes the solar 
surface, as shown here. 
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order to perform this experiment.) That measurement seemed to favour Einstein. 
However, it had large error bars. Subsequent attempts by optical astronomers yielded 
somewhat inconclusive results, largely because of the limited sensitivity of the 
measuring equipment and the uncertain nature of systematic errors. In the 1970s, 
however, measurements with microwaves confirmed the above-mentioned value of 
the bending angle much more precisely with only about 5% experimental error. This 
technology has subsequently been improved to reduce the error bars further, as can 
be seen in Table 2.1 later. 

It is worth pointing out with regard to the gravitational redshift and the bending of 
light that, since the strict Newtonian theory did not predict any effects of gravily on 
light, their observation implies a disproof of Newtonian gravitation. It is, however, 
possible to enlarge the scope of the Newtonian framework and argue that light is 
made of particles (photons) that are also subject to the inverse-square law. (Indeed, 
Newton himself had speculated concerning this possibility.) We can then show that 
such an enlarged theory gives (2.131) for gravitational redshift (see Exercise 53), 
the same as in relativity, but half the relativistic value for the bending of light (see 
Exercise 52). The observed bending of microwaves therefore rules out such a theory. 


Figure 2.18 Arthur Stanley 
Eddington (1882-1944). 
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Radar echo delay 


Just as the direction of a ray of light is altered by the Sun’s gravity, so is its apparent 
travelling time. This effect can also be calculated in a straightforward manner. In 
the 1970s measurements were made by bouncing radar signals emitted from the 
spacecrafts Mariner 6 and 7 off the surface of the Earth as the signals grazed the 
solar limb. The expected delays of the order of 200 us were observed within 3% 
error bars. This test has also been made more accurate with time and Table 2.1 gives 
the latest information. 


The equality of inertial and gravitational mass 


An important consequence of the principle of equivalence is the equality of inertial 
and gravitational mass. A little thought will convince us that Galileo's experiment 
from the leaning tower of Pisa, which demonstrated that all bodies fall freely with 
equal rapidity, is an essential part of Einstein’s thought experiment involving the 
freely falling lift. Both experiments are possible because the same quantity enters 
the law of motion as inertial mass and the law of gravitation as gravitational mass. 

Recent experiments with lunar laser ranging have been successful in measuring 
the distance of the Moon from the Earth to within a few centimetres. Such exper- 
iments also demonstrate that the Moon moves around the Earth as predicted by 
the equations of general relativity. In particular, these experiments ruled out certain 
alternative theories of gravitation, like the Brans—Dicke theory, that allow for the 
variation of inertial mass with the distance from another mass. 

Laboratory experiments of the torsion-balance type have been conducted very 
accurately with various materials to establish this equality with high sensitivity. 
Such experiments place stringent upper limits on the possibility of the presence of 
a ‘fifth force’ operating at a range of a few metres. For a review of the measured 
accuracy of the principle of equivalence, see the article by C. M. Will referred to in 
the bibliography. 


The precession of a gyroscope 


Although the Schwarzschild solution describes the gravitational effects of the Sun or 
the Earth with great accuracy, there is scope for further improvement. For instance, 
a rotating mass would introduce a d@ dt term into the metric. Although the effects of 
such terms are very small for the Earth and the Sun, modern technology can measure 
them. 

A proposed experiment that can measure the effect of a rotating mass makes use 
of gyroscopes. The axis of a gyroscope sent on an equatorial orbit around the Earth 
will precess slowly. An estimated rate of precession of ~7 arcseconds per year can 
be detected with present technology; such an experiment has been on the drawing 
board for three decades, but has not yet been performed. 

Table 2.1 gives the measured values of the PPN parameters, or rather the limits 
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set on their deviation from the predictions of general relativity. Although the exper- 
iments described there go beyond what we have outlined above, it is clear that the 
theory comes out with flying colours. 


Gravitational radiation 


Calculations based on the weak-field theory show that the magnitude of gravitational 
radiation from terrestrial apparatus is extremely small and beyond the scope of 
present technology. Celestial objects, however, can and do emit appreciable quanti- 
ties of gravitational radiation and attempts to devise detectors to measure them are 
being made. Typical sources ot gravity waves are supernova explosions, coalescing 
binary stars and, possibly, primordial developments in the very early universe (see 
Chapter 6). The quasi-steady-state cosmology described in Chapter 8 also predicts 
gravitational waves from mini-creation events. Several detectors are being set up 
around the globe to catch these feeble signals (see Figure 2.19). 


2.11.1 Black holes 


All the effects discussed above are those of weak gravity. For the Sun the ratio 
2GMo/(c? Ro) is as low as 4 x 10~°, and for the Earth it is even smaller. Can 
we visualize an object that is so compact that its mass M and radius R are related 
by 


Table 2.1 Limits on the measured values of the PPN parameters (Based on data 
reviewed by C. M. Will) 


Parameter Effect Limit Remarks 
y—1 Time delay 2x 107° Viking ranging 
Deflection of light 3x 107% VLBI 
p-1 Perihelion shift 3x 1073 Jo = 10~’ from helioseismology 
Nordtvedt effect 6x 10-4 n=4f —y —3 assumed 
E Tides on Earth 10- Gravimeter data 
cy Orbital polarization 4x 10-4 — Lunar laser ranging 
2x 10-4 PSR J2317 + 1439 
a? Spin precession 4x 107’ — Solar alignment with the ecliptic 
a3 Pulsar acceleration 2x 10729 Pulsar P statistics 
ie Nordtvedt effect 10 Lunar laser ranging 
fal a 2 10-7 Combined PPN bounds 
o2 Binary acceleration 4x 10~° ie. for PSR 1913 + 16 
63 Newton’s third law 107% Lunar acceleration 
£4 = — Not independent 


4 Here n = 48 — y —3 — 10€/3 — a) — 2012/3 — 26/3 — 62/3. 
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2GM 


~ 1? 
c2R 


A glance at the Schwarzschiid solution will show that, for such an object, the space- 
time geometry near the surface will be markedly non-Euclidean. Several unexpected 
results arise if such objects exist (see, for example, Exercises 54 and 55). 

An object whose coordinate radius R satisfies the condition 


4) 
In < es = Rs (22037) 
C2 


is called a black hole. As its name implies, such an object is dark because its strong 
gravity traps light and prevents it from getting away. A glance at (2.132) shows that 
the gravitational redshift of a black hole is infinite. Since a redshift. <, implies a 
decrease in the energy of a photon of light by the factor (1 + z)~!, no photon with 
finite energy can come out of a black hole. 

Astrophysicists find that a black hole may be the end state of a massive star 
which has exhausted all its nuclear fuel that normally provides it with thermal and 
radiation pressures to support it in equilibrium against its self-gravity. If the mass of 
such a star exceeds the critical mass (known as the Chandrasekhar limit in the case 
of white-dwarf stars, for example) below which the degenerate particle pressure can 
hold it in equilibrium, it continues to contract until its radius reaches or becomes 
less than the above-mentioned critical value. However, it should be stated that, in 
the proper time of external observers like ourselves, that stage is never reached in 
a finite interval. Thus all claims about the existence of a black hole (in a binary 
Star or a galactic nucleus) are technically incorrect. At best they are approximate 


Mirror Figure 2.19 A schematic 


diagram of an 

interferometric detector of 

| A gravitational waves based on 
Beam Michelson’s interferometer, 

Input laser splitter but using laser beams 


beam travelling to and fro several 
_ : . 
kilometres. With the 
—« 3 
~= detector one expects to 


Mirror Mirror ™easure minute fractional 
changes (~1072!) in 
lengths as gravitational 

y A waves move across it, 
causing the geometry to 
change. 
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Exercises 


statements describing an object with a Schwarzschild radius slightly in excess of the 
critical value 2G M /c?. 

Important advances in general relativity were made between 1965 and 1975 
through attempts to study black holes and their weird properties. Since the emphasis 
of this text is on cosmology, we must be content with the superficial introduction 
given here. Our purpose in laying the foundations of general relativity as the work- 
ing theory for cosmological models has now been served. For those interested in 
learning about general relativity in greater depth we suggest other textbooks written 
specially for the purpose. It is to a discussion of cosmology that we must now 
proceed. 


Exercises 


I Verify that a piece of string stretched across the spherical globe of the Earth lies along 
the arc of a great circle, which is a ‘straight line’ on the spherical surface. Check 
whether lines of latitude and longitude are straight. 


2 One of the ‘self-evident truths’ on which Euclid’s geometry is based is the so-called 
postulate of parallelism. This states that given a straight line / and a point P not on it, 
one and only one line parallel to / can be drawn through P (that is, a line that does not 
meet / if both lines are extended indefinitely). What happens to this postulate in the 
geometries on the surface of a sphere and on a saddle-shaped surface? 


3 Calculate tangent vectors at typical points on the curves in spacetime given by the 


following relations (x! = x, x? = y, x? =zand x° =crt): 


(a) x = cto cos(t/to), y = cto sin(t/to), 
(b)x =0, y=0, 22 -c*1? =0; 
(c) x =ctcos(t/to), y = ct sin(t/to), z = constant, f9 = constant. 


= ct, ty = constant; 


NAN 


Determine whether these tangent vectors are spacelike, timelike, or null in Minkowski 
spacetime. 


4 Calculate the components of the normals of the following surfaces and determine 
whether they are spacelike, timelike, or null in Minkowski spacetime (x! = x, x? = y, 
Min — Ug ——267)): 

(a) xet ne + z* — 4212 = constant, 4 = constant: 
(b) xo + y? — i714? = constant, A = constant; 
(c) x? — A?1? = constant. A = constant. 

5S Which of the following expressions are invalid with respect to the summation conven- 
. ik se jie te k . . 
tion: (a) A;;B/* Aji, (b) gixg!®,(c) Rik giz, (d) eiximel*” and (e) T'* gi? Simplify 
those expressions that are valid. 

6 Aj, is a tensor such that the matrix ||Aj,|| is non-singular. Show that the components 


of the inverse matrix transform as a tensor. (An example of this result is the tensor g'*.) 


7 Show that the property of symmetry or antisymmetry with respect to indices of a tensor 
is invariant under coordinate transformations. 
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Construct, with the help of g;x only, a fourth-rank tensor that is symmetric with respect 
to the interchange of any two of its indices. 


Verify that, if Fj, is an antisymmetric tensor field, then 
Fig. + Feri + Flick 
is a third-rank tensor. 


Prove the quotient law in the following form: if Ajx B* is a vector for any arbitrary 
vector B*, then Aj, must transform as a tensor. 


Use two-dimensional polar coordinates (r, 6) on a Euclidean plane. Let A, and Ag 
be the radial and transverse components of a vector A at a typical point P chosen 
with respect to locally Cartesian axes with directions coinciding with 6 = constant 
and r = constant, respectively. Show that parallel transportation of the vector at P to a 
neighbouring point Q(r + dr, @ + 56) gives the two components of the vector at Q as 


Ay + 56 Ag, Ag — 56 A,. 
By using the requirement that B;., transforms as a tensor, deduce the transformation 
relation (2.36) for P;,. 


Deduce the form (2.37) for Aas using (2.35) for B;., and assuming that the covariant 
derivative of a scalar equals its ordinary derivative. 


Suppose that two metrics are defined on the same spacetime and let ee , and ey ; be the 
two corresponding Riemannian affine connections. Deduce that the quantities 


Oy =Ty — Ty 
transform as a tensor. (The coordinates are the same in the two cases.) 
Show that, to arrive at a locally inertial system, it is necessary to have i, = aie 
Deduce the relations shown in (2.42) from first principles. 


Show that, for a scalar field @, the wave operator takes the form 


: ee aoe 
Leth |e mats 
O¢d=2°¢i% = Wer (v bo" eae ), 


The line element on the surface of a sphere of radius a in the Euclidean space is given 
by 


ds” = a?(d0? + sin? 6 dd). 


For this space calculate re i,k,l = 1,2 (with @ = x! and On x) and verify the 
result discussed in the text regarding the change of direction of a vector under parallel 
displacement around the three-right-angled triangle ABC. 


ee) 
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Prove from first principles that Bi-nk — Bi-kn = Re Bn 
: : , Bm- 


For an antisymmetric tensor field F;;, show that Fil = 0 
mire ° 


A; is a vector field satisfying A’, = 0. If Fiz = Ag.; — Aj-4, show that 


By = TAS +R kK qin 


San mi 


Deduce the form (2.48) taken by Rjxi in the locally inertial coordinate system. Use 
the same coordinates to deduce the symmetric nature of Rec 


Show by direct enumeration that the number of algebraically independent components 
of RG rign is 20. 


Using a locally inertial coordinate system, deduce the Bianchi identities. From these 
identities in their covariant form, show that 


Show that the first integral of (2.58) is 


dx! dxk oe 
ik = — => constant. 
Pie ay dk 


Show that the change in the direction of a vector under a parallel displacement around 
a closed infinitesimal curve can be expressed in terms of the Riemann tensor and the 
area spanned by the curve. 


Let a bundle of geodesics be specified by a parameter 1, so that a typical point on 
the 4 geodesic has the coordinates x*(A, w), 4 being the affine parameter. The vector 
vk = ax*/4u denotes the rate of deviation from one geodesic to another across the 
bundle. Deduce the following relations: 

(a) ue = Tae where uk = ax* /da; 

(bide 7 di- Roe ee = (i) 


The latter is the equation of geodetic deviation. 


Construct a Newtonian analogue of geodetic deviation by comparing the deviations 
of two test particles falling on the (spherical) Earth along two neighbouring radial 


trajectories. 
Verify the existence of the factor 5 in (2.86). 
Show that the results of (2.89) are based on standard kinetic theory. 


Calculate the form of the energy tensor for a plane electromagnetic wave. 
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Show that, if the Lagrangian density of a physical interaction in curved spacetime is L, 
so that its contribution to action is 


/ Ld/—8 d*x, 


then, provided that L depends on the geometry only through g;, and gjx,1, the energy 
tensor of the interaction is given by 


Fea 2c ew 7 (S—*) | 
ae Ok Ogikt Jy 
Show that, from the scalar nature of L in Exercise 32, it is possible to deduce that 
ik 

1k :k = 0. 
Hint: use (2.97) and the fact that an infinitesimal change in the coordinates ee 
gives dgix = —(&i:k + &k.i)- 
Show that under gj, — gix + dg;x, the variation 50° i ,; transforms as a tensor. 


Show that 
A 1 ik 4 
6) Ry ed x = Rik — 5 8ikR og /—sdx 
Y y 


for variations of the metric that vanish together with their derivatives on the boundary 
of V. Hint: write R = Rjxg'* so that SR = Rix + Riz 5g'*. Use a locally inertial 
coordinate system to deduce that 


V=e9'* Rix = —/—al(e"* 80:1 — (9! 8.) .] = Va w 
where w* (from Exercise 34) is a vector. Then use Green’s theorem. 


From the Newtonian approximation of Einstein’s field equations and the geodesic 
equations, deduce Poisson’s equation and the Newtonian equations of motion in a 
gravitational field. 


Show that, in the weak-field approximation for gravitational radiation, it is possible to 
make a coordinate transformation to ensure that one has a gauge condition: 


where 

We = hi — Shi ss. 
Also, show that the wk satisfy the wave equation in flat space 
_ lonG 
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Exercises 


Compare the linearized theory of gravitational waves mentioned above with the elec- 
tromagnetic theory of Maxwell. Construct plane-wave solutions in the case 1 ul 


In a plane-wave solution of the gravitational wave equation, estimate the components 
of the Riemann tensor. Show that, in principle, a gravitational wave can be detected 
by the measurement of the components of the Riemann tensor with the help of the 
equation of geodetic deviation. 


Just as the second time derivative of a changing electric dipole moment acts as the 
elementary source of electromagnetic radiation, the third time derivative of a changing 
quadrupole moment (of mass) acts as the simplest source of gravitational radiation. 
Use this result and dimensional arguments to show why the emission of gravitational 
waves is energetically very weak under laboratory conditions. 


Show that, if we apply the line element (2.118) to the interior (r < r,) of a spherically 
symmetric distribution of matter, we get from the (00) component of the field equations 


e* =1-—2GM(r)/c’, 


where 
; 
M(r) = / 4np*Te do. 
0 


The quantity M(r,) may be identified with the gravitational mass M that appears in the 
exterior solution (r > rs). 


Show that, by a radial coordinate transformation, of the form r = f(R), the Schwarz- 
schild line element can be rewritten in isotropic form as follows: 


ds? = e dt? — e"[dR* + R2(d6* + sin? 6 dd”)], 


where 


= 2R)/? MG\' 

ee a). 
[1+ MG/(2R)/? 2R 

(Isotropic here means that the radial and transverse directions are treated in the same 


way.) 


Calculate the ratio GM / (c*rs) in order that the entire visible spectrum (4000-8000 A) 
in the light from the surface of the spherical object is just about redshifted out. 


Calculate the proportionate increase in the frequency of a y-ray photon as it descends 
from a height of 100 m along a vertical path to the surface of the Earth. 


Show that, if instead of being stationary, the observer in the Schwarzschild spacetime 
is moving radially and his radial coordinate at time f is given by r = f(¢), his proper 
time interval corresponding to df is 


2GM\"? | ee ‘ 
ac = (1- ) ‘ts (Tescunememen)! | 
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46 Show that the equations of a timelike geodesic in the Schwarzschild spacetime are 


given by 
4 2 
d*r dv dr dt a6 2ddd (2) 
et) —~ +- — — —sin@cosé{ — } =0. 
ds2 z dr ds ds ds? r ds ds 
d°¢ 2dr dd do dé 
===} Deo) — 

aay as = dee 

? js 2 i fe 
Pes ' cS = > : d 1 d ) dt 4 
tN as re” ~) —r* sin’ Ge" iad ec il (=) c =0. 
ds? 2dr \ds ds ds 2) Vdre ds 

; 2GM 
withe’ = | —- ——. 
(as 


47 Show that the equations in Exercise 46 may be integrated as follows without loss of 
generality: 


oo 


p i. ,d 
Seale ) go ee Se. 
ds » ds 


Nia 


where E and hi are constants of motion. What other integral of these equations is 
known? 


48 Show that, for the Sun—Mercury system an approximate solution of the equations of 
Exercise 47 is provided by 


r=I[l1+ecos(d — ¢)]7'. 


where @po is a slowly increasing function of time. Evaluate déo/d? and relate the result 
to the observed precession of the perihelion of Mercury. 


49 Show that null geodesics (describing rays of light. for example) in the Schwarzschild 
spacetime are given by the following equations in terms of the affine parameter A: 


d?r wd d°6 4 2 Nee iene ‘ 
ae = 0, — +-— — -— CSie)|| == |} == eh 
dat | dr da da di” pede ee 
do 2drdd . 4A 40 
Ne coh SS 


. bs 
be” ;dta Mean on 


of dt \ Sees /ae\? afte =a 
© (=) e = (=) Se) (5) +r sin (2 : 


50 Show how to obtain first integrals of the equations in Exercise 48 analogous to those 
of Exercise 46. 


Sil 


A 
to 
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Exercises 


Show that the following is an approximate solution of the null geodesic equations: 


rcos@ = ry — ——(rcos” @ + 2r sin? 9). 
aaa 
Interpret this solution as describing the bending of light by a massive object. 


Considering the photon of light as a projectile moving under the Newtonian inverse- 
square law, calculate the bending of light produced by a massive object. Show that the 
nett bending is half that given by general relativity. 


Show how Newtonian gravitation can be adapted suitably to describe the phenomenon 
of gravitational redshifting. (Ascribe a gravitational mass hv/c? to a photon of fre- 
quency v.) 


A star of solar mass slowly contracts from initial radius Ro. Show how its gravitational 
redshift increases as a function of its radial coordinate rs. What happens when r, < 
2GM. /.29 


A ray of light describes a circular trajectory around a black hole. Show how this is 
possible and calculate the size of the orbit. 
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Chapter 3 


From relativity to cosmology 


3.1 The historical background 


In 1915 Einstein (Figure 3.1) put the finishing touches to the general theory of rela- 
tivity. The Schwarzschild solution described in Chapter 2 was the first physically sig- 
nificant solution of the field equations of general relativity. It showed how spacetime 
is curved around a spherically symmetric distribution of matter. The problem solved 
by Schwarzschild was basically a local problem, in the sense that the deviations of 
spacetime geometry from the Minkowski geometry of special relativity gradually 
diminish to zero as we move further and further away from the gravitating sphere. 
This result can be easily verified from the line element (2.125) by letting the radial 
coordinate r go to infinity. In technical jargon a spacetime Satisfying this property is 
called asymptotically flat. In general any spacetime geometry generated by a local 
distribution of matter is expected to have this property. Even trom Newtonian gravity 
we expect an analogous result: that the gravitational field of a local distribution of 
matter will die away at a large distance from the distribution. Can the universe be 
approximated by a local distribution of matter? 

Einstein felt that the answer to the above question would be in the negative. 
Rather, he expected the universe to be filled with matter, howsoever far we are 
able to probe it. A Schwarzschild-type solution cannot therefore provide the correct 
spacetime geometry of such a distribution of matter. Since we can never get away 
from gravitating matter, the concept of asymptotic flatness must break down. A new 
type of solution is therefore needed in order to describe a universe filled everywhere 
with matter. Einstein published such a solution in 1917. 

Before we consider Einstein’s solution, it is worth noting that, more than two 
centuries earlier, Newton also had attempted a solution describing a matter-filled 
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3.1 The historical background 


universe of infinite extent. A highly symmetric distribution of matter does lead 
to a solution in Newtonian gravity. Imagine, for example, a uniform distribution 
of matter filling the infinite Euclidean space. An observer viewing the universe 
from any vantage point will find that it looks the same in all directions and that it 
presents the same aspect trom all vantage points. These two properties are known as 
isotropy and homogeneity, they will turn out to play simplifying roles in relativistic 
cosmology too. Newton found that such a universe would be static, for any particle 
of matter, being attracted equally in all directions, should stay put where it is. 

On the other hand, homogeneity precludes any pressure gradients in the universe 
and we know that any finite distribution of pressure-free matter would tend to shrink 
under its own gravity. Stars are able to maintain a stationary shape only because 
they have large enough pressure gradients inside to withstand their own gravity. 
Clearly, in going from a finite to an infinite universe something new has entered 


Figure 3.1 Albert Einstein 
(1879-1955). 
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the argument: the boundary conditions at infinity. Considerable ambiguity arises in 
Newtonian theory when we try to interpret these boundary conditions. 

Newton also found his solution to be unstable: any local inhomogeneity would 
precipitate gravitational contraction that would tend to augment the local inhomo- 
geneity. Newton compared the instability of the solution to that of a set of needles 
finely balanced on their points. 

Nevertheless, in 1934 W. H. McCrea and E. A. Milne showed how some of the 
problems of Newtonian cosmology can be resolved. Before coming to the relativistic 
cosmology initiated by Einstein, let us take a brief look at this Newtonian version. 


3.2 Newtonian cosmology 


In Newtonian cosmology space is Euclidean and time has the meaning implicit 
in Newtonian dynamics. We will assume that the universe is homogeneous and 
isotropic (we will elaborate on these assumptions in the following section) and that 
there is no preferred position or direction in the universe. Also, at each point in space 
there is a preferred observer who sees the universe as isotropic. We will assume that 
a galaxy at such a point is at rest with respect to this observer, henceforth referred to 
as the fundamental observer. 

In such a universe let r = (x), x2, x3) denote the coordinates (Cartesian, of 
course!) of a typical galaxy G and let v = (v1, v2, v3) denote its velocity relative to a 
galaxy Go located at the origin (see Figure 3.2). The origin of course has no special 
status: any fundamental observer may be taken to be at the origin of coordinates. 
An observer in Go observes a velocity—distance relation for galaxies like G of the 
following form: 


7 == 110P), Gil) 


Pa Figure 3.2 Three galaxies 
ae Go, G; and G are shown 
‘ above as three typical 
galaxies with the position 
vectors of G;, and G being 


ae be r, and r relative to Gg. Each 
should observe the same 
AOE velocity distance relation for 
72 the other two. For example, 


if Gg observes the velocities 
y of G, and G to be vy and v, 
respectively, then G; sees 
= ae the velocity of G to be 
' ay Vv — vy, and its distance 
"SG, vector as r — r). Symmetry 
requires that v — v, must be 
the same function of r — ry 
as V is of r. 


3.2 Newtonian cosmology 


If it is assumed that the same relation is observed for any other galaxy Gy; with co- 
ordinates rj and velocity y;, then, because, all fundamental observers must observe 
the same general features of the universe, the function f must satisfy the condition 


f(r —r,) = f(r) — f(r,). (3.2) 


ace 


From this functional relation it is not difficult to deduce that f must be a linear 
function of r. That is, we can write 


Un = AyyXy, @s) 


where we are using the summation convention for the three space coordinates, but 
with all indices in lower (subscript) form. For the Euclidean geometry of Newtonian 
physics. the distinction between upper and lower indices is not needed for Cartesian 
coordinates. The tensorial coefficient H,,, can be a function of time rf, at most. 

Next, under the assumption of isotropy during any epoch f, the tensor must have 
the form H,,, = H(t)6,,, and the velocity—distance relation then takes the form 


v= A(ft)r. (3.4) 


This is nothing other than the velocity—distance relation obtained by Hubble de- 

scribed in Chapter |. Thus Hubble’s law is consistent with our postulate of homo- 

geneity and isotropy: we do not enjoy any ‘special status’ by being at r = 0, say. 
We can complete the integration of the differential equation (3.4) by writing 


r= S(t)ro, (3.5) 
with 
S/S = H(t). (3.6) 


(The overdot denotes differentiation of the quantity with respect to fr.) 


3.2.1 The redshift 


To relate the velocity—distance relation into the redshift (found in Hubble's law), we 
need to do some more work, however. Consider a galaxy at ro = ag sending light 
to us. Now we will work out the propagation of light from it to the observer at the 
origin. by using the assumption that all velocities add as per Newtonian kinematics 
and that velocity of light is seen to be ¢ by every fundamental observer. As illustrated 
in Figure 3.3, let light leave ro = ap at? = fg and reach rp = 0 at t = fo. 

The ray of light propagating from ro = ap to ro = 0 will pass at time ¢ in the 
range ta < ft < fg intermediate observers at ro = 7a0, O°= y= 1. Since the 
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velocity of such a typical en-route observer is H S(t)ro away from us, the light has 
an effective velocity 


d : 
= = —c + napS(t), (3.7) 


whete f = ros(f) = ago). 
Since dr/dt = nagS + naoS, we get 


CU eee (3.8) 
dt aos 
ues 
a i “ue (3.9) 
tg S(t) 


sinces) = lat? =f, and) = Oat? =a: 

In deriving (3.9) we have added the velocity of light to the velocity of the inter- 
mediate observer as per the Newtonian formula for vectorial addition of velocities. 
Although our operation is inconsistent with special relativity, it is fully consistent 
within the Newtonian framework. 

Consider now two light-wave crests of wavelengths Ag emitted by the above 
galaxy. The first crest leaves at tg and arrives at fo. The second one leaves at ta + Afa, 
say, and arrives at tg + Azo. Then a relation similar to (3.9) holds, viz., 


tp +Aio cdt 
iy = -—— Galo 
I... S(t) 


Subtracting (3.9) from (3.10) and using the approximation that Afo and Af, are 
small enough intervals for us to treat $(¢) as constant over them, we get 


C Ato Pes (G Ain 
S(to) — S(ta) 


However, if A is the wavelength received by us, then c Ato = Ao while c Ata = 
Ag. Therefore 


G1) 


_-* ° Figure 3.3 A ray of light 
from the galaxy at rg = ao, 
coming towards rpg = 9, is 


gi) / retarded by the moving 
ae medium expanding away 
fale. from rp = 0. At an 


intermediate value of ro 
(shown above) the velocity c 
of the ray towards 0 is 
reduced by the expansion 
velocity HroS(r). 


3.3 The Einstein universe 


= = : 
S(ta) 3.12) 


This is the relationship between <, the redshift and the scale factor §(1). Since = > 0. 
S(ta) < S(to) for tg < t. In other words, the scale factor increases with time, 
implying that the universe is expanding. 

It is possible to deduce the linear redshift—distance relation for small distances 
from the above derivation of the redshift and show that Hubble’s constant is given 
by S/S, evaluated at t = ft. 

For small distances tg * fo and Taylor expansion near t = f0 gives 


S(ta) = S(to) — (to — ta) S(to). 


Hence, 


S(to) S(to) \_ 
| = ( b= 1 ee 
Sty) ( (f — ta) ) 


¢ 


fy 


However, from (3.9), under the same approximation 


re Cliy— fy) 
ay ~ ————. 
S(t) 


The distance of the galaxy from the observer at t = to is D = agS(to) = c(to — ta). 
From the above relations, the result follows. 

In this chapter we will be largely concerned with the kinematical aspects of 
cosmology and so will leave the Newtonian discussion here. As we will discover 
soon, the relativistic models give similar results, although they are more securely 
based by virtue of being consistent with the extrapolation from special to general 
relativity. (We will not be required to add the speed of light to the speed of the 
medium, for example, in deriving the redshift formula.) We shall return to New- 
tonian cosmology. however, in the following chapter to show that, in terms of the 
dynamical aspects also, it resembles the relativistic version. We will now begin our 
discussion of relativistic cosmology with Einstein’s classic solution of 1917. 


3.3 The Einstein universe 


It is evident from the field equations of general relativity derived in Chapter 2 
that their solution in the most general form — the solution of an interlinked set of 
non-linear partial differential equations — is beyond the present range of techniques 
available in applied mathematics. It is necessary to impose simplifying assumptions 
regarding symmetry in order to make any progress towards a solution. Just as 
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Schwarzschild assumed spherical symmetry in his local solution, Einstein assumed 
homogeneity and isotropy in his cosmological problem. He further assumed, like 
Schwarzschild, that spacetime is static. This allowed him to choose a time coordinate 
t such that the line element of spacetime could be described by 


ds* = ¢? dr? —ayy dx" dx’, (3.13) 


where @,,, are functions of space coordinates x” (u,v = I, 2, 3) only. 

Note that the constraint of homogeneity implies that the coefficient of dt? can 
only be a constant, which we have normalized to c*. Similarly, the condition of 
isotropy tells us that there should be no terms of the form dt dx” in the line element. 
This can be seen easily in the following way. If we had terms like go, dt dx” 
in the line element, then spatial displacements dx“ and —dx" would contribute 
oppositely to ds? over a small time interval d¢ and such directional variation would 
be observable and inconsistent with isotropy. Can we say anything more about @,,,? 

Einstein believed that the universe has so much matter as to ‘close’ the space. 
This assumption led him to a specific form for a). We will now elaborate a little on 
the notion of closed space and on how to arrive at a,,,. Let us begin with examples 
from lower-dimensional spaces. 

Since the simplest example of an open space is the Euclidean straight line extend- 
ing indefinitely in both directions, we can use a real variable r to denote a typical 
point on the line with —oo < r < oo. Figure 3.4(a) shows such a straight line. 


(a) Figure 3.4 Curves in 


one-dimensional space. (a) 
A straight line extending 
ee eh from —oo to oo. This is an 
\ example of open space. (b) 
o 4 A closed curve ©j. Starting 
Y from a point N on it as the 
(b) O . origin, we can use the length 
) r along the curve to label 
pel points on it. If the length of 
the curve is Lb, whenige a. 
= we come back to the starting 
point. This is a closed space. 
(c) A closed space S that is 
ats homogeneous: it is a circle. 
pe If it has radius: S74 = 27'S. 
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3.3 The Einstein universe 


Figure 3.4(b) shows an example of a closed curve Dj. It has no boundary, but, if we 
use a real variable r to denote points on the curve, we will find that a finite range of 
r will suffice. If we go beyond this range we will begin to go over the curve again 
and again. A familiar simple example of this is the circle S; of radius S shown in 
Figure 3.4(c). If we use the Euclidean measure of distance to locate a point on the 
circle and denote by r the distance of this point from a fixed point N on the circle, 
we find that the range 0 < r < 27S describes all the points on the circle. 

While both the curves in Figures 3.4(b) and (c) are closed, the circle evidently 
has more symmetries than does the curve ©;. This can be demonstrated as follows. 
If we take a small section (an arc) of the circle and slide it along the circle, it will 
always lie flush to it. We cannot do the same for the curve ©}. We can express this 
by saying that the circle S; describes homogeneous space, whereas the curve Yj 
does not. 

Figure 3.5 illustrates the corresponding situation in two dimensions. Two co- 
ordinates r and #(0 < r < 00,0 < @ < 27) are needed in order to locate a point 
on the Euclidean plane of Figure 3.5(a). The surface X2 shown in Figure 3.5(b) and 
the sphere S> of radius S$ shown in Figure 3.5(c) are closed surfaces, of which S> is 


Figure 3.5 (a) The plane is an open two-dimensional space. From any point O on it 
draw the straight line OX in any direction in the plane. The coordinates (r, #) in the 
illustration show how to specify any point P on the plane. (b) An arbitrary closed 
surface >. (c) A closed surface S2 that is homogeneous and isotropic. It is 2 sphere. 
Take any point O on S> and draw a small are of a great circle OL lying on S2. As OL 
is rotated around O, the point L moves along a small circle on S9 and the are always 
stays on S>. This is an example of isotropy: as seen from O, the surface Sz exhibits 
no preferential direction. 
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homogeneous but ©2 is not. This property can easily be verified by our technique of 
sliding a small section of each surface along itself. 

There is another symmetry inherent in the spherical surface, which can be demon- 
strated as follows. At any point O on it draw a small are lying on the surface and 
then rotate this arc around the point O, trying all the while to keep the arc lying flush 
to the surface. Again the spherical surface S2 allows you to do this, but X> does not. 
This means that the surface S2 exhibits isotropy about O. 

We can now see how to construct the homogeneous and isotropic closed space 
of three dimensions that Einstein wanted for his model of the universe. It is S3, the 
3-surface of a four-dimensional hypersphere of radius S$. The equation of such a 
3-surface is given in Cartesian coordinates x1, x2, x3 and x4 by 


Ce Ca) Cs) iG) — (3.14) 
To use coordinates intrinsic to the surface, we define 
KA SiCOS KH, xj = 9 Si ¥ COSC. x2 = Ssinx sin@cos@¢, 
x3 = Ssin x sin@ sing. (sls) 
The spatial line element on the surface S3 is therefore given by 
do* = (dx1)* + (dx2)? + (dia)? + (dx4)? 
= §*[dx7 + sin* x (d6 + sin? 6 d¢”)]. (3.16) 
The latter line follows from simple calculus. The ranges of 6, @ and x are given 
by 
O= Fy = 7, Oar. = er 27, (Salim) 


At this stage it is worth pointing out that there are two alternatives open to us. 
The first is what we have tacitly taken for granted, that x takes the entire range 0 < 
xX < x, which gives us what is commonly known as spherical space. If, however, 
we identify the antipodal points, the space is called elliptical space. 

Another way to express do” is through coordinates r, 9 and ¢, with r = sin Peles 
r < 1). In elliptical space r runs through this range once: in spherical space it does 
so twice: 


do* = § 


= 
l—r- 


dr2 to) 9 5 po} 
+ r°(dO* + sin* 6 dd*) }. (3.18) 
The constant S is called the ‘radius’ of the universe. The line element for the 
Einstein universe is therefore given by 
ds* = c? dt? — da? 


= dt* — S°[dx? + sin? x (d0? + sin? 6 d¢*)] 


y dr2 Ls 
=c’ dt? — ( ee r?(d0? + sin? 6 w)). (3.19) 


]—r2 


3.3 The Einstein universe 


Note that we have derived the line element (3.19) entirely from the various 
assumptions of symmetry. The field equations have not yet been used. We will now 
see what happens when we use the above line element to compute the left-hand sides 
of Einstein’s equations. 

This is easily done with the machinery developed in Chapter 2. We write x° = cr, 


x! =r,x? =@andx3 = &, so that 


DE ) 5 
g00 = I, su = ieee. 2906 = S*r*) Ga = BG sin? 6, 
] tos r2 49 1 1 
00 | Wie Pcs, oo 
2 e 92 . ae S2r2 sin? 6 


Elementary calculus then tells us that the only non-zero components of ee are the 
following: 


if 9 | ie! 
ie = 5 a = r — rye = —r(l —r . 
Oe = 2 12 mae 29 -) 


= —r(l 7) sina, r?, = —sin@cos6, T3, = cot. 


Next, using the formulae given in the last chapter, we find the following non-zero 
components of the Einstein tensor: 


, ae 200) 
R! Lp =P? | R R: Le (3.21) 
LS = er “2 i 


To complete the field equations, Einstein used the energy tensor for dust derived 
in (2.85). For dust at rest in the above frame of reference u' has only one non-zero 
component, the time component. We therefore get 


0 2 
Tp = poc 9 


T) =17 = 7; =0. (3.22) 


Thus the two equations (3.20) and (3.21) lead to two independent equations: 


aa Po, a= 0. (3:23) 

Clearly no sensible solution is possible from these equations, thus suggesting that 

no static homogeneous isotropic and dense model of the universe is possible under 
the regime of Einstein equations stated in (2.100). 

It was his inability to generate such a model that led Einstein to modify his 

equations from (2.100) to (2.104), thus introducing the now famous (or infamous) 
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A-term. Ho we introduce this additional constant tate the picture, our equations i 


(3.23) are modified to 


yas “ie. GW 
S . 
and 
- 
ere (3.25) 
S 


We now do have a sensible solution, We get 
{1 & 25 
8S | (3.26) 


Einstein considered this solution as justify ing his conjecture that, with sufficiently 
high density. it should be possible to ‘close’ the universe. In (3.26) we have the 
radius S of the universe given by the density of matter po. with the result that the 
larger the value of py the smaller the value of 8. However, if A is a given universal 
constant like Gy both op and 8 are determined in terms of A (as well as G and ¢). 
How big is A” 

In 1917 very litde information was available about ay. trom which A could be 


determined. The value of 
S sls om 


quoted in thase days is therefore only of historical interest. Tf we take pp as 
~1073F 9 em 2 as the rough estimate of mass density in the form of galaxies (see 
Chapter 9). we get § = 10 emand a = 10 Sem =. 

The A-term introduces a force of repulsion between Qvo bodies that inereases in 
propertion to the distance between them. The abeve value of A is too small to make 
any detectable difference trom the prediction of standard general relativity (that is. 
with A = 0) in any of the Solar-System tests mentioned in Chapter 2. Thus the 
Einstein universe faced no threat from the local tests of gravity. The model, however, 
did not survive much longer than a deeade. for reasons discussed next. 


34 The expanding universe 


In the late nineteenth century the philosopher and scientist Ernst Mach raised certain 
conceptual objections to Newton's laws of motion. Mach etitically examined the 
role of a background against which motion is to be measured and argued that. 
untess there is a material background, it is not possible to attach any meaning to 
the concepts of rest and Motion, Einstein was greatly influenced by Mach’s diseus- 
ston. The Einstein universe deseribed above includes matter-tilled space and thus 


3.4 The expanding universe 


a background of distant matter against which a local observer can measure motion 
and formulate laws of mechanics. In fact, as we have just seen, the density of matter 
determines the precise geometrical nature of spacetime in the Einstein model, 

Einstein believed this to be a unique feature of general relativity. He argued that 
the presence of matter was essential for a meaninglul spacetime geometry. However, 
his expectation that general relativity can yield only such matter-filled spacetimes as 
solutions of the Held equations was proved wrong shortly after the publication of his 
paper in 1917. For, a few months later in the same year, W. de Sitter (Figure 3.6) 
published another solution of the field equations in (2.104) with the line element 
given by 


a Hoke es dR? : we 
ds“ say —— jar? — ——.. — R*(d6? 4+ sin? 6 dd?) 
C HOR 
La 
(3:27) 
where H is a constant related to A by 
A = 3H? /c’. (3.28) 


The remarkable feature of the de Sitter universe is that if is empty. Moreover, 
although the above coordinates give the impression that the universe Is static, it 
is possible to find a new set of coordinates (¢,r,4,@) in terms of which the line 
element (3.27) takes the dynamical form 


Figure 3.6 W. de Sitter 
(1872-1934). 
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ds? = c? dt? — e2# fdr? + r2(d6? + sin” 6 dd”)). (3.29) 


It is easy to verify that test particles with constant values of (7, 6, @) follow timelike 
geodesics in this model. Thus the proper separation between any two particles 
measured at a given time f increases with time as e’, That is, these particles are all 
moving apart from one another. 

However, these particles have no material status. They have no masses and they 
do not influence the geometry of spacetime. In the dynamical sense the universe is 
empty, although in the kinematical sense it is expanding. As Eddington once put it, 
the de Sitter universe has motion without matter, in contrast to the Einstein universe, 
which has matter without motion. 

The de Sitter universe showed, however, that empty spacetimes could be obtained 
as solutions of general relativity. For reasons discussed above, a universe of this type 
fails to satisfy Mach’s criterion that there should be a background of distant matter 
against which local motion can be measured. Although the property of emptiness 
of the de Sitter universe was embarrassing, its property of expansion turned out to 
contain the germ of the truth. For, by the end of the third decade of this century, the 
observations of Hubble and Humason indicated that the universe is not static but is 
indeed expanding. 

Chapter | summarized these observations. The phenomenon of nebular redshift 
observed by Hubble and Humason in the 1920s has now been observed for practi- 
cally all extragalactic objects. As mentioned in §1.8, a Newtonian interpretation of 
such redshifts involves the Doppler effect. How can we express this phenomenon 
in the language of general relativity? Can we generate models of the universe that 
combine de Sitter’s notion of expansion with Einstein’s notion of non-emptiness? 
The Friedmann models to be discussed in Chapter 4 do just that and were in fact 
obtained by Alexander Friedmann between 1922 and 1924, seven years before Hub- 
ble’s data became well known. Later Abbé Lemaitre in 1927 independently obtained 
models similar to Friedmann’s. However, until the impact of Hubble's observations 
of 1929, these ideas remained largely unrecognized. 

The rest of thts chapter outlines the kinematical features of the expanding models 
of the universe. We will first describe how to generalize the arguments that led 
Einstein to the static line element (3.19). This generalization will lead us to a 
non-static line element that preserves the properties of homogeneity and isotropy 
assumed by Einstein, but that is potentially capable of explaining Hubble’s data. 


3.5 Simplifying assumptions of cosmology 


Once we decide to generalize from a static to a non-static model of the universe. 
our task becomes more complicated. Figure 3.7(a) shows a spacetime diagram with 
a swarm of world lines representing particles moving in arbitrary ways. There is no 


3.5 Simplifying assumptions of cosmology 


order in this picture and, where two world lines intersect. we have colliding particles. 
It would indeed be very difficult to solve the Einstein field equations for such a mess 
of gravitating matter. Fortunately, the real universe does not appear to be so messy. 

Hubble’s observations indicate that the universe is (or at least seems to be) an 
orderly structure in which the galaxies, considered as basic units, are Moving apart 
from one another. Figure 3.7(b) represents a typical spacetime section of the universe 
in which the world lines represent the histories of galaxies. These world lines, unlike 
those of Figure 3.7(a), are not intersecting and form a funnel-like structure in which 
the separation between any two world lines is steadily increasing. One may compare 
Figure 3.7(b) with that of the disciplined march of an army unit; and Figure 3.7(a) 
with a jostling mob after a rowdy football match. 


3.5.1 Weyl’s postulate 


This intuitive picture of regularity is often expressed formally as the Weyl postulate, 
after the early work of the mathematician Hermann Weyl. The postulate states that 


Figure 3.7 (a) An arbitrary 
: / bundle of world lines 
i G10, Ch oon GlexSaleee 
| particles moving 
sf Ef haphazardly. Intersecting 
; world lines denote 
| interparticle collisions. (b) 
| i / V Particles move along 
Time 4 -+ Space non-intersecting world lines 
| \ a,b,c,... that have no 
i 
Cc 


(a) | 


wobbles or irregularities. 
‘ This is the regularity 
expressed formally by the 
Weyl postulate. Note that 
this regularity allows us to 
{ construct a sequence of 
Time spacelike hypersurfaces 
a orthogonal to the world lines 
of the bundle. These are 
; ey hypersurfaces of constant 
% Y - / cosmic time t. Thus the 
cosmologist can talk of 
ib) we Pe \ a cosmic epochs tf = fo, f = ty 
\ | and so on in an 
unambiguous fashion. 
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the world lines of galaxies form a 3-bundle of non-intersecting geodesics orthogonal 
to a series of spacelike hypersurfaces. 

To appreciate the full significance of Weyl’s postulate, let us try to express it 
in terms of the coordinates and metric of spacetime. Accordingly we use three 
spacelike coordinates x“ (jt = 1, 2, 3) to label a typical world line in the 3-bundle 
of galaxy world lines. Furthermore, let the coordinate x° label a typical member of 
the series of spacelike hypersurfaces mentioned above. Thus 


x? = constant 


is a typical spacelike hypersurface orthogonal to the typical world line given by 
x” = constant. 


Although in practice the galaxies form a discrete set, we can extend the discrete 
set (x“) to a continuum by the smooth-fluid approximation. This approximation is 
none other than the widely used device of going over from a discrete distribution of 
particles to a continuum density distribution. In this case we can treat the quantities 
x as forming a continuum together with x° and use them as the four coordinates x! 
to describe space and time. 

It is worth emphasizing the importance of the non-intersecting nature of world 
lines. If two galaxy world lines did intersect, our coordinate system above would 
break down, for we would then have two different values of x“ specifying the same 
point in spacetime (the point of intersection). In the next chapter we will, however, 
encounter an exceptional situation in which all world lines intersect at one singular 
point! 

Let the metric in terms of these coordinates be given by the tensor g;;. What 
can we assert about this metric tensor on the basis of the Weyl postulate? The 
orthogonality condition tells us that 


f0un = 0. (3.30) 


Furthermore, the fact that the line x“ = constant is a geodesic tells us that the 
geodesic equations 


dae 9 edn ds 
a Has ae ae 


are satisfied for x! = constant, i = 1, 2. 3. Therefore 
Pa) a2, (3.32) 
From (3.30) and (3.32) we therefore get 


I 200 


nee S p= 1, 2,3. (3.33) 
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0 . : ‘ ; 
Thus gogo depends on x" only. We can therefore replace x? by a suitable function of 


x" to make goo Constant. Hence we take, without loss of generality, 
fry 1 (3.34) 
The line element therefore becomes 


ds? = (dxr°)? + Gav ax dx 
=cdt? + Peedx dx": (3.35) 


where we have put ct = x°. This time coordinate is called the cosmic time. It is 


easily seen that the spacelike hypersurfaces in Weyl’s postulate are the surfaces of 


simultaneity with respect to the cosmic time. Moreover, f is the proper time kept by 
any galaxy. 


3.5.2 The cosmological principle 


The second important assumption of cosmology is embodied in the cosmological 
principle. This principle states that, at any given cosmic time, the universe is ho- 
mogeneous and isotropic. That is, the surfaces t = constant exhibit the properties 
discussed earlier in connection with the Einstein universe. There we saw that the 
three-dimensional surface S3 of a hypersphere has the requisite properties of homo- 
geneity and isotropy. Is this the only alternative available? 

Einstein, as we saw earlier, selected this alternative because he believed space 
to be closed. However, if we do not insist on closed space, two more alternatives 
are available to us, which can be seen in the following way. First let us consider an 
analogy in lower dimensions. 

Figure 3.8 shows three surfaces. Figure 3.8(a) shows a section of the Euclidean 
plane, Figure 3.8(b) a spherical surface and Figure 3.8(c) a saddle-shaped surface. 
Suppose that we try to cover these surfaces with a plain sheet of paper. We will 
find that our sheet fits exactly and smoothly on the plane surface. If we try to cover 
the spherical surface, the sheet of paper develops wrinkles, indicating that the sheet 
of paper has area in excess of that needed to cover the surface. Similarly, in trying 
to cover the saddle our paper will be torn, being short of the necessary covering 


area. These differences can be expressed in differential geometry by the notion of 


curvature. The plain surface has zero curvature, the spherical surface has positive 
curvature and the saddle has negative curvature. Our paper-covering experiment tells 
us in general whether a given surface has a zero, positive, or negative curvature. 
These ideas can be extended to higher dimensions as well. 

In the Einstein universe the space sections were the 3-surfaces of hyperspheres 
and hence they had a constant positive curvature. The constancy of curvature is 
necessary in order to ensure that the properties of homogeneity and isotropy hold; 
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for, if the curvature of space differs from place to place, physical measurements to 
detect the differences could be devised. We can similarly get other homogeneous and 
isotropic spaces by considering them as 3-surfaces of constant negative curvature 
or of zero curvature. 

In terms of the Cartesian coordinates x}, x2, x3 and x4 used earlier, a 3-surface of 
constant negative curvature is given by an equation of the form 


x? x? 4 x? — x? = —S?, (3.36) 
where S is a constant. The substitution 


x; = Ssinh x cos@, x2 = Ssinh x sin@ cos @¢, (3.37) 
x3 = Ssinhy sin@sing, x4 = Scoshx (3.38) 


gives 
dx? + dx? + dx? — det = S?[dy? + sinh? x (d6? + sin? @dd7)]. (3.39) 


Notice the minus sign in front of de It means that we are embedding our 3-surface 
not in a Euclidean space but in a pseudo-Euclidean space. For example, Minkowski 
space is pseudo-Euclidean.! If we further substitute 


Pf = sinh ¥, (3.40) 


Figure 3.8 Examples of 
surfaces of (a) zero 
curvature (b) positive 
curvature and (c) negative 
curvature. 


' In Euclidean space the Pythagoras theorem holds with the line element given by 
yy) J 
ds? = day + dx + dxy +--+. If some of the + signs on the right-hand side are changed to — 
signs, the resulting space is called a pseudo-Euclidean space. 
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(3.39) becomes 


5 


vee a TaN? Or eee) 
do“ = 5S (, ney + r°(dé* + sin 0ad°)). (3.41) 
Compare this with the expression (3.18) for the space of positive curvature: 
> dr? 
do? = #(. at r?(d6? + sin? 6 ag?)). (3.42) 


These two expressions can be combined into a single expression by introducing a 
parameter k that takes the values +1: 


do? = °( 


| —kr2 


Notice that, if we set k = O, we also get the third alternative — the 3-surface of zero 
curvature: 


+ r?(d6? + sin2 6 a?)), (3.43) 


do? = $?[dr* + r?(d6? + sin? 6 dd’). (3.44) 


The right-hand side of (3.44) is simply the Euclidean line element scaled by the 
constant factor S. 

The constant S can, however, depend on cosmic time, since we were considering 
a typical f = constant hypersurface in the above argument. Thus the most general 
line element satisfying the Weyl postulate and the cosmological principle is given 
by 


ds* = c? dt? — 2o(; . 5 +r? (de? + sin? 6 4")) (3.45) 

—kr 
where the 3-spaces ¢ = constant are Euclidean for k = 0, closed with positive 
curvature for k = +] and open with negative curvature for k = —1. For reasons 


that will become clearer later, the scale factor S(t) is often called the expansion 
factor. 

The line element (3.45) that we have obtained using partly intuitive and partly 
heuristic arguments was rigorously derived in the 1930s by H. P. Robertson and 
A. G. Walker (independently). It is often referred to as the Robertson—Walker line 
element. 

The Robertson—Walker line element is sometimes expressed in a slightly different 
form with the help of the following radial coordinate transformation: 


3) 
a (3.46) 
ee a/ 1 See 
We then get the line element as 
A Se aay) ~[dr* + F°(d6* + sin’ 6 d’)]. (3.47) 


(1 + kr?/4)° 
This line element is manifestly isotropic in r.@ and @. We will, however, continue 
to use (3.45). 
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Notice how the simplifying postulates of cosmology have reduced the number of 
unknowns in the metric tensor from 10 to the single function S(t) and the discrete 
parameter k that characterize the Robertson—Walker metric. The task of the relativist 
is now simplified to solving an ordinary differential equation in the independent 
variable t. We will defer the solution of this problem to the next chapter. 

We next consider some of the important observational features of a typical 
Robertson—Walker spacetime. These features show how a non-Euclidean geometry 
can substantially alter conclusions based on naive Euclidean concepts. Perhaps this 
is the right place to alert the reader against the common but inexact practice of 
referring to the k = 0 model as a “flat model’. The Robertson—Walker spacetime for 
such a model is not flat; only its subspaces f = constant are flat. 


3.6 The redshift 


Let us first try to understand how the nebular redshift found by Hubble and Humason 
is accounted for by the Robertson—Walker model. We begin by recalling that the 
basic units of Weyl’s postulate are galaxies with constant coordinates x”. We can 
easily identify the x“ with the (7, 6, @) of Robertson—Walker spacetime. Thus each 
galaxy has a constant set of coordinates (r,6,). This coordinate frame is often 
referred to as the cosmological rest frame. As observers we are located in our 
Galaxy, which also has constant (r, 6, @) coordinates.” Without loss of generality 
we can take r = O for our Galaxy. Although this assumption suggests that we are 
placing ourselves at the centre of the universe, it does not confer any special status 
on us. Because of the assumption of homogeneity, any galaxy could be chosen to 
have r = 0. Our particular choice is simply dictated by convenience. 

Consider a galaxy G; at (7), 6;, $1) emitting light waves towards us. Let us 
denote by fo the present epoch of observation. At what time should a light wave 
leave G in order to arrive at r = 0 at the present time tf = fo? To find the answer 
to this question we need to know the path of the wave from G; to us. Since light 
travels along null geodesics, as described in Chapter 2, we need to calculate the null 
geodesic from G, to us. 

From the symmetry of a spacetime we can guess that a null geodesic from r = 0 
tor =r; will maintain a constant spatial direction. That is, we expect to have 6 = 6, 
and @ = ¢; all along the null geodesic. This guess proves to be correct when we 
substitute these values into the geodesic equations. Accordingly we will assume that 
only r and f change along the null geodesic. Next we recall that a first integral of 


the null geodesic equation is simply ds = 0. For the Robertson—Walker line element 
this gives us 


9 . . . : . 
“ Later on, in Chapter 10, we will show that this remark is only approximately correct, because 
our Galaxy has a small motion relative to this cosmological frame. 


3.6 The redshift 


ee: Sdr 
Ph i (3.48) 


Since r decreases as f increases along this null geodesic, we should take the minus 
sign in the above relation. Suppose that the null geodesic left Gy at time 7). Then we 
get from the above relation 


[ cdt > ie dr 
es). Jos ee (3.49) 


Thus, if we know S(t) and k, we know the answer to our question. 

However, consider what happens to successive wave crests emitted by G,. Sup- 
pose that the wave crests were emitted at ¢; and t; + Ar; and received by us at fg and 
to + Ato, respectively. Then, similarly to (3.49), we have 


ae c dt ns ide 

pameee) =, eae 3.50 
tj +An S(t) | V1 — kr? : 
If S(t) is a slowly varying function so that it effectively remains unchanged over the 
small intervals Afy and At), we get by subtraction of (3.49) from (3.50) 


c Ato c Ay 7 
S(to) — S(ti) 
that is, 
c Ato S(to) 
ee 3.51 
GeNG S(t) a ( ) 


It is not difficult to see that the quantity z defined above is the redshift. The term 
c At; is the wavelength 4; measured by an observer at rest in the galaxy G;, while 
c Afo is the wavelength Ap measured by an observer at rest in our Galaxy, since, in 
the Robertson—Walker spacetime, the cosmic time measures the proper time kept by 
any galaxy. Thus the wavelength of the light wave increases by a fraction z in the 
transmission from G, to us, provided that S(t) > S(t;). In other words, Hubble’s 
observations of the redshift are explained if we assume S(r) to be an increasing 
function of time. 

It is worth comparing the way in which this redshift has been obtained with the 
Newtonian way we used earlier. Except for the curvature parameter &, which has the 
value of unity in the Newtonian case, the formula (3.9) of Newtonian cosmology is 
the same as the formula (3.49) derived above. The subsequent argument leading to 
the redshift is also the same. However, the rationales in the two cases are different. 
In the Newtonian case we had considered the passage of a ray of light through an 
expanding medium with pre-relativistic notions of the change in its velocity if the 
medium were moving relative to Newtonian absolute space. In a sense it 1s a version 


of the Doppler effect. 
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Our derivation above shows that the effect in the relativistic case arises from 
the passage of light through a non-Euclidean spacetime. It does not arise from the 
Doppler effect, since in our coordinate frame all galaxies have constant (r, 6. @) co- 
ordinates. In a non-Euclidean spacetime it is not possible to attach an unambiguous 
meaning to the relative velocity of two objects separated by a great distance. People 
are often tempted to relate z to velocity by the special relativistic relation 


ey ek (3.52) 
l—v/e 


Such an interpretation is not valid in our present framework because, as we saw in 
Chapter 2, special relativity applies only in a local region of spacetime. 

It is also necessary to contrast (3.51) to the gravitational redshift described in 
Chapter 2. The gravitational redshift is characterized by the fact that, if light trav- 
elling from object B to object A is redshifted, the light travelling from A to B is 
blueshifted. In the present case, if light travelling from galaxy A to galaxy B is 
redshifted, that from B to A will also be redshifted provided that S(t) is increasing 
during the transmission of light. 

We will refer to the present redshift as the cosmological redshift. There is a way 
of unifying all three redshifts under a single banner, however, which is indicated by 


Exercise 18. 


3.7 Apparent brightness 


The redshift discussed above shows up in the spectrum of a galaxy. The astronomer 
measures another quantity associated with the galaxy — its apparent brightness. Let 
us now see how the apparent brightness is related to the luminosity of the galaxy and 
its distance from us in the expanding universe described by the Robertson—Walker 
spacetime. 

Let L be the total energy emitted by the galaxy G; in unit time during the epoch 
t; when light left it in order to reach us in the present epoch fo. The redshift z of the 
galaxy is therefore given by (3.51). It is now necessary to specify the wavelength 
range of observation. To fix our ideas, suppose that the intensity distribution of light 
from Gj, over wavelengths A is given by the normalized function / (A). Thus 


db = LI(k) da C2 


is the energy emitted by G, per unit time over the bandwidth (A, A + dA). If, instead 


of wavelengths, we wanted to use frequencies, the corresponding intensity function 
J(v) is related to 1(A) by 


cJ(v) =A7T(A). (3.54) 


3.7 Apparent brightness 


Both J(v) and /(A) are used by the astronomer, the choice depending on conve- 
nience. 

In the case of isotropic emission of light by Gy, by the time its light reaches us it 
is distributed uniformly across a sphere of coordinate radius r; centred on G, (see 
Figure 3.9). What is the proper surface area of this sphere? 

In the Robertson—Walker line element, put ¢ = constant and also r = constant to 
get 


ds? = —r?$*(d6? + sin? 6 do). 


This is the line element on the surface of a Euclidean sphere of radius rS. Hence 
the answer to the above question is that light from G, is distributed over a total 
surface area of Amr; S(t) at time fo. We may occasionally refer to rS(tg) as the 
proper distance of a source with coordinate r, during the epoch to. We now need to 
know how much light is received per unit time by us across unit proper area held 
perpendicular to the line of sight to Gj, over a bandwidth (Ao, Ap + Ado). Denote 
this quantity by F(Ao) Ado. 

Note first that, because of the redshift, the light arriving with wavelengths in the 
range (Ao, Ag + Ado) left G; in the wavelength range 


Ao or) 
I+z itz J 


Now the total amount of energy that leaves G; between the epochs f, and ft; + Ary 


in the above frequency range is 


Xr Ax 
1( 4 ) aan 
Il+z/l+z 


Figure 3.9 The radiation 
SS Sphere emitted by galaxy G, is 
oe distributed uniformly across 
a sphere of coordinate radius 
r, with Gj as the centre. 
The observer O (that is, 
ourselves) located on this 
sphere would expect to 
receive a proportionate 
quantity of this radiation 
across a unit area held 
normal to the direction Gj O. 
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Figure 3.10 illustrates this effect. 

How many photons carry the above quantity of energy? For a small enough 
bandwidth, we may assume that a typical photon had, at emission, the wavelength 
ho/(1 + z), a frequency (1 + z)c/Ao and hence an energy equal to (1 + z)ch/Ao, 
where h is Planck’s constant. Therefore the required number of photons is 


ro ) Ado At, 


BN = Li( ee 
ec) aoe le, ZIG AG 


Lio 1 Xo 
= —— ———~ 1 | ——_ ] Ado At). 
ch (l4z)> \l-ez 


During the epoch of reception, these photons are distributed across a surface area 
of Arr? S? (to) and are received over a time interval (fo, fo + Afo). Thus the number 
of photons received by us per unit area held normal to the line of sight and per unit 
time is given by 


Lio 1 Ao At 1 
=a SSS EK er a asa 
Ce ee 2 Ato 4arr; S*(to) 


Source Spectrum Figure 3.10 The intensity 
SS distribution of a galaxy over 
2 ~ various wavelengths is 
iE ‘ modified by the redshift. 
8 The effect is like stretching 
FE the A-axis by the factor 
5 XS 1 + z. To preserve the area 
eo under the curve, its height 
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factor. 
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Redshift stretches the scale by (1 + z) 
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During this epoch, because of a scaling down of its frequency by redshifting. each 
photon has been degraded in energy by the factor (1 + -)~!. Thus each photon now 
has the energy ch/Ay. If we multiply the above expression by this factor, we get the 
quantity we were after: 


IN GAL A 
Fo) Akg = bo So > _——— 
(l+z)° Ato \1+z/ 4rr?s2 (to) 


Xo- 


However, we note from (3.51) that At, / Ato gives us another factor (1 + z)~! in the 
denominator. Thus finally we get 
LI(Ao/1 +z) 


SC) — eee 3.55 
(pate z)°4rr7 S*(to) ( 


In terms of frequencies the result is quoted as the flux density 


S(vp) = Lilo +9) 


ee (3.56) 
(1 + z2)4sr; S7(to) 


Here S(1y) Avo is the amount of radiation received perpendicular to unit area in unit 
time across a frequency range (v9, v9 + Avo). 

The optical astronomer uses this result in the form (3.55), while the radio- 
astronomer uses it in the form (3.56). The X-ray astronomer uses energies instead 
of frequencies, so that (3.56) is scaled by h. We will have occasion to use these 
expressions when we look at the various observational tests of cosmology. We will 
end this section by deriving a few results of interest to optical astronomy. 

The expression (3.55) integrated over all wavelengths gives 


Lyol 


Fi =F Le 
Po! Ager? S2(to)(1 + 2)? 


(3257) 


where Ly (=L) is the absolute bolometric luminosity of G;. Fpo) 18 correspond- 
ingly the apparent bolometric luminosity of G;. On the logarithmic scale of magni- 
tudes familiar to the optical astronomer, (3.57) becomes 

Mpol = —2.5 log (Fo1/Fo) 

Mpo1 = —2.5 log (Lboi/Lo) + 4.75, 

Mpol — Mbpor = Slog Dy — 5, (3.58) 


where 


Fo =2.48 x 10> ergems |, 


Lo = solar luminosity = 2 x 16° eras) 


D, =71S(éo)(1 + z). (3.59) 


IL? 
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D, is called the luminosity distance of G,. If we are interested in a magnitude 
defined for a particular waveband around Ao, say, we may similarly use (3.55) in 
the logarithmic form with the apparent magnitude defined by 


m(Ao) = —2.5 log F (Ao) + constant, 


the constant depending on the filter used to select that waveband. It is customary 
to indicate the filter by a suffix attached to m. Thus pe stands for photographic 
magnitude, m, for visual magnitude, mp for blue magnitude and so on. 

Note, however, that, because of the redshift, the astronomer has to apply a cor- 
rection to include the effect of the term /(Ag/1 + z). Thus an astronomer using a 
red filter may be actually receiving the photons that originated in the blue part of 
the spectrum of G, if z © 1. This correction, which is crucial to many cosmological 
observations, is called the K correction. 


Example 


Suppose that the spectrum of a class of sources in the optical part has the form 
d/(D)) ANY Ss AK v* Av. Let a source P be in our local neighbourhood while source Q 
has redshift z = 1. When we compare the apparent magnitudes of the two sources in 
the wavelength band of 700 nm, say, then the source Q will have an extra brightness 
because its spectrum is redshifted from the wavelength 350 nm at which the spectral 
factor v? Av will be multiplied by (1 + z)? = 8. If this spectral effect is not taken 
into consideration and formula (3.57) is used, there will be an error in estimating the 
luminosity of the source. 


3.8 Hubble’s law 


Hubble’s law was derived for galaxies with low redshifts. The largest redshift in 
Hubble’s 1929 paper was z = 0.003. At these small redshifts we can use the Taylor 
expansion to derive a simple linear relation between D, and <, the relation arrived 
at by Hubble from his early observations. The calculation is quite analogous to that 
which we used in Newtonian cosmology: 


D, =r, S(to). (3.60) 


We also get, by the Taylor expansion of (3.49), 
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S(t) © S(to) — (to — 02) S(to), (3.63) 
\ i 
S(t) 
Si) = jee ~ S(to)(1 — z). (3.64) 


From these relations and from (3.60) we get 


D, * r;S(to) © c(to — t) 


is =| 
- Is). | oii o- 


which can be expressed in the form 


cz = HD), (3.66) 


with Ho, the Hubble constant, given by 


ip (5) : (3.67) 
s t=Io 


From a Doppler-shift point of view, cz may be identified with the velocity of 
recession at small z. In this form (3.66) is sometimes called the velocity—distance 
relation. Expressed as part of the velocity—distance relation, the Hubble constant 
has the unit of velocity per unit distance, the most common unit in usage being 
kilometres per second per megaparsec. In many calculations of observational and 
physical cosmology we shall use 


Ho = ho x 100 kms! Mpc7!. (3.68) 


Although Hubble originally obtained ho ~ 5.3, the present estimate of /i9 is much 
lower. It is still uncertain and, until recently, was believed to lie in the range 0.5 < 
hy < 1. Observations with the Hubble Space Telescope (HST) and some ground- 
based telescopes have narrowed this range down to around [0.55—0.75]. We will 
discuss in Chapter 10 how modern techniques arrive at the above result. 

Another useful way of expressing Ho is in units of reciprocal time; that is, by 
expressing 


ty ee (3.69) 


in units of time. A good time unit for to is the gigayear (Gyr). The present estimate 
of to is in the range of approximately 9-18 Gyrs. 


3.9 Angular size 
Figure 3.11 illustrates a somewhat unusual effect of the non-Euclidean geometry of 


the Robertson—Walker spacetime. We consider our Galaxy G, to have a linear extent 
d, as shown in Figure 3.11. What angle does this length d subtend at our location? 
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To decide the answer to this question, consider two neighbouring null geodesics 
(representing rays of light) from the two points A and B at the two extremities of 
G, directed towards our Solar System. Without loss of generality we can choose 
our angular coordinates such that A has the coordinates (6), $1), while B has the 
coordinates (9; + AO, ¢)). (Although we have used homogeneity to take r = 0 at 
our location, we can also use isotropy to choose any particular direction as the polar 
BRS == (pt) 

According to the Robertson—Walker line element, the proper distance between A 
and B is obtained by putting tf = t; = constant, r = r; = constant, @ = ¢, = 
constant and dé = AQ in (3.45). We then get 


ds? = —r?$?(t})(AQ)? = —d?. 


since, in the rest frame of G; the spacelike separation AB = d. Thus 


te enema ai) (3.70) 
ryS(ti) ry S(to) 
gives the answer to our question. 

Notice that, as r; increases, we are looking at more and more remote galaxies, 
which must therefore be seen during earlier and earlier epochs t;. However, in an 
expanding universe S(t, ) was smaller during earlier epochs ft), so it is not obvious 
that r; S(t) should get progressively larger as we look at more and more remote 
galaxies. The effect can be ascribed to ‘gravitational bending or lensing’ of light 
as it passes through curved spacetime. Clearly, we need to know how fast S(t) 
decreases as r) increases. Although (3.49) provides the answer in an implicit form, 
we still need to know S(t) in order to be able to perform these integrations. All that 
we can say at present is that the observed angular size of a galaxy need not be a 
monotonically decreasing function of its distance away from us, as it would be in a 
Euclidean universe. 


B(8,+ A6,, 9) 


A(0;, 4) 


Figure 3.11 The angle subtended by galaxy G, at the observer O. 
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3.10 Surface brightness 


A related result is the variation of apparent surface brightness with redshift. We 
may look upon surface brightness as the average apparent brightness of the source 
per unit angular surface area of its image. Although we need to take note of the 
spectrum of the source (for K correction), let us see the effect in terms of the 
apparent bolometric brightness. 

Formula (3.57) gives us the apparent bolometric luminosity, whereas formula 
(3.70) gives us its angular diameter. On relating the surface brightness to 


F ol 


= (7/4) Age (3.71) 
we get 
B = constant x (1 + Pye G2) 


Notice that B only depends on the redshift in a rather simple way and this can 
be taken as a signature of the expanding-universe hypothesis. For there exist other 
explanations of the redshift. not all of which predict a dependence of surface bright- 
ness as per formula (3.72). Hence one may look for an observationally determined 
B—z relation to test the expanding-universe hypothesis. 


3.11 Source counts 


The distribution of discrete luminous sources out to great distances may give indica- 
tions that spacetime geometry is non-Euclidean. How does the number of galaxies 
out to coordinate distance r; (that is, out to the distance of galaxy G)) increase with 
r)) Let us suppose that, during any epoch r, there are n(t) galaxies in a wit comoving 
coordinate volume (using the r, 6, @ coordinates). The word ‘comoving’ indicates 
that, although the galaxies individually retain the same coordinates (7. @,@), the 
proper separation between any two of them during any epoch increases with epoch 
according to the scale factor $(t;). Thus the proper volume of any region bounded 
by such galaxies increases as S°. 

When we observe galaxies at radial coordinates between r and r + dr, we see 
them at times in the range f, ¢ + dt, where, from (3.49), 


to / r me 
/ - / SoZ (3.73) 
1 S(t) 0 J/1—kr?2 
The number of galaxies seen in this shell is therefore 
4rr? d | 
dN = n(n), (3.74) 
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where ¢ is related to r through (3.73). Thus the required number of galaxies out to 
r =r is given by 


"| Anr2n(t) dr 
V1 — kr? 


If no galaxies are created or destroyed between r = 0 andr = r 1, we may take 
n(t) = constant and the integral can be evaluated explicitly. Clearly, the answer 
must depend on the parameter k. The function N(r;) apparently increases faster 
than the Euclidean form (« im in closed universes (kK = +1) and slower than this 
form in open universes of negative curvature. In physical terms, however, it means 
the following. If we draw a sphere whose surface lies at a proper distance R from 
the centre in the kK = 0 (Euclidean) space, its volume will be 42: R? /3. However, 
a similar sphere drawn in the k = +1 (closed) space will have a volume /ess than 
4x R>/3, whereas a sphere drawn in the k = —1 (open) space will have a volume 
exceeding this value. In Chapter 11 we will cast this idea in a somewhat different 
form to make it suitable for observations of galaxies, radio sources and quasars. 


NEY) = (a7) 


Having discussed some of the general properties of the Robertson—Walker uni- 
verses, it is now appropriate for us to turn to specific models — the models first 
considered by Friedmann, which are described in Chapter 4. These models will 
provide us with information missing so far, viz., the value of k and the function 
S(t). 


Exercises 


| Express the velocity—distance tensor H,,, in the Newtonian cosmology as the sum of 
an isotropic tensor, a symmetric tensor with zero trace and an antisymmetric tensor. 
Relate these three tensors to (i) expansion, (ii) shear and (iii) spin. 


2 In a Newtonian cosmological model, S(t) « 12/3 and Hpo is the present measured 


value of Hubble’s constant. Show that, at a time 2/(3 Ho) ago, the entire framework of 
fundamental observers was concentrated in a point. 


3 Verify by direct substitution that (3.16) follows from (3.15). 


4 Show that the volume of the Einstein universe is 275°. Comment on the statement 
that this universe is ‘finite but unbounded’. Does this volume refer to spherical or to 
elliptical space? 


5 Aray of light is emitted in a given direction in the Einstein universe. How long will the 
ray take to make one circuit about the universe and return to its starting point? 


6 Using the metric components and the Christoffel symbols given in the text, verify the 
relations (3.20) and (3.21). 


7 Taking pp = 10-3! g cm~?, calculate the radius of the Einstein universe and its total 
mass in spherical space. 
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Exercises 


With the density given in Exercise 7, calculate the A-term and estimate the fraction by 
which the Sun’s attraction for the Earth is reduced because of the A repulsion. Comment 
on the effect of this force on the experimental tests of general relativity. 


Given that (3.29) is the coordinate transform of (3.27), find the transformation law 
between (R, T) and (r, f). 


Comment on why we cannot look upon the de Sitter universe as a static universe in 
spite of its apparently static line element (3.27). 


The de Sitter universe has an event horizon in the following sense. If test particles with 
constant r, 6 and @ emit light signals towards the origin r = 0, then, at a given time f, 
there is a critical value ro such that signals from all particles with r > ro emitted at f 
will never reach their destination. Calculate ro. 


Suppose that we drop the condition of orthogonality of the surfaces t = constant with 
respect to the geodesics x“ = constant from the Weyl postulate, so that (3.30) does not 
hold. Show that go,, must be independent of rf. 


By calculating the 3-volume of space within the coordinate region r = constant in the 
spaces with the spatial line element 
2 
do? = (, = + r?(d6? + sin? @ 46°) ) k =0,1,—1 
—— pect 


develop the three-dimensional analogue of the experiment for covering the surfaces of 
Zero, positive and negative curvature described in the text. 


Derive from first principles the coordinate transformation r = f(r) that takes the 
Robertson—Walker line element from the form (3.45) to the form (3.47). 


Determine the affine parameter for the radial null geodesic from galaxy G, to the origin 
r = 0 in Robertson—Walker spacetime. 


A particle of mass m is fired from a galaxy at f = fo with a linear momentum Po. Show 
that the momentum of the particle when it reaches another galaxy during a later epoch 
t (measured in the rest frame of that galaxy) is given by 


Compare this result with the cosmological redshift for photons. 


A galaxy, instead of strictly following a typical Weyl geodesic, has a small random 
velocity relative to it. Use the non-relativistic version of Exercise 16 to find out how 
this velocity decreases with time. 


Take a galaxy G, at (71,6, @) as a fundamental observer and write us as its velocity 
vector in the Robertson—Walker frame. Consider parallel propagation of this vector 
(see Chapter 2) along the null ray connecting the galaxy to the observer O at the origin 
during the present epoch fo of observation. Let this vector be ut at O. This represents 
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a radial velocity relative to the cosmological rest frame at O. Use the Doppler effect to 
work out the redshift for this motion and show that it is none other than z given by the 
formula (3.51). You can do this exercise for the Schwarzschild line element of Chapter 
2 and you can show that the gravitational redshift can also be understood as a Doppler 
effect for the parallelly transported velocity vector of the source along the null geodesic 
to the observer. 


In a universe with S(t) « t?/3 and k = 0, a galaxy is observed to have a redshift z = 
1.25. How long has light taken to travel from that galaxy to us? Express your answer 
in units of To. 


How will the forms (3.55) and (3.56) look if the spectrum of the emitting source is 
given by J(v)cov “, a = constant in the relevant range of observations? 


For S x exp(Hot) and k = 0, Ho = constant, show that (3.57) takes the form 


Lol 


Gal = as 
pol 4m(c/Hoy?2 1 + =) 


Calculate the redshift-magnitude relation for bolometric magnitudes in the universe of 
Bxercise 2: 


Work out the formula (3.57) for the universe with § o t?/> and k = 0 and compare 


your result with the result of Exercise 21. In which model is the galaxy apparently 
brighter? 


If the Hubble constant is given by ho in the units of 100 km s~! Mpc~!, show that 
te 9.8h, | billion years. 


Show that, ifk = 0, S « t?/>, the apparent angular sizes of distant objects of the same 
linear size have a minimum at z = 1.25. 


Repeat Exercise 25 for the universe with k = 0, S « exp(Hot). At what redshift does 
the minimum apparent angular size hie? 


If in (3.75) k = 1 and n(f) is constant and equal to ng, show that the number of galaxies 
in the entire universe is given by 27r7(c/Ho)>no. Clarify whether this answer refers to 
spherical space or to elliptical space. 


On a unit sphere mark out the circle of distance r from a point O, r being measured 
along the arcs of great circles from O. Show that the area of this circle is 477 sin? r/2, 
which is less than r7, the Euclidean circle. Find the three-dimensional analogues of 
this result for the k = +1 and —1 universes. 


In (3.75), put k = —1 and n(t) = no (constant) and show that, for S(t) = ct, the 
number of galaxies with redshifts less than z is given by 
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The Friedmann models 


4.1 Introduction 


The work covered in Chapter 3 did not tell us two important items of information 
about the universe: (1) the rate at which it expands as given by the function S(f), 
and (2) whether its spatial sections f = constant are open or closed as indicated by 
the parameter k. To find answers to these questions it is necessary to go beyond 
the Weyl postulate and the cosmological principle. We require a dynamical theory 
that tells us how the scale factor is determined by the matter/radiation contents of 
the universe. Although we have already developed a relativistic framework in which 
to express these ideas, it is worthwhile first to see the problem from a Newtonian 
perspective. The Newtonian problem is intuitively easy to understand and, as we 
will see thereafter, it gives results very similar to those of the more elaborate and 
rigorously sounder relativistic models. 


4.1.1 Newtonian cosmology 


Continuing from the second section of Chapter 3, we will expand the Newtonian 
framework in order to put in dynamical effects. We will assume that matter in the 
universe is in the form of ‘dust’. By dust we mean pressureless fluid, an idealization 
that we will justify when we consider the relativistic models. Thus we have a typical 
fluid element containing density p of matter with a bulk velocity v, given by the 
Hubble law 


v= H(tyr, Hi(t)=S/S. (4.1) 


The continuity equation of fluid mechanics then gives 
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dp 
at 


+ div(pv) = 0, (4.2) 
Op 
oe + pdivv = 0. (4.3) 


However, from (4.1), div v = 3H(t), which leads to 


pS° = constant = poSp, say. (4.4) 


This is the dilution of density during adiabatic expansion. 
Next we consider the Navier-Stokes equation for fluid dynamics: 


o( = piv vv) =-—Vp-+ pF, (4.5) 


where p is the pressure and F is the external force per unit mass on the fluid element. 
In our case it is gravitational and satisfies the relation 


V-F=—47Gop. (4.6) 
On substituting (4.1) into (4.5) with p = 0, we get 
Ar+HA’r=F. (4.7) 
Taking the divergence of this relation and using the fact that V - r = 3, we get 


. 4nG 
Lica | —. (4.8) 


With H = S/S and p given by (4.4) we finally get the following differential 
equation for S(t): 


5 7 4m GpoS, ] 


gS 3.3 
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362 (4.9) 
This equation can be easily integrated after multiplying by 2S, to give 
4»  BaGooS? I 
S° = ———_9 = _ ke?, (4.10) 
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This gives us a one-parameter family of differential equations, the parameter k 
being a positive, zero, or negative number. We may relate it to the energy of the 
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initial expression: the universe is assumed to have exploded at a small value of S. If 
k > 0, we find that the universe has finite kinetic energy at S — oo. Fork < 0 the 
universe comes to a halt at a finite § and then collapses towards § — 0. The k = 0 
case represents the limiting case in which the universe comes to rest as § > oo. 

Although we have obtained a set of working models of the universe in this way, 
we are left with some uncomfortable feelings. Equation (4.6), for example, seems to 
indicate a force per unit volume acting towards the centre of our chosen coordinate 
system. Why should there be such a preferred direction, when we have assumed that 
the universe is homogeneous and isotropic? Closer examination will show that the 
result arises because of our dealing with an infinitely extended system, in which the 
limit towards infinity has been taken with the origin of coordinates as the centre. In 
the relativistic version of these models there is no such difficulty of interpretation. 

Although we can carry on discussing physical properties of these models within 
the Newtonian framework, we will not do so. Rather, we will now return to relativis- 
tic cosmology and see huw closely the models there resemble the Newtonian ones. 
We will then compare the equations (4.4), (4.9) and (4.10) with their relativistic 
counterparts. 


42 The Einstein field equations simplified for 
cosmology 


As discussed in Chapter |, Einstein’s general relativity is prima facie the most 
suitable theory for discussing cosmology. In Chapters 8 and 9 we will consider 
alternative approaches to cosmology but for the present we will rely on the standard 
relativity theory. 

Once we decide to use relativity, our procedure is cut and dried. Although the 
theory has a rather forbidding set of field equations (ten non-linear partial differential 
equations in four independent variables), these are simplified in the cosmological 
context because of the simplifying symmetries we introduced in Chapter 3, viz. the 
Wey! postulate and the cosmological principle. Because of these, we already have 
the line element considerably simplified to start with: 
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—.. + r>(d0 + sin? 0 as?)), (4.11) 


BY ey. s}) y 
s~ =c’ dt~ — S“(t)| ——— 
ds cd o( 


We use it first to compute the Einstein tensor and thereby formulate the general 
relativistic field equations. To solve them we will next require the energy tensor of 
the material contents of the universe. 

Accordingly, we set 


x° = ct, xi=r, x? = (2). y= 7) (4.12) 


so that the non-zero components of 9; and ee are 
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ce re 
go=1, gu=- > gn =-S*r*, g3= —S?r? sin? 6 
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The non-zero components of ly , are then as follows: 
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Now we use the expression for the Ricci tensor (see Chapter 2), which may be 
put in the following form: 
ene ae ae Ain fe 
ee Set 4. ee (4.14) 
ax! axk ax! iid ; ax! 
Straightforward but tedious calculation then gives the following non-zero compo- 
nents of Re 


Rin = 


a8 
Ro =>: 
as mire (4.15) 
1/S 282 + 2kc? 
R= a= R= 3 (5+ "| (4.16) 
C= \ 8 S¢ 


From these we get 


a o(3 +>) 
and hence 
| lS) ese ee 
GS = Se = | ee Gere 
as) (54 2 G5 = G3, (4.18) 
1 3 [ S* + ke? 
(ei 
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We have gone through the details of the calculation to illustrate how techniques of 
general relativity developed in Chapter 2 can be applied to the problem of cosmol- 
ogy. The reader may check that putting § = constant = So and k = +1 gives us 


4.3 Energy tensors of the universe 


the formulae (3.20) and (3.21) obtained for the Einstein universe in Chapter 3. As a 
general comment we remark that because we have spatial homogeneity, the tensor 
components above (equations (4.15)-(4.19)) do not contain any space coordinates. 
Furthermore, because of isotropy, we have the three space—space components of the 
Einstein tensor equal. Recalling now the Einstein equations, we get from (4.18) and 
(4.19) the only non-trivial equations of the set as 


S  S+kc? 8"G_, 82G_, 8G 
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We next consider the energy tensor. 


4.3 Energy tensors of the universe 


Before we consider specific forms of 7/, it is worth noting that two properties must 
be satisfied by any energy tensor in the present framework of cosmology. The first 
is obvious from (4.20): 

1 2 3 


The fact that these three components of qT; are equal ts hardly surprising since we 
have already emphasized the condition of isotropy imposed on the universe. In the 
light of our discussion in Chapter 2, we identify the quantity p with pressure. We 
further define the energy density by 


Te =. (4.23) 
The second property is not quite so obvious, but is derivable from (4.20) and 

(4.21). It relates the pressure to the energy density. We note that. if we differentiate 
(4.21) with respect to r, we can express the resulting answer as a linear combination 
of (4.20) and (4.21). The result is in fact equivalent to the following identity: 

d ae £3 

5 LSS? + ke?)] = 8 (255 + $? + ke*); 
that is, 

© (€53) +3ps? =0. (4.24) 

dS 


It is not necessary, however, to write down the full field equations (4.20) and (4.21) 
in order to arrive at (4.24). The above result is a direct consequence of the conserva- 
tion law implicit in the Einstein equations: 

pas =U) (4.25) 
Recall that, from the Bianchi identities, (4.25) follows identically. We now turn our 
attention to the specific forms of the energy tensor. 
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43.1 Random motions in an expanding universe 


Present observations suggest that galaxies are the major constituents of the universe. 
If galaxies followed the Wey! postulate strictly, we would have the typical velocity 
vector of a galaxy as 


u' = (1,0, 0,0). (4.26) 


In our smooth-fluid approximation a velocity field like (4.26) represents an orderly 
motion with no pressure. Thus we have in this case the system of galaxies behaving 
like dust, with 


p=0, €=pc’, (4.27) 


p being the rest-mass density of galaxies. 

Considering the details discussed in Chapter 1, we are making an approximation 
here, with the typical galaxy following the track of a fundamental observer and the 
density p representing the “smoothed-out’ density of matter in the form of galaxies. 
This smooth-fluid approximation is valid, if the typical volume under consideration 
has a large number of galaxies. If we believe that homogeneity applies over a scale 
of ~200 Mpc, say, then the number of galaxies in this volume is over a million. 
For comparison, the so-called Hubble radius of the universe, that is, the length scale 
associated with the expansion of the universe, is ~3000h9 | Thus the assumption of 
homogeneity in the distribution of matter is justified, but only just so! This was the 
assumption we made in the Newtonian cosmology also, by assuming the model of 
uniformly distributed dust for the universe. 

In practice galaxies do not follow the Weyl postulate strictly and their velocity 
vectors depart from (4.26). Such departures in velocity are measurable for galaxies 
in clusters and are of the order of <1000 km s~!. If we take a typical departure in 
velocity of v © 1000 km s~!, then, from our discussions in Chapter 2, we would 
have a non-zero value of p in (4.27) of the order of 
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ve 
Die 10-°e. (4.28) 


Therefore we would be justified in ignoring the p term at the present epoch, in 
comparison with the € term as in the idealized situation of (4.27). 

What about the role of pressure in the future and past epochs? To assess the 
importance of the pressure term we have to investigate how the random motions 
of galaxies change in an expanding universe. We may express the 4-velocity of a 
galaxy as 


Ht aga | Ugte! |, loo cee I. 


The < sign implies that the squares of u/‘ are to be neglected in comparison with 
unity. Therefore the requirement u;1! = 1 is satisfied and we also have the built-in 
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assumption that the random motions are small. In the absence of any external forces, 
therefore, the velocity u' satisfies the geodesic equation: 


du! ‘ 
a ar ee = (0), 


Substitution of the a for the Robertson—Walker line element then gives the result 
u” S* = constant. 


However, u/* measures the velocity in the comoving (r, 6, @) coordinates. These 
motions are not, however, physical motions, since they refer to comoving coord- 
inates. The proper distances and speeds are obtained from the coordinate distances 
and speeds, by multiplication by the scale factor S. Thus proper random velocities 
v change with § as 


TaN (9) CT ad eat a a (4.29) 


(Also refer to Exercises 16 and 17 at the end of Chapter 3, where this result is 
seen as the non-relativistic approximation for how the momentum decreases in the 
expanding universe.) 

Hence, so long as S goes on increasing beyond the present epoch the approxi- 
mation p < € will continue to apply. If, however, we turn towards the past epoch, 
we should find the motions of galaxies becoming more and more turbulent, since, 
according to (4.29), v was larger in the past. Thus, if we use S ~ 1077S (So being 
the value of S during the present epoch), (4.29) would give p ~ 107'e. Clearly the 
p term would no longer be negligible during this epoch and prior to it. 

For such epochs we have to abandon our simplified picture of cosmology and ask 
whether galaxies existed as single units then. This question leads us to cosmogony, 
the subject of the origin of large-scale structure of the universe. Obviously, galaxies 
were formed at some stage in the past and, in a proper theory of cosmology and 
cosmogony, we have to say how and when they were formed. We will return to 
this question in Chapter 7. At present we simply state that the present cosmological 
framework of galaxies receding from one another breaks down, as does the dust 
approximation (4.27), for epochs like these. 

If, however, we simply extrapolate v « S ~| to very low values of 5S, v becomes 
comparable to c and our non-relativistic approximation that led us to v a S~! breaks 
down. The correct formula (see Exercise 3.16) then tells us that the 3-momentum P 
goes as S~!. In this relativistic domain we have to use the formula (2.87) and we set 


Thus, we may look upon a typical volume of these early epochs as containing matter 
particles moving at random relativistically, but any such spherical volume would 
have a centre of mass at rest in the Robertson—Walker frame. In this case the Weyl 
postulate is not satisfied for a typical particle, but it may still be applied to the centre 
of mass of a typical spherical volume. 
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43.2 Matter versus radiation domination 


So, if S continues to increase from very small values, then (4.30) would hold for the 
early epochs, just as (4.27) holds in the present and relatively recent epochs. The 
transition between the two epochs is through a rather messy phase for which neither 
(4.27) nor (4.30) holds. 

If (4.27) holds, then from (4.24) we get 


Gos 
—(pS’) = 0. . (4.31) 
as ? ) 
which integrates to 
s3 
p= mo, (4.32) 


pv and Sp being the values of p and S for the present epoch. Similarly, substitution 
of (4.30) into (4.24) leads to 


* (cs4) =0, (4.33) 
giving 
ex Ss. (4.34) 


We therefore have the following picture. For a distribution of matter (4.34) holds 
when S was very small relative to Sg, whereas (4.32) holds for the more recent 
epochs. If, however, on top of matter we also have electromagnetic radiation present 
in the universe, it will also contribute to (eS For small §, (4.30) holds uniformly 
for matter (moving relativistically) and for radiation. However, as S increases we 
have to be more careful in distinguishing between the contributions of matter and 
radiation to ite For, as we shall see later, although matter and radiation were in close 
interaction at small S, during later epochs they became effectively decoupled from 
each other. We will go into these details more fully in Chapter 5. 

For the present discussion let us assume that, beyond a certain epoch tf = fgec 
when S was given by S = Sgec, radiation and matter decoupled from each other, 
each going its own way. Thus we can write 


T; Tp inatiee a5 Tp adaaten (4.35) 


and assume that the divergence of each energy tensor separately vanishes. Since for 
the radiation energy tensor we have (for 4 = 1, 2, 3), say, 


a 22 lin ] 
SE eadionion al 3 | radiation = 35) ; (4.36) 
We SELIOL S = Sdec 
“4 
200 
E= €0 Sa" (4.37) 


What is fuce? Why, if at all, should matter decouple from radiation? What hap- 
pened prior to ¢ = fae? We deter a discussion of these questions to Chapter 5. There 


4.3 Energy tensors of the universe 


is, however, another important epoch in the past history of the universe, when the 
densities of matter and radiation were equal. We will denote it by ¢ = fey, when S 
was equal to Seq, say. It is easy to estimate this scale as follows. 

The present estimates of «9 ~ 4 x 107) erg cm} and of poc? > 3 x 
10—!° erg cm~+ mean that the density of matter is more than 10° times the density 
of radiation. Thus «9 < poc* and we may ignore the contribution of radiation (in 
comparison with the contribution of matter) to the field equations (4.20) and (4.21) 
during the present epoch and for § > So. However, for the past epochs with § < Sy. 
we have from (4.32) and (4.37) 

=) £0 So 


pe. = poe Ss (4.38) 


and we cannot ignore the contribution of radiation for, say, So/S ~ 10°. This is the 
epoch feq. Indeed, prior to this epoch, that is for S < Seg, the relative importance 
of radiation and matter was inverted: the radiation was the more dominant factor in 
deciding how S should vary with f. 

From the above discussion we see that, at S = Seq ~ 1073S, we have a 
transition from a radiation-dominated universe to a matter-dominated one. The 
radiation-dominated phase will be discussed in the following chapter; here we will 
limit ourselves to the matter-dominated epochs. The equations (4.20) and (4.21) are 
therefore to be solved with 


3 


7 S¢ 
Ti=0, Te= por’ 3 (4.39) 


This simplification leads us to the classic models first considered by A. Friedmann 
(see Figure 4.1) between 1922 and 1924. Basically, these models ignore any contri- 
butions of electromagnetic radiation to Ws and suppose that the matter in the universe 
can be approximated by dust. 


Example 


If poc”/€o = &, then estimate the redshift of the epoch prior to which the universe 


was radiation-dominated. 
During the epoch f, in relation to the present epoch fg, the redshift z is given by 


_ S(to) 

a0) 

(see Chapter 3). From (4.38), during this epoch the ratio of the matter and radiation 
energy densities was (1 + z)~' of its present value €. Therefore, the epoch tfeq, 
when the two energy densities were equal, is given by the redshift zeq = § — 1. For 
epochs prior to feq, 1.€., for Z > Zeq, the universe was radiation-dominated. Figure 
4.2 illustrates this switchover of dominance. Notice that, if there is a substantial 
amount of dark matter present, then the present-day estimate of po goes up and so 


ore 


does the value of Zeq. 
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Of course, we assume here that the scale factor has been monotonically growing 
during the past epochs. This is what the simplest models of the universe deduce, as 
we Shall see next. 


44 The Friedmann models 


We will assume that the universe is (as at present) dust-dominated. For dust models, 
(4.20) and (4.21) become 


Sse Eke" 

2— + ———- = 0, (4.40 
iS u S2 ) 
o2 ps Ss? 

Seales = Sr CLOG (4.41) 

Se SS? 


In view of the conservation law given in (4.31), the above two differential equa- 
tions are not independent and just one of them suffices to determine S(t). Since 
it is of lower order, we will choose (4.41) for our solution and consider the three 
cases k = 0,1 and —1 separately. However, before proceeding further we note 
the similarity between these equations and those of Newtonian cosmology obtained 
earlier in this chapter. See, for example, equation (4.10), which is analogous to (4.41) 
above. That equation also had a constant k, which was related to the initial total 
kinetic energy of explosion that led to the expanding models. Here the constant is 
simply related to the curvature of spatial sections. The dynamical behaviour of these 


Figure 4.1 Alexander 
Friedmann (1888-1925). 
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models is, however, similar to that of the Newtonian models. We will now look at 
the three cases k = 0, 1 and —1 in some detail. 


44.1 Euclidean sections (k = 0) 


This is the simplest case and is also known as the Einstein—de Sitter model, since it 
was given by Einstein and de Sitter ina joint Paper in 1932. Equation (4.41) becomes 
3] 
_ 82 Go So 
Cee 
We now recall from Chapter 3 that the present value of Hubble’s constant is given 
by 


2 
S (4.42) 


S — 
cles Ho. (4.43) 


Hence, applying (4.43) to the present epoch, we get 


ae 
po = = Pc. (4.44) 
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Figure 4.2 A plot of densities of radiation and matter in the universe against the 
redshift on a log—log scale. Note that the density of radiation drops more steeply than 
does the density of matter as the universe expands. The lines have been adjusted to 
show that the present-day density of matter is about a thousand times the density of 
radiation. Thus the two were comparable when the universe was ~10° times smaller 
in size. This is indicated by the point of intersection of the two lines. The redshift zeq 
corresponds to the epoch when the two densities were equal. 
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For reasons that will become clear later, pc is often called the closure density. With 
the range of values of Hp quoted in Chapter 3, we have 


Pc = 2x 10°7°h) gcm™?. (4.45) 


These values are considerably higher than the density of matter actually observed at 
present; we will take up this point in detail in later chapters. 
Returning to (4.42), it is easy to verify that it has the solution 


ey 
es so( =) . (4.46) 


An arbitrary constant that arises from the integration of the differential equation can 
be set equal to zero by assuming that S = 0 at t = 0. We also get from equation 
(4.43) the age of the universe as the present value of f: 


iS 
to = —. (4.47) © 
0= 3H ) 
The constant So, the value of the scale factor during the present epoch, is not 
determined. It has the dimensions of length and it can be absorbed into the unit 
of length chosen. Figure 4.3 illustrates this solution. If we drop the suffix 0, the 


results (4.43), (4.44) and (4.47) hold for any arbitrary epoch f. 


4.4.2 Closed sections (k = 1) 
Equations (4.40) and (4.41) now take the forms 


So See 
2 + a 0, (4.48) 
CB cag 87 GpoS; 
en oe (4.49) 
It is convenient to introduce the quantities g(t) and H(t) through the relations 
= =F OLA DY, A(t)= o (4.50) 


with their present values denoted by yy and Hp. We have already come across Ho. 
the Hubble constant. The second parameter qo is called the deceleration parameter 
and it is useful in expressing po in terms of the closure density. 

With the above definitions, (4.48) and (4.49) take the following forms when they 
are applied to the present epoch: 


<a = (240 — IHG, (4.51) 


nee = H2 Ete Ce = Sale 
0 BG \ 8” 52 dG (4.52) 


4.4 The Friedmann models 


The density po is often expressed in the following form: 

PO = Pc&X2o, (4.53) 
so that, from (4.52), (4.53) and (4.44), we get the density parameter 

2g = 2q0. (4.54) 
Since the left-hand side of (4.51) is positive, we must have 

qo > 7 829 > 1. (4.53) 


Thus our closed model has a density exceeding the so-called closure density p.. This 
explains the name ‘closure density’. It is the value of the universal density that must 
be exceeded if the model is to describe a closed universe. We mention at this stage 
the result (to be proved shortly) that, for the open models (k = —1), the inequalities 
of (4.55) are reversed. 

Using (4.51) and (4.52) to eliminate Sy and py we get the following differential 
equation from (4.49): 


= els = 1), (4.56) 


with @ given by 


C O B 
= 
== SEED EEEEEEEEDnintseoet 
Ho 
Figure 4.3 A schematic graph of S(t) as a function of r for the Einstein—de Sitter 
model. The present epoch fg is denoted by the point B on the t-axis. The ordinate at 
B , PB = So, the present-day value of the scale factor. Taking PB as a unit of length, 
the present-day value of the Hubble constant is given by the ratio 1/BC, where C is 
the point common to the f-line and the tangent to the S(t) curve at P. Thus 
BC = Hy) ! As can be verified from the figure, the age of the universe, represented 
by OB, is two thirds of the time intercept BC. 


ey 
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peed oD ener (4.57) 
(2go — 1)3/2 Ho 


The parameter @ has the dimensions of length. Thus the model is characterized by 
the parameters Ho and qo (or, alternatively, £20). 
Equation (4.56) can be integrated as follows. We get 


Make the substitution 


1 
S =asin* (5) - 5a — cos @). (4.58) 


Then the integral becomes 


(3) 1 
ct = Je sin? @ dO = «(© — sin ®). (4.59) 
Again, as in the case k = 0 we have taken S$ = 0 at t = 0 (© = O). We therefore 
get t = fo by requiring that S = So. From (4.51) and (4.57) we see that S = Spo at 
© = @o, where 


ia = Say A a (oy 
a cos Qo) = Ho (2qo — 1) = 290 a 
that is, 
— /2qgo — 1 
cope = inas eo (4.60) 
qo qo 


We therefore get the age of the universe as 


i) = E(On — sin Qo) 
2c 


= qo ={ (1 ap v2qo-1]| 1 
= Qgo 132 pia cos — ———_ | —.. (4.61) 
2 qo qo Ho 
For example, for go = | we get 
Ht ~1 
m= (> —1)8*. (4.62) 
Note that S reaches a maximum value at © = 2, when 
240 C 
S= Smax =a (4.63) 


a (2qo — 1)3/2 Ho’ 


Thus, for qo = 1, the universe expands to twice its present size. 


4.4 The Friedmann models 


In closed models, therefore, expansion is followed by contraction and S decreases 
to zero. The value S = 0 is reached when © — 27; that is, when 


ae wa 27 qo | 
=f, = = paris 
The quantity 4, may be termed the lifespan of this universe. For ie Lia 


20 lai = 271 , where tg is defined by the relation (3.69). 

Figure 4.4 illustrates the function S(1) for the closed models for a number of 
parameter values qo. All curves have been adjusted to have the same value of Ho at 
point P. Notice that the value § = (0) is reached sooner in the past as gy is increased 


from just over +. 


4.4.3 Open sections (k = —1) 


Equations (4.40) and (4.41) become in this case 


i ae, (4.65 
S Soe 0 y oo 
$2 — ¢?2 82 GpoSs 
ae ee ea 4.66 
82 353 eee) 


We again use the definitions of (4.50) and apply them for the present epoch to get 


Cc B 
0, 0, O, 
— H-1 —e =< 


Figure 4.4 The S(t) curves for gg = 1, 2 and 5. All curves have been scaled to 
touch at P, the present point, and they all have the common tangent PC. The intercept 
BC = H, !. Notice that, as qo increases, the curves for S(t) intersect the past section 
of the t-line at points O;, O27, O3, ... lying closer and closer to B, implying that the 
age of the universe is reduced if go is increased. The points 0}, O,, O;, ou the 
future section of the f-line show the singularities at which these models end their 


existence. 
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ae (( ag (4.67) 
So 

3H- 
9 = 7 reveLL (4.68) 


Thus, instead of (4.55), we now have 


O<qg<3, O<2<1. | (4.69) 


In place of (4.56) we get 


§2 ae oF a i) (4.70) 
c 
with 
pe eal (4.71) 


(1 — 2q0)3/2 Ho’ 


As in the k = +1 case, the solution of (4.70) may be parametrized by an angle V 
with 


= $p(coshW—1), ct = 5A(sinhW — W). (4.72) 
The present value of W is given by 


|- : 1 — 2¢ 
cosh Wp = 40% sinh Vp = Meaty (4.73) 


qo qo 


We have set t = 0 at S = 0, as in the two preceding cases. The present value of f is 
given by 


iin = Lae Wo — Vo) 
2c 


qo | — tn (= ae) | 
Ho 


~ (1 = 2q9)3/2 q0 q0 


Like the Einstein—de Sitter model, these models continue to expand forever. The 
behaviour of S(t) in these models is illustrated in Figure 4.5. 

It is worth pointing out that the model with go = 0, S(t) = ct represents flat 
spacetime. In fact, by the following coordinate transformation we can change the 
line element into a manifestly Minkowski form: 


(4.74) 


Ie == Gir. T=tvV14r?, 
ds? = c* dT? — dR? — R2(d62 + sin? 6 dd”). (4.75) 


This model arose naturally in Milne’s kinematical relativity, which was a cosmo- 
logical theory with foundations different from those of general relativity. For this 
reason the above model is sometimes referred to as the Milne model. 


4.4 The Friedmann models 


For a comparison, the three types of Friedmann models (k = 0, +1) are shown 
together on the same plot in Figure 4.6. There is a unique ‘flat’ model (the k = 0 
case is often so referred; but this can be misleading as the ‘flatness’ refers to the 
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Figure 4.5 The S(t) curves for gg = 0, 0.1 and 0.2. As in Figure 4.4, all curves have 
the same value of Ho at P. The age of the universe is seen to increase as qo decreases, 


being maximum ea for gg = 0. 


Cosmic time 


<=—z— Open model 


a Einstein—de Sitter model 
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Scale factor S 


Figure 4.6 The three types of Friedmann models are shown together in this plot of 
S(t) versus t. Points P, Q and R indicate where the present epoch occurs on the 
various curves. As we go from open to closed models, this epoch falls closer to the 


initial singular epoch. 
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spatial sections ¢ = constant, not to spacetime as a whole), but a continuous range 
of k = +1 models, of which two representative ones are shown. The dot on a curve 
shows a typical H(t) = constant epoch. Thus, for the same Hubble constant, the 
open models give a larger age. We will return to this property later in this chapter. 


444 Spacetime singularity 


Figure 4.6 shows how all the Friedmann models have the common feature of having 
S = O during a certain epoch (which we have chosen to label f = 0). As we approach 
S = 0, the Hubble constant increases rapidly, being infinite at S = 0, except in the 
special case of the Milne model k = —1, go = 0. This epoch therefore corresponds 
to violent activity and is given the name big bang. It was Fred Hoyle who in the late 
1940s gave it this name, largely in a sarcastic vein, as he was (and continues to be) 
critical of the big-bang concept. We will discuss the reasons for this in extenso in 
later chapters. For the time being we simply state that the name has stuck and has 
been accepted by a large majority of workers in cosmology. One reason for Hoyle’s 
criticism may, however, be mentioned now. 

From a mathematical point of view, S = 0 describes a spacetime singularity. If 
we compute the components of Rjx;, and construct invariants out of these, such as 


RRR ORR ee 


these invariants diverge. It is therefore meaningless to talk of a spacetime geometry 
ato 0); 

S = 0 also presents an insurmountable barrier to the physicist. If we use the 
strong principle of equivalence (see Chapter 2) to allow us to study how physical 
processes operate in strong gravitational fields, our procedure will break down at 
S = 0. Thus the singularity of the big bang is more significant (and perhaps more 
sinister) than the infinities that occur elsewhere in physics (such as in the radiative 
corrections of quantum electrodynamics). 

The existence of a singularity is bothersome for the following technical reason. 
The Friedmann models are obtained from Einstein’s field equations, which in turn 
are obtained from an action principle. However, the field equations as well as the 
action principle cannot work in a spacetime that contains a singularity, for the 
necessary conditions of continuity, differentiability, etc. break down. Thus there is a 
logical problem in the sense that the solutions obtained lead to a situation that makes 
the very basic structure for those equations break down. 

Attempts to remove the singularity by modifying the energy tensor are not, 
however, likely to succeed if the modifications are of a conventional character. This 
was demonstrated in a general manner in the late 1960s by Roger Penrose, Stephen 
Hawking, Robert Geroch and others. For the time being we will accept the existence 
of this singularity as a fact of life under the regime of general relativity and learn to 
live with it. 
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4.5 The luminosity distance 


Since the Friedmann models are frequently used to interpret cosmological observa- 
tions, we will now derive some of the observable quantities in these models, starting 
with the luminosity distance defined in Chapter 3. Our aim is to express the final 
answer in terms of the two parameters that characterize a Friedmann model: Hy and 
qo- 


4.5.1 The Einstein—de Sitter model 


We use (3.49) to relate r), the radial coordinates of the galaxy Gj), to the time f; and 
to its redshift z: 


n= [ eee = <f" ge! 1-2/3 ay 
ty S(t) So ty 2 


Tao. * Seas —1)’°) 
So 


We now use (3.51) to note that 


ee (a 
~~ S(ty) ty , 


so that with the help of (4.47), 


3cto 2 
= i 1 2 
a f1—(+2)71?] 
= [1-0 t4}, (4.76) 
0470 


The luminosity distance is therefore given by 
Dy = r) So(1 + z) 
2 
- Sito —@+2)7]. (4.77) 
Ho 


4.5.2 The closed model 
This calculation is more involved. Equation (3.49) becomes 
dr ” cdt 
The left-hand side can be easily integrated. To integrate the right-hand side we use 
(4.56) to get 
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iE c dt -[" ds 
, St) Js, VS(@—S) 


Now we use the parametric form (4.58): S = a sin?(© /2). We then get 


So he 
i = Op — ©}. 
S a o e 
Remembering that the integral on the left-hand side of (3.49) gives sin7! ry. we have 
r, = sin(Qog — ©}). (4.78) 
We must now relate this answer to z. We have 
(eee eS sin? (@9/2) 
~~ $(t1)  sin2(@1/2)’ 
giving 
2. (0 > (90\)'" 
sin@,; = ee sin ($2) [ + cos (2) : 
Z © 
cos © = cnineee as (4.79) 
[ae 


; ($2) 2qo — 1 (3) l 
sin | — } = ,/ ————_-, cos = /—. 
2 240 2 240 


Putting all these together and performing algebraic simplification, we get 


_ ¥240— 


Pe = lgoe + (1 = qo) t= y Jit 2caa (4.80) 


The luminosity distance is therefore given by 


D, =r; So(1 + z) 
e | 
= Hy 24 + (go — 1)(V1 + 2zq¢9 — 1)). (4.81) 
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This formula was first derived by Mattig in 1958. 


4.5.3 The open model 


The calculation in this case is similar to that for the closed model. with the difference 
that the trigonometric functions are replaced by hyperbolic ones. We will not go 
through the intermediate steps, but simply quote the final results: 
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v1 — 240 


= a aoe + (t — go) — J+ 2zqo)], (4.82) 
go U1 + z) 
e || ——_ 

Dip algae +. (9 — 1)(/ 1 + 2249 — 1), (4.83) 
Ho qo 


It is aie es tite to note that the se expressions for D; are the same for k = +1, 
ldo — | > 0. If we let gg > 5, it is easy to see that the result (4. 77) for the 
Einstein—de Sitter model also follows from the same formula. 

Figure 4.7 plots Dj (qo, z) as a function of z for various parametric values of qo. 
Note that all curves start off with the linear Hubble law (3.66) for small =, but then 
fan out, with only the curve for gn = 1 staying linear all the way. As a rule we notice 
that. for the same redshift, the luminosity distance is larger for lower values of go. 
Thus, for gg = 1, we have 


D,; = —z, (4.84) 


whereas for qo = 0 we get 
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Figure 4.7 The luminosity distance expressed (in units of c/ Ho) as a function of he 
redshift z for gq = 0, 1 | and 5. The relationship is linear, as predicted by Hubble’s 
law for gg = 1. For go < 1, Dy increases with z faster than predicted by Hubble’s 
linear law; for gg > 1, Dj increases more slowly with z. All curves merge for 


small z. 
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For So at z = 1, (4.85) exceeds (4.84) by as much as 50%. In Chapter 11 we will 
discuss the feasibility of determining gy from Hubble-type observations of remote 
galaxies. We end this discussion by restating the formula (4.81) in terms of Ho and 
Qo: 


UG 1/2 
D) = —-{[Roz + (Qo — 2)[1 + zo) '’* — 1]}- (4.86) 
I Hose" 0z + (820 [ 0 


4.6 Horizons and the Hubble radius 


In cosmological discussions two kinds of horizons often crop up. Of these the 
particle horizon relates to limits on communication in the past whereas the event 
horizon relates to limits on communication in the future. We will deal with these 
two concepts in that order. 


4.6.1 The particle horizon 


It is pertinent to ask the following question. What is the limit on the proper distance 
up to which we are able to see sources of light? This question is answered as follows. 
Going back to equation (3.49) of Chapter 3, we may have a situation wherein the 
integral on the left-hand side has a maximum value during the given epoch fg. This 
therefore gives a maximum value rp for the radial coordinate r;. For r; > rp there 
is NO communication with us in the above fashion. 

First calculate this limiting value of r}, which for the Friedmann models comes 
from setting the lower limit for the r integral at zero, calling it rp. The corresponding 
limiting proper distance is 


He dr 
ik == Sp [SS | 
0 V1—kr2 
It is then easy to verify that, for the various Friedmann models, 


c a oo (k=1 >!) 
Rp=— x} v¥2qo-1 240 eo 


Ho 


a sinh | aap k 1 l 
| ape 240 (kK = —1, qo < 5). 
(4.87) 


The existence of a finite value of Rp means that the universe has a particle horizon. 


Particles with S(fo)r; > Rp are not visible to us at present, no matter how good our 
techniques of observation are. 


4.6 Horizons and the Hubble radius 


Example 


Consider the Einstein-de Sitter model. The result (4.87) gives, in this case, Rp = 


2c/Ho. This means that, at present. we are able to see only those galaxies whose 
proper distances from us happen to be less than 2c / Ho. See Figure 4.8. 


46.2 The event horizon 


The particle horizon sets a limit on communications from the past. Let us now see 
how the event horizon sets a limit on communications to the future. Let us ask the 
following question. A light source atr = rj,t = fy sends a light signal to an 
observer at r = 0. Will the signal ever reach its destination? Suppose that it does 
and let f; be the time of arrival. Then, from (3.49), we get 


iL leedt / is dr 

© SO So Vier 

This relation determines t, for any given r;. provided that the integral on the left- 
hand side is large enough to match that on the right. Now it may happen that, as 1) > 
ov. the integral on the left-hand side converges to a finite value that corresponds to 
a value of the integral on the right-hand side for r; = rg, say. In that case it is not 
possible to satisfy the above relation for +; > rg. In other words the signal from the 
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The singular epoch : t=0 


Figure 4.8 The past light cone drawn from P the present epoch at r = 0 in the 
Einstein—-de Sitter universe meets the ¢ = 0 epoch in the section QR. World lines of a 
fundamental observer like B within this section intersect the cone. The light signal 
from B therefore reaches P. The line A, on the other hand, lies outside the particle 


horizon of P represented by QR. 
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light source at rj > rp will never reach the observer at ro. Thus no observer beyond 
a proper distance 


(o.6) 
ee | he (4.88) 
0) 


at f = f9 can communicate with another observer. 
This limit is called the event horizon. It does not exist for Friedmann models but 
has the value c/ Ho for the de Sitter model as seen in the following calculation. 


Example 


Consider the de Sitter model described in Chapter 3. Here we have k = 0 and 
S =e' Then we get 
CO 
RE = fe et eae 
to Ho 

That is, if any light source sends a ray of light from beyond this range at time fo 
towards the observer at r = 0, it will never reach the observer. See Figure 4.9. 

Notice that both the event horizon and the particle horizon have radii comparable 
to c/ Ho, which has led to the erroneous conclusion that the length Ry = c/ Hp is of 
the size of the horizon in any cosmology. Whether a horizon (particle or event) exists 
in a cosmological model depends on the scale factor and how the relevant integral 
(discussed above) behaves. Thus there are cosmological models that do not have any 
horizon and for such models the above length does not have any ‘signal-limiting’ 
significance. In such cases, it is best to call this length Ry, the Hubble radius. The 
Hubble radius as defined here tells us only the characteristic distance scale of the 
universe at ¢ = fo; it does not have any causal significance unless it is shown to be 
a horizon length. We will refer to these remarks when discussing the inflationary 
cosmology in Chapters 6 and 7. 


47 The angular-size—redshift relation 


We now use the result derived in §3.9 to study how apparent angular sizes vary with 
redshifts in various Friedmann models. We will assume that sources of a fixed linear 
size d are observed at different redshifts. Thus a source at (r}, 6;, 61) with redshift 
z will subtend at the observer, at r = 0, the angle 


a ad Hove 


NG), = = 
ri S(t}) D, 


(4.89) 
Since we know D, from (4.83), A@ is determined as a function of z and go. The 
interesting fact that emerges is that A6) does not steadily decrease as z increases, 
but has a minimum at a certain value of z that depends on qo. 


4.7 The angular-size—redshift relation 


It is easy to derive this result for a= 5. From (4.77) we get 


dHy (1+4+2)3/2 


—— 4.90 
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Ao = 
Straightforward differentiation gives us the result that the minimum value of A6; 
(= O4min, Say) and the redshift z = zm at which it occurs are given by 


d Hy 
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Onin = 3.375 


and 


eos (4.91) 


Figure 4.9 The event horizon in the de Sitter universe is shown by the section QR. 
Particles like A, B. C. etc. in this section can communicate with the observer P at the 
centre. No signal from an observer lying outside this section can ever reach P. 
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The cases go => ; are more involved. We illustrate the case go > 5. Instead of 


using Dy as given by (4.81), it is more convenient to use the parameter © introduced 
in (4.58) and (4.59) and the relation (4.78). We then get 


= z = baal — cos ©;) sin(@g — @,)}1. (4.92) 
ry S(t) a 


The constant a is defined by equation (4.57). Differentiation with respect to © tells 
us that the minimum occurs when 


sin ©; sin(©g — ©;) — (1 — cos ©) cos(@g — ©1) = O; 


that is, 


thus giving 


20 1 — cos Oo 
0, = : 1+2zn = ——————. (4.93) 
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Using (4.57) we get 
2 | dH 
Onin = DL Ae a ae LY (4.94) 
qo [1 — cos(209/3)] sin(@o9/3) c 
The corresponding result for go < 4 is 
255) = 1 dH 
Onin = AC oe a (4.95) 
qo [cosh(2W9/3) — 1] sinh(W9/3)  c 
at the redshift zm given by 
cosh Wo — | 
ei SS Se (4.96) 


cosh(2Wy/3) — 1. 


Figure 4.10 plots A6, as a function of z for various Friedmann models. Notice how 
the curves all start with the near-Euclidean result A@; o z | and then begin to differ 
from one another at larger z. In principle this effect might be used to decide which 
particular Friedmann universe (if any!) comes closest to the actual universe. 


4.8 Source counts 


We now return to the general formula (3.75) and apply it to Friedmann models. It 
is more convenient to use the redshift as the distance parameter instead of r or f. 


4.8 Source counts 


As before, we will work with the case k = +1. From (4.58) and the relations that 
follow it we have 


r = sin(@p — ©)). 
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Theretore the number of astronomical sources with redshifts in the range (<,o+ 
dz) is given by 


dQ 


dN = 47 sin?(@9 — ©) n(t) dz. 
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Let us suppose that (ft) is specified as a function n(z) of z. Using (4.80) and some 
algebraic manipulation, we get 
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Figure 4.10 This graph plots log A6; against log z for the Friedmann models with 
q =0,0.1, 0.5, 1, 2 and 5. All curves merge at small z into a straight line that 
describes the variation of A@; with distance in a Euclidean universe. 
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Suppose that n(z) is expressed in a slightly different form. We recall that n was 
specified as the number of sources per unit coordinate volume, in terms of the 
comoving (r, 4, ) coordinates. What is the relationship between n and the number 
of sources per unit proper volume? Denoting the latter by 7, we have 


dN = 47n(z) 
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From (4.51) we get 
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Substitution into (4.97) gives 
xz c\ [g0z + (ao — 1) 1 42295 — 1) P?A dz 
dN = 4r| — Fi : (4.100) 
Ho qa + 2)8./T + 2q02 


In this form (4.100) is applicable to all Friedmann models, even though our deriva- 


tion assumed that gg > 1 and k = 1. We will have occasion to use this result in 


connection with observations of galaxy counts and radio-source counts. 


49 The radiation background from sources 


Let us use the above formulae to calculate the flux of radiation from sources dis- 
tributed all over the universe. To fix our ideas, let us suppose that there are 1(z) dz 
sources per unit proper volume with redshifts in the range (z, z + dz). Suppose that 
a typical source at redshift z has a normalized intensity spectrum given by 


Je 2) 


and total luminosity L(z). Thus 


CO 
/ Jv au = |. (4.101) 
() 


Consider now sources located in a thin solid angle dQ in the direction 6 = 
6|, @ = >, from the origin of coordinates. Let 


f (vo) Avo dQ 


denote the total flux of radiation received at r = 0 in the frequency range (vp, vo + 
Avo) from all the sources located within our solid angle. 


4.9 The radiation background from sources 


Now the number of sources in a typical redshift range (z, z + dz) is given by 
multiplying dN by dQ/(4:7). and the flux of radiation from a source in this range is 
given by the application of (3.56). Putting the two results together, we get 


cane © n(z)L(z)J [vo + z); z] dz 
JO) = — : (4.102) 
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This formula is useful for estimating the contributions of sources to the cosmic 
radiation background. Note that the flux density SQ, 5) from a typical source in 
the above calculation is related to the quantity dN /dz by the relation 


dN ~ ce L(z)n(z)J {vol +z): z] 
letra. z)| = <3 , 
dz Ho (1+2z)°./1+ 290z 


Now, in a Euclidean space with a uniform distribution of sources, the number of 
sources out to a Euclidean distance R would be given by 


(4.103) 


ng being the number density of sources, which is assumed constant. 
Furthermore, a typical source at a distance R and with a luminosity L would 
produce a flux at the origin given by 


ib 
S = —.. 
4m R- 
We therefore get 


dN 
— S =noL = constant. (4.104) 
dR 


To discover the analogue of this result in a Friedmann universe, we assume that 
i(z) = no(1 + z)*, corresponding to a constant number of sources in the unit 
coordinate volume. We also assume that L(z) = constant and integrate (4.103) over 
all vo. Then, using (4.101), we get 


no Galneiese (4.105) 
dz Ho] (1+ 2)3.JS1 + 2¢0z 


Thus the product on the left-hand side steadily decreases with increasing z in all 
Friedmann models. The redshift factors in the denominator see to it that the product 
of the differential number count and the flux is less for remote sources than it is for 
nearby ones. 

We also see this effect in the contribution of sources to the overall radiation 
background in (4.105). The contribution of remote shells is steadily reduced by the 
redshift effect. This was therefore considered one way of resolving a long-standing 
paradox known as the Olbers paradox. In 1826 Heinrich Olbers from Germany had 
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computed the background from a uniform distribution of sources in a Euclidean 
universe of infinite extent in space and time. Using (4.104), Olbers concluded that 
the nett flux in infinite! The Olbers paradox is often phrased as the question "Why ts 
the sky dark at night?’. By using (4.105) instead of (4.104) we see that attenuation 
at large redshifts results in f (vo) being finite. Various aspects of the Olbers paradox 
are discussed in Exercises 25-29, which demonstrate that the expanding universe is 
not the only way of arriving at a finite answer. 


4.10 Cosmological models with the A-term 


Although our concern in this chapter is with the Friedmann models, we now discuss 
briefly another class of models that have a close relationship with the Friedmann 
models. These are the models given by the modified Einstein equations of (2.104) 
— the equations containing the cosmological constant A. We have already discussed 
two special cases of this class of solutions in the last chapter, the static Einstein 
model and the empty de Sitter model. When Hubble's observations established the 
expanding-universe picture, Einstein conceded that there was no special need for the 
A-term in his equations. In the post-Hubble-law era, he dropped this term from his 
equations; the Einstein—de Sitter model discussed in this chapter was the outcome 
of Einstein’s collaboration with de Sitter after abandoning the A-term. 

Nevertheless, in the 1930s eminent cosmologists such as A. S. Eddington and 
Abbé Lemaitre felt that the A-term introduced certain attractive features into cosmol- 
ogy and that models based on it should also be discussed at length. In modern cos- 
mology the reception given to the A-term has varied from the hostile to the ecstatic. 
The term is quietly forgotten if the observational situation does not demand models 
based on it. It is resurrected if it is found that the standard Friedmann models without 
this term are being severely constrained by observations. The present compulsion for 
this term comes partly because of the observational constraints and partly because 
inputs of particle physics in the very early stages of the universe have provided a 
new interpretation for the A-term, which we shall discuss in Chapter 6. 

Putting A 4 0, (4.20) and (4.21) are modified to the following: 


S $2 +ke? OIE 
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The conservation laws discussed in §4.3 are not affected by the A-term. If we restrict 
ourselves to dust only, (4.107) gives us the following differential equation in place 
of (4.41): 
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Similarly, (4.106) becomes 


eS? eer , 


Let us first recover the static model of Einstein. By setting S = So, § = 0 and 
S=0Oin(4. 108) and (4.109), we get 


From these relations it is not difficult to verify that k = +1 and we recover the 
relations obtained in §3.3: 


A= >=hke, 
x c (4.110) 
= Ave? . 
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We shall denote by Ag the critical value of A for which a static solution is 
possible. It was pointed out by Eddington that the Einstein universe is unstable. A 
slight perturbation destroying the equilibrium conditions (4.110) and (4.111) leads 
to either a collapse to singularity (5S — 0) or an expansion to infinity (S — oo). 
Eddington and Lemaitre instead proposed a model in which 4 exceeds A. by a small 
amount. In this case the universe erupts from S$ = O (the big bang) and slows 
down near S = So, staying thereabouts for a long time and then expanding away 
to infinity. It was argued that the quasi-stationary phase of the universe would be 
suitable for the formation of galaxies. This model is illustrated in Figure 4.11, which 
plots S(t) for a range of values of 4 for k = +1. The initial (explosive) phase of the 
Eddington—Lemaitre model is shown along the section OP of the curve OPQR. with 
PQ the quasi-stationary phase and QR the final accelerated expansion. Notice that, 
for A < A, the universe contracts (as in the Friedmann case), whereas for 4 > Newt 
ultimately disperses to infinity, resembling the de Sitter universe. 

Figure 4.11 also shows by a dotted line another series of models that contract 
from infinity to a minimum value of S > 0 and then expand back to § > oo. These 
models are sometimes called oscillating models of the second kind, to distinguish 


them from the models that shrink back to § = 0 and are called oscillating models of 


the first kind. This terminology is, however, not quite apt, since there is no repetition 
of phases in these models as implied by the word ‘oscillating’. 

The models with k = 0 or k = —1 do not exhibit these different types of 
behaviour for A > 0. We get from (4.108) a relation of the following type: 
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wherein each term on the right-hand side is non-negative. Thus S does not change 
sign and we get ever-expanding models. For A < 0, however, we can get universes 
that expand and then recontract as in the k = | case for A. < Ac. 

This concludes our discussion of the general dynamical behaviour of the 4 cos- 
mologies. We end this section by writing (4.108) and (4.109) for the present epoch 
in terms of Ho and qo. Thus, in place of earlier relations, we have 

Ho + ae Ee? = Hem 
0 82 3 (rave 
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D) KG 
(1 — 290) H2 + a — dc? =0. 


0 
From these we get 
ca 
29 = 249 + =A—- (4.113) 
ois 


Now there is no unique relationship between go and 29: we have an additional 
parameter entering the relation. Note also that it is possible to have negative qo, that 
is, an accelerating expansion, if > 0. This is because the A-term introduces a force 
of cosmic repulsion. 

Finally, if the universe is spatially flat, i.e., k = 0, then the following relation can 
confirm the fact: 


: ; de Sitter R 
S(t) | o / 


Einstein universe 


Figure 4.11 The A cosmologies for k = 1. For details see the text. 


4.10 Cosmological models with the A-term 


By writing 


1 Ac? 


3H2 


the above relation is expressed in the form 


Soa Sta = I. 


See Figure 4.12 showing these relationships in the (Qo, Q,) plane. 


(4.114) 


(4.115) 


A few words are needed here to explain to the reader one reason why the A models 
are preterred these days. The measurements of Hubble’s constant and the estimates 
of ages of stars in globular clusters suggest that the ages of the A = 0 models are 
inadequate to accommodate the stellar ages. As Figure 4.13 shows, by having a 
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Figure 4.12 The (Qo, 2, ) plane with the line 29 + Qa = 1 drawn, to indicate 


k = 0. Above this line k = 1; below it, k = —1I. 
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Show by computing Rjxzjm that the Friedmann model with go = 0 describes a flat 
spacetime. 


Given that the Friedmann model with go = 0 describes a flat spacetime, find coordi- 
nates in which its line element is manifestly that of Minkowski spacetime. 


What is meant by a particle horizon? How does the size of the particle horizon depend 
on the epoch of observation in a given Friedmann model? 


Show why the Friedmann models with 4 = 0 do not have event horizons. 


In the Einstein—de Sitter model there are n sources in a unit comoving coordinate 
volume. Calculate the number of sources in principle visible to us during the present 
epoch, for n = constant. 


In a Friedmann model the minimum of angular size occurs at z = 1. Deduce from this 
the value of qo. 


The surface brightness of an astronomical object is defined by the flux received from 
the object divided by the angular area subtended by the object at the observation point. 
How does the surface brightness vary with the redshift? 


Show from first principles that the angular sizes of astronomical objects of fixed linear 
size will have a minimum at z = 1.25 in the Einstein—de Sitter model. 


Derive (4.93) by direct differentiation of Dj (z) with respect to z. 
Derive (4.96) from first principles and use it to show that zm — 00 as go > 0. 


If in a Friedmann universe we have a fixed number of sources in a unit comoving 
coordinate volume and each source emits a line radiation of fixed total intensity Lo at 
frequency v, show that the radiation background produced by such sources during the 
present epoch will have the frequency spectrum S(v) dv where S(v) = 0 for v > 0, 
whereas for v < v 
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where no is the proper number density of sources during the present epoch. 


Discuss Olbers’ calculation on the darkness of the night sky in the Euclidean universe. 


Show that a finite answer can be obtained in an Olbers-type calculation if the universe 
is finite in extent or finite in age, 


Show that a finite answer can be obtained in an Olbers-type calculation by assuming 
that the sources are finite in size and therefore that nearby sources tend to block 
radiation from the more distant sources. 


Show that the Olbers paradox can be resolved by assuming that a typical source can 
radiate only for a finite interval of time because of its finite reservoir of energy. 
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Exercises 


Review all the possible means of resolving the Olbers paradox and state your own 
preference for any particular resolution. 


Derive (4.106) and (4.107) for the A cosmologies and deduce the conservation law from 
them. 


Given that objects during the quasi-stationary phase of the Eddington—Lemaitre cos- 


mology are now seen with the redshift z = 2, what can you say about the value of 
oe 


Deduce that the scale factor in the A cosmology with k = | satisfies the differential 
equation 
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Write down an integral that gives the age of a big-bang universe for A 4 0. Discuss 


qualitatively how the A-term may be used to increase the age of the universe. 
In A cosmology, what is the lower limit on the value of A given the value of qo? 


Compute the invariants R, Rix R'* and Rigtm R'™ for the Friedmann models and show 
that they all diverge as S — 0. Is there an exceptional case? 


Repeat Exercise 35 for A cosmologies and show that the same conclusions follow for 
the models with S — 0. 


Give a general argument to show that, for sufficiently small S, the A force is ineffective 
at preventing the spacetime singularity. 
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Relics of the big bang 


sl The radiation-dominated universe 


In Chapter 4 we saw that all Friedmann models have an epoch in the past when 
the scale factor § was zero. We referred to this epoch as the big-bang epoch. To 
mathematicians the big bang implies a breakdown of the concept of spacetime 
geometry and they have come to recognize it as an inevitable feature of Einstein’s 
general relativity. It is a feature that prevents the physicist from investigating what 
happened at S = 0 or prior to it. To some physicists this abrupt termination of the 
past signifies an incompleteness of the theory of relativity. To them a more complete 
theory of the future may show a way of avoiding the catastrophic nature of the 
S = Oepoch. A universe that has been expanding forever or that has been oscillating 
between maximum and minimum (but finite) values of § might result from such a 
theory. We shall look at models of this kind in Chapter 9. 

Here we will follow the so-called standard approach in cosmology and continue 
to put our faith in the validity of general relativity while pushing our investigations 
into the past of the universe as close as possible to the § = 0 epoch. The purpose 
of such investigations will be to find out whether we can point to any present-day 
evidence that the universe indeed had a past epoch when S was close to zero. In 
short, we will be looking for relics of the big bang. 

Pioneering work in this field was done by George Gamow in the mid-1940s. 
Gamow (see Figure 5.1) was concerned with the problem of the origin of the 
elements. Starting from the (then available) basic building blocks of neutrons and 
protons, Gamow attempted to describe the formation of nuclei of deuterium, helium 
and so on. The process envisaged by him involved nuclear fusion, that is, a process in 
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which nuclei are formed by bringing together neutrons and protons. Astrophysicists 
were already sure by the 1940s that such processes operate inside stars, where the 
necessary conditions of high temperature and density were known to exist. Gamow 
pointed out that similar conditions must have existed in a typical Friedmann universe 
soon after the big bang. 

We know from (4.32) that the density p was very high at small values of S. How- 
ever, we also saw in Chapter 4 that sufficiently early on the universe would have been 
radiation-dominated. That is. the expansion of such a universe was controlled largely 
by radiation rather than by matter. Figure 5.2 reproduces Figure 4.2 illustrating how 
the present ratio of matter to radiation energy density determines the epoch when 
the universe switched over from radiation domination to matter domination. The 
redshift of such an epoch vis-a-vis the present epoch would have been at least ~ 10°. 

What about temperature? In the radiation-dominated era, the temperature was 
determined by radiation and a simple calculation shows how the temperature also 
might have been high. This calculation requires the assumption that at present we 
have a radiation density uo that is a relic of an early hot era. With this assumption, 
the radiation energy density for a past epoch S is given by (4.37): 


Ji 


0 
nS ak (Sell) 


Figure 5.1 George Gamow 
(1904-1968). 
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Gamow therefore assumed that the dynamics of expansion during the early epochs 
was determined by radiant energy rather than by matter in the form of dust and that 
these were high-temperature epochs. 

We illustrate the above ideas with a simplified calculation by assuming that the 
radiation was in blackbody form with temperature 7, so that 


Spe (Oe) 


where a is the radiation constant. This means that, in the early stages of the big-bang 
universe, 


nt eee ie ay ere (5:3) 


We also expect that the space-curvature parameter k will not affect the dynamics of 
the early universe significantly and set it equal to zero. This assumption, known as 
the assumption of flatness, is non-trivial, but we will await the next chapter before 
discussing it in detail. For the time being we accept it uncritically. Thus, from (4.21), 
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Figure 5.2 Figure 4.2 from the previous chapter has been reproduced here for ready 
reference. As explained there, the energy density of radiation drops as S~*, whereas 
the energy density of matter drops as 5-3. Since at present the latter is at least 10% 


times the former, the epoch of equality of the two occurred when the scale factor was 
at least that much smaller. 


5.2 Thermodynamics of the early universe 


Furthermore, from (5.1) and (5.2) we get 
it = AS, A = constant. (6.5) 


Substituting (5.5) into (5.4) gives a differential equation for § that can be easily 
solved. Setting t = 0 at S = 0 we get 
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and, more importantly, 


3c? yi 
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Notice that all the quantities inside the parentheses on the right-hand side of the 
above equation are known physical quantities. Thus, by substituting their values into 
(5.7), we can express the above result in the following form: 


Tee 50 1007 (5.8) 
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In other words. about | s after the big bang the radiation temperature of the universe 
was 1.52 x 10!° K. The universe at this stage was certainly hot enough to have 
free neutrons and protons around, which, as the universe expanded, cooled down to 
facilitate nucleosynthesis, as Gamow supposed. 

The idea of a hot big bang, as the above picture is called, depends therefore on the 
assumption that there is relic radiation present today. Later in this chapter we will 
present the argument that the microwave background discovered in 1965 by Aro 
Penzias and Robert Wilson is that relic radiation. For the present we will accept this 
evidence as confirming Gamow’s notion of the hot big bang and proceed further. 


5.2 Thermodynamics of the early universe 


It was in 1946 that George Gamow first wrote a paper on primordial nucleosynthesis. 
The first detailed paper on this subject appeared in 1948 under the authorship of 
Gamow’s student Ralph Alpher, the nuclear physicist Hans Bethe (who had worked 
out the solar models of Eddington with nuclear energy generation explicitly put in) 
and Gamow himself. It is said that Gamow persuaded Bethe to add his name to the 
paper to make the list of authors read as “Alpha, Beta and Gamma’! In any case, the 
idea became popular as the a—B—y theory. 

Considerable progress has been made in our understanding of the properties of 
particles and their basic interactions since the days when Gamow and his students 
Alpher and Robert Herman did their calculations of primordial nucleosynthesis. 
Gamow’s original programme of building up essentially all elements during the 
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early moments of the universe did not work out. For reasons that we shall elaborate 
on later in this chapter, only the light nuclei could be synthesized in the primordial 
fusion processes. In the following pages we will briefly outline the basic principles 
on which the modern calculations are based. 

First it is necessary to specify the building blocks from which nuclei were con- 
structed in the early epochs. The physicist would naturally like to imagine that the 
universe started with the simplest possible composition (whatever that may be!) and 
that more complex structures were built out of simpler ones by physical interactions. 
Thus the cosmologist is encouraged to take stock of the knowledge of particle 
physics. Although Gamow and his colleagues took the existence of particles like 
protons, neutrons, electrons and so on for granted, modern particle physicists believe 
that a more basic framework should account for the creation or existence of these 
particles. In Chapter 6 we will consider the more speculative earlier epochs and 
discuss how these particles came into existence. 

Here we take up the story from the stage when baryons (neutrons and protons), 
leptons (electrons, muons, neutrinos and their antiparticles) and photons (the par- 
ticles of light) were already in existence and were in thermodynamic equilibrium 
as particles of an ideal gas. Before proceeding with calculations we must clarify 
what is meant by ‘thermodynamic equilibrium’ and ‘ideal gas’. We have already 
mentioned that the dominant form of energy during these early epochs was in 
particles moving relativistically. The question that arises therefore is that of whether 
these particles were interacting with one another or instead were mostly moving 
freely. Such particles would interact and collide, of course, but these instances are 
assumed to have occupied very brief time spans, so that their effects on motions may 
be otherwise neglected. We will shortly express this idea in a quantitive manner. 

The collisions and scatterings of the particles would, however, have helped to 
redistribute their energies and momenta. If these redistributions occurred frequently 
enough, the system of particles as a whole would have reached a state of thermo- 
dynamic equilibrium. In this case, for each species of particles there is a definite 
rule governing the number of particles in a given range of momentum. For thermo- 
dynamic equilibrium to be reached, the time scales between successive scatterings 
should be small relative to the time scale for expansion of the universe. Again, we 
will express this idea quantitively in a short while. 


52.1 Distribution functions 


Assuming that the ideal gas approximation and thermodynamic equilibrium hold, it 
is possible to write down the distribution functions of any given species of particles. 
Let us use the symbol A to denote typical species (A = 1,2,...). Thus n4(P)dP 
denotes the number density of species in the momentum range (P,P -- dP) where 


5.2 Thermodynamics of the early universe 
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In the above formula 7 is the temperature of the distribution, g4 is the number of 
spin states of the species and k is Boltzmann’s constant. while 


Ee = ¢* Pp? + m,c4 (5.10) 


is the energy corresponding to the rest mass m4 of a typical particle. Thus for the 
electron g4 = 2; for the neutrino g4 = 1 and ma = Q; and so on. The + sign 
in (5.9) applies to particles obeying the Fermi—Dirac statistics (these particles are 
called fermions), whereas the — sign applies to particles obeying the Bose-Einstein 
statistics (particles known as bosons). For example, electrons and neutrinos are 
fermions, whereas photons are bosons. 

The quantity j2.4 is the chemical potential of the species A. For a detailed discus- 
sion of chemical potentials, see any standard text on thermodynamics and statistical 
mechanics. We note here that, in any reaction involving these particles, the 4 are 
conserved (just as electric charge. energy, spin and so on are conserved). Because 
photons can be absorbed or emitted in any number in a typical reaction, we set 
iA = O for photons. From thermodynamic considerations we can also deduce 
this result by arguing that. for blackbody radiation, the number of photons is not 
fixed but determined trom conditions of thermal equilibrium. Thus we require that 
the Helmholtz free energy U — TS should be a minimum, which leads to the 
result 44 = O for photons. Since particles and antiparticles (such as electrons 
and positrons) annihilate in pairs and produce photons, their chemical potentials 
are equal and opposite. 

Apart from the dynamical quantities as well as the electric charge, several other 
quantities are found to be conserved in the interactions of particles. These are 
the baryon number, the muon lepton number and the electron lepton number. In 
computing these numbers, a value of +1 is assigned to a particle and —1 to its 
antiparticle. The electron lepton number counts electrons (e~ ) and their neutrinos 
(Ve), while the muon lepton number counts muons (uu ) and their neutrinos (V,). 
Under these conservation rules reactions such as 


n>pte +e, p+Vz>pttn 
are permitted, whereas a reaction like the following is not: 
MN Osre sr Ve. 


(In Chapter 6 we will consider the situation in which the baryon number is not 
conserved. For the epochs with which we are concerned here, however, we may 
safely assume the conservation of baryon number to apply.) 

Hence, if we assume that electric charge, the baryon number, the electron lepton 
number and the muon lepton number are conserved in any reaction, then we have 
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only four independent chemical potentials — those corresponding to protons, elec- 
trons, electron neutrinos and muon neutrinos. (In Chapter 6 we will consider the 
possibility of more species of leptons/neutrinos being present.) From (5.9) we see 
that the total number of particles per unit volume of each of these species is needed 
in order to determine the corresponding jz4 and that the number densities will be 
large for large 44 > 0. These number densities are not known with any degree of 
accuracy, except that (as we shall see later in this chapter) the ratio 


Ng _ Number density of baryons 
Ny ~ Number density of photons 


10- 8-10-19 


is small relative to unity. 

The smallness of the baryon number density suggests that the number densities 
of leptons may also be small relative to Ny, and it is usually assumed that this 
hypothesis provides a good justification for taking 44 = 0 for all species. We will 
assume that 44 = 0 for all species in our calculations to follow. 

We then get the following integrals for the number density (N,4), the energy 
density (€4), pressure (p,4) and entropy density (s,4) of particle A: 


, e Pale 
Nees i a (5.11) 
0 


~ Onn? exp[E4(P)/(kT)] + 1" 
2 ee oaule 

ae | ve . (5.12) 

2n-h Jo exp[E4(P)/(kT)] 3e || 

gA a Ce ACP dP ps 

PA= ee, (5413) 

6r7h? Jo expl[E4(P)/(kT)] = | 
SA =(patea)T. (5.14) 


We can deduce a simple relation from these formulae to show that the entropy in 
a given comoving volume remains constant as the universe expands. Differentiate 
pa with respect to T to get 


dpr ga [ oc? Pt exp[E4(P)/(kT)|dP 
dT = 6n72hA? Jo {expl[Ea(P)/(KT)] & 1P2kT2" 


Now integrate by parts to get for the above integral 


8A [ae Pace. 
em2hT Jo «=o exp(EA(P)/KT)]J +1 ° ° #838£3T 


Defining the pressure, energy density and entropy density for a mixture of such 
gases in thermodynamic equilibrium by 


p=) pA, €=)oe4, => 5a, (5.15) 
A A A 


we have the following relation: 
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dp _ pte 
di TT (5.16) 


We will use this relation next in the expanding universe. For we shall see that. as 
the universe expands, it cools adiabatically. 


5.2.2 The behaviour of entropy 


We first recall the conservation law satisfied by € and p during the early stages of 
the expanding universe, the law given by (4.24), 


d 5 
-— ? + 3pS? = 0). (5.17) 


and use it in conjunction with the second law of thermodynamics. This law tells 
us that the entropy in a given volume S* stays constant as the volume expands 
adiabatically. From (5.14) and (5.15) we therefore get 


(53s) (+ +0) 0 5.18 
—_ he ie = = 7 7 
di aire. ea 


where, as defined in (5.15), s = Xs, is the total entropy of all the particles in the 


expanding volume. 
Rewriting (5.18) with the help of (5.17) we get 


dese p Gh se eal 
aoe | se Sanya psc ea cece 5.19 
: a( SE) +7 300+ ea(z oe 
dS SiS] eo aed | 
fe ee ly 
ea me 
that is, 
dp ] 
a ae a (5.20) 
ra Fee) 


Notice that we directly derived the above result in (5.16) from (5.12) and (5.13) by a 
simple manipulation of the integrals in the last subsection. Thus, starting from (5.19) 
we can derive (5.18). We will use the constancy of 


Ss? 
o=—(p +6) (5.21) 


in our later calculations. 
In the high-temperature approximation we get p = €/3 « S~* from (5.18). 
Hence, from the constancy of o, we recover the relation (5.5): 
Tix is: (5.22) 


A simple relation like this does not hold if the high-temperature approximation is 


not valid. 
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5.23  High- and low-temperature approximations 


The above expressions become simplified for particles moving relativistically. In 
this case, the mean kinetic energy per particle far exceeds the rest-mass energy of 
the particle, an inequality expressed by 


is — =T,. (5.23) 


This is called the high-temperature approximation, or the relativistic limit. 

The thermodynamic details for the various species of interest are given in Table 
5.1. The numbers are expressed in units of the quantities for the photon (g4 = 2, the 
symbol for photon is y): 


DANA ET mkT)4 An7k (kT \ 
area (y= sae ae BD a mrt 
ir ch 15f#3c3 45 ch 
(5.24) 


In this approximation consider the electric potential energy of any two electrons 
separated by distance r. This is given by 


U =e /r. 


Table 5.1 Thermodynamic quantities for various particle species at T >> T 4 


Particle species A | Symbol Ty, (K) 8A Na/Ny €a/léy Sa/Sy 
Photon Y 0 2} 1 1 1 
Electron e 5.93x10? 2 3/4 7/8 7/8 
Positron et 2 3/4 7/8 7/8 
Muon Le P22 e102 aye 7/8 7/8 
Antimuon ri 2. 3A 7/8 7/84 
Muon andelectron vy,Ve 0 | 3/8 7/16 7/16 
neutrinos and their = V,., Ve ] 3/8 lj NOG 
antineutrinos 
Pions mt 1 1/2 1/2 1/2 
1a 16x 104 17? 12 1/2 
we 1 Ly ee 1/2 
Proton p 10!° 2 3/4 7/8 7/8 
Neutron n Tn — Tp 2 3/4 7/8 7/8 


~1.5 x 10919 


5.2. Thermodynamics of the early universe 


Now the average inter-electron distance is given by N. Ue eh /(kT). Thus the 
average interaction energy is 


e- 
U) ~ —kT. 
(UY) he 


However, kT measures the energy of motion of electrons. Thus the interaction 


energy is e7/(Ac) ~ 1/137 of the energy of motion. Since the fraction is small, 
we are justified in treating the electrons as a free gas. 


In contrast, at low temperatures T < T, we have for all species with m4, 4 0 


N ga (makT \? =) 
_ Expy ea, 
AB 2x Coan 
UNG 


€4 =ma,Na, De = NAT. oh = 7 e- (5.25) 


Notice that, with falling temperature all these quantities drop off rapidly. We will 
often refer to this limit as the non-relativistic approximation. (For the photon and a 
zero-rest-mass neutrino 74 = 0 and this approximation never applies.) 

When one is applying these results to cosmology, the following considerations 
usually count. First, the expansion of the universe is controlled by the species that 
are in the relativistic limit, for these are the particles that are present in abundance. 
Heavier species are fewer in number because of the exponential damping of equation 
(5.25). Thus, as the temperature of the universe drops with expansion, the heavier 
species progressively diminish in dynamical importance. 


Example 


What will the energy—temperature relationship for a cosmic brew containing parti- 
cles of Table 5.1 be when the temperature is 10!° K? We note that the relativistic 
approximation applies to the electrons and positrons, whereas the photons and the 
two neutrino—antineutrino pairs will always be relativistic. Adding contributions to 
the energy density as per Table 5.1 for these species in the above order and using 
(5.24), we get 


ee 7 9 ) 


Notice that, if the same calculation were carried out at the temperature of 10° K, 
only the photons and the four neutrino species would be relativistic and at that stage 
we would have the energy-density-temperature relation as « = (11/4)aT+. Thus 
the coefficient in the ¢«—T relationship changes as per the relativistic component of 
the cosmic brew. 

Next, thermodynamic equilibrium is required in general for ascribing a common 
temperature to the various species. It may happen that some species do not interact 
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strongly enough to maintain the equilibrium. Whether this 1s actually the case can 
be determined by comparing the rate of reaction for the specific species (with other 
particles) with the rate of expansion of the universe given by H(t). This procedure 
is illustrated by our description next of how neutrinos interact during the expansion 
of the universe. 


53 Primordial neutrinos 


From Table 5.1 we see that for T < 1.5 x 10!% K, the only particles that 
could be present with appreciable number densities in thermal equilibrium were 
u*, e*, Ve, Ve, Vu, Vu and y. The baryons (p and n) and pions (7* and 1”) would 
have cooled below their critical temperatures 74 and so were subject to the low- 
temperature approximation. The photons, e* , and .* follow their respective distri- 
butions of the type (5.9). The neutrinos, however, require some attention, since this 
phase happens to be crucial in determining the extent of their survival. 

Apart from gravitation, the neutrinos take part only in the weak interaction and 
are absorbed, emitted, or scattered in reactions such as the following: 


Ce ove ty, 8 Fl SVetv Vea > neem 
Vet oVutet,” Vere “Vee, Ve tet Ve ter. 


The rates of these are all determined by the coupling strength of weak interactions. 
For T < T,, the cross section of a typical reaction is of the order 


E = G*n-*(kT)*c74, (5.26) 


where G = 1.4 x 10~* erg cm? is the weak-interaction coupling constant. From 
(5.24) and Table 5.1 we see that the number density of participating particles e* is 
of the order 


[kT /(ch)P, 


whereas for muons we should take account of (5.25) and introduce an exponential 
damping factor of 


exp(—T,/T). 


Thus the typical reaction rate for neutrinos is 


n=cd at tu C251, -6 5 Ts 
Ree ch. i ay eae AiG) kia exp a. 6.27) 


We must now take note of the other rate that is relevant to the maintenance of equi- 


librium of neutrinos — the rate at which a typical volume enclosing them expands. 
From Einstein’s equations we get 


5.3 Primordial neutrinos 


a) 


S* 8G __ 16x°G oe 
= oS a es OS 

S? 3¢? oon? co 
H, the Hubble constant for the particular epoch, measures the rate of expansion of 
the volume in question. Thus the ratio of the reaction rate to the expansion rate is 
given by 


1) — ela eae) = Slie} Hi 
mo Heh 12676 PTY exp(—+*) (5.29) 
i 
ye 18 a 10!2 kK 
(010K J “XPL > 
=T; cxp( ! ) 
10 ie i (5.30) 


Here we have substituted the values of G, i, G, c, k and T,, and arrived at the above 
numerical expression. Furthermore, we have written the temperatures using the 
notation that 7, indicates temperature expressed in units of 10” K, ice., 

ih 


In = 


10" K 


5.3.1 The neutrino-decoupling epoch 


What does (5.30) tell us? As the temperature drops below 10!* K, the exponential 
decreases rapidly. This means that the reactions involving neutrinos run at a slower 
rate than the rate of expansion of the universe. The neutrinos then cease to interact 
with the rest of the matter and therefore drop out of thermal equilibrium as temper- 
atures fall appreciably below 77 = 1. How far below? 

The original theory of weak interactions suggested that this temperature may be 
around 7}; = 1.3. In the late 1960s and early 1970s successful attempts to unify 
the weak interaction with the electromagnetic interaction led to additional (neutral- 
current) reactions that keep neutrinos interacting with other matter at even lower 
temperatures. The outcome of these investigations is that the neutrinos can remain 
in thermal equilibrium down to temperatures of the order of Tig = 1. 

However, even though neutrinos decouple themselves from the rest of the matter, 
their distribution function still retains its original form with the temperature drop- 
ping as T x S~!. This is because as the universe expands the momentum and energy 
of each neutrino fall as S~! and the number density of neutrinos falls as S~* (see 
Chapter 3, Exercise 16). Since the temperature of the rest of the mixture also drops 
as S~! and since the two temperatures were equal when the neutrinos were coupled 
with the rest of the matter, they continue to remain equal even though neutrinos 
and the rest of the matter are no longer interacting with one another. These remarks 
about neutrinos are meant to apply to all four species Ve, Ve, Vu and Vy. 
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53.2 Theeraofe ande™ annihilation 


There is. however, another (later) epoch when the neutrino temperature begins to 
differ from the temperature of the rest of the matter. First consider the universe in 
the temperature range T}2 = 1 to Tjo = 1. In this phase we have the neutrinos, 
the electron—positron pairs and the photons, each with distribution functions of type 
(5.9) in the high-temperature approximation (see Table 5.1). Thus, referring back to 
the example at the end of the previous section, we get 


c= Sa. (5.31) 


Thus, for this period the expansion equation is modified from our simplified 
formula (5.4) to 


Soe ee Gar, 


== ——T (252) 
Se (i 
and the relation (5.7) is changed to 
we 1/4 
[Pe ( ) ten (5.33) 
48x Ga 
which we may rewrite as 
lie = 1.040 (5.34) 


However, in the next phase the situation becomes complicated, since the electron— 
positron pairs are no longer relativistic. Thus the high-temperature approximation is 
no longer valid for them and we have to use the full formulae (5.12) and (5.13) 
to determine € and p and the rate of expansion of the universe. We will not go 
into details of this phase but instead jump across to its end, when the pairs have 
annihilated, leaving only photons: 


e tet >y+y 


Thus the energy, originally in e* and photons, has now been vested only in photons, 
raising their number and temperature. How can we evaluate this change? It is here 
that (5.21), telling us of the constancy of o, comes to our help. 

In the relativistic phase (Ty > 5) of e* we have 


ase 
ar | 


1] 
€oe- téet + Ey) = = a(ST)’. (5285) 
When the e* have annihilated and left only photons, we have the photon temper- 
ature Ty given by 


mets: 


Oo = -—eE 
ca ees 


4 5 
= 34(STy)’. (5.36) 


5.4 The neutron-to-proton ratio 


We now use the result that the neutrino temperature always changes as S °!. Let us 
write it as 


B 
i > B = constant. (5.37) 
Then (5.35) gives 
I ee Ll ) 
= a, 
3 (= (5.38) 
Similarly (5.36) gives 
4 Tes 
= -aB *) 
o aC (= (5.39) 


Now, in the pre-annihilation era TJ = Ty, so that (5.38) tells us thato = 
(11/3)aB3. After annihilation o must have the same value, so we may equate 
it to the value given by (5.39). Thus we arrive at the conclusion that the photon 
temperature at the end of e~ annihilation has risen above the neutrino temperature 
by the factor 


jane OC aa 
= =a eee (5.40) 
Vv 


So the present-day neutrino temperature is /ower than the photon temperature by the 
factor (1.4)~!. If we take the latter ~ 2.7 K, the former is ~1.9 K. 


54 The neutron-to-proton ratio 


We have so far developed a picture of the early universe that is best expressed in the 
form of a time-temperature table of events, as shown in Table 5.2 (see also Figure 
5.3). We will now be interested in the last entry of Table 5.2. 

In our discussion so far we have not paid much attention to baryons — the protons 
and neutrons that are also present in the mixture. In our approximation of setting the 
chemical potentials to zero we took the baryon number to be zero. The validity of the 
approximation depended on the baryon number density being several (8-10) orders 
of magnitude smaller than the photon density. Nevertheless, we must now take note 
of the existence of baryons, howsoever small their number density: for we need 
them in order to consider Gamow’s idea of nucleosynthesis in the hot universe. We 
also emphasize that the baryons at this stage of the universe (when nucleosynthesis 
could occur) are not playing any significant role in determining the expansion of the 
universe. 

Insofar as chemical potentials are concerned, we will take explicit note of them 
in the following section. However, first notice that the critical temperatures 7,, and 
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Figure 5.3 The time-temperature plot of the early universe. The dotted portion does 
not describe the (t, T) relationship accurately, since the particles (especially pions 
and 7 ) interact and are not really free. A more reliable picture emerges for 

t > 10~2 s. Notice the difference between the temperatures of neutrinos and photons 
for tf > 10s. See the text for details. 


Table 5.2 A time-temperature table of events preceding nucleosynthesis in the early 


universe 


Time since big bang Temperature 


Events 


(s) (K) 
<10=* >10!2 
Los =165— 10!2_19!! 
10-*-1 10'!-10'° 
1-180 10!9_10? 


Baryons, mesons, leptons 
and photons are in thermal equilibrium. 


1. begin to annihilate and disappear 
from the mixture. Neutrinos begin to 
decouple from the rest of the matter. 


Neutrinos decouple completely. 
e~ pairs are still relativistic. 


The pairs of e* annihilate and disappear, 
raising the photon-gas temperature to ~1.4 
times the temperature of the neutrinos. 


5.4 The neutron-to-proton ratio 


Tp of Table 5.1 are very high, so that the neutron and proton distribution functions 


follow the non-relativistic approximations of (5.25). Thus we get 


2 (my kT \3/2 T, 
Ries a ae meal 
: =i 2m exp) 2) 


2 fang \7! 
m= 5 (2 ) exp(-). (5.41) 
De 20 yh ; 
In this approximation the neutron to proton member ratio is given by 
o —1exp) | = exp| — —— |, 
oo ae Wg (5.42) 


The ratio therefore drops with temperature, from near 1:1 at T > 10!? K to about 
5:6 at T = 10'' K and to 3.5 at3 x 10!° K. Figure 5.4 illustrates this change with 
temperature. 

For thermodynamic equilibrium to be maintained, the reactions that convert neu- 
trons into protons and vice versa have to be rapid enough relative to the rate at which 
the universe expands. These interactions are none other than the weak interactions 
considered earlier when we discussed the decoupling of neutrinos from the rest of 
the primordial brew (see §5.3). There is one difference, however. In discussing the 
decoupling of neutrinos we were concerned mainly with the reaction of a neutrino 
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Figure 5.4 The neutron-te-proton number ratio x is plotted against temperature. 

Three points are identified on the curve to mark the stage at which the ratio 

effectively determines the abundance of helium: the three cases shown correspond to 
= 2,3 and 4 species of neutrino. 
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with leptons like e+ and te and the cross section © given by (5.26) was determined 
for such interactions. Similarly the reaction rate 7 given by (5.27) was obtained by 
multiplying by the number densities of participating leptons. 

In the present case the cross section for a typical reaction like 


Vetn<e +p 
is larger than that for a purely leptonic reaction like 
Via © <> Ve [L. 


Also, the lepton densities used in (5.27) were considerably higher than the nucleon 
densities we are considering now. So the probability of a given nucleon interacting 
with any neutrino is higher than the probability of a given neutrino interacting with 
any nucleon. The result is that the effective temperature at which n and p cease to be 
in thermodynamic equilibrium is lower than the effective temperature for decoupling 
of neutrinos determined earlier. 

Quantitatively, instead of & « T? as in (5.26), the cross section in the present 
case goes as «xT and the effective decoupling temperature 7, at which the rate 
of reaction is just about equal to H is <10!° K. Note that, if the universe were 
expanding faster, T would be higher and the ratio N,/Np at decoupling given by 
(5.42) would be higher. We will recall this point in §5.5.1 when we relate the 
abundance of helium to the number of neutrino species. 

Once the thermodynamic equilibrium has ceased to be maintained, the ratio 
Nn/Np 18 given not by (5.42) but rather by detailed consideration of specific re- 
actions involving the nucleons. 

As the universe cooled further, this ratio was therefore determined by the reac- 
tions that change protons into neutrons and vice versa. These are essentially weak 
interactions of the type 


n+Veopte , is Pa cn 4 Ve. 


The reaction rates are therefore determined by the cross sections computed accord- 
ing to the weak-interaction theory. Until the electro-weak gauge theory became 
established in the late 1970s, the V—A theory of the weak interaction was used for 
these computations. We will not go into details of the calculation here, the purpose 
of which is to come up with a differential equation for the ratio 


Na 


xt SSS eo 
Ny + No 


(5.43) 


If A(n —> p) denotes the rate at which neutrons are converted to protons and A(p > 
n) the corresponding rate for protons changing the neutrons then clearly X, satisfies 
the equation 


5.5 The synthesis of light nuclei 


aXn 
dr 


= (1 — Xy)A(p > n) — X,A(n > Pp). (5.44) 


The rates 4 depend on distribution functions of leptons. which in turn depend on 
the temperature, which is related to the scale factor of the expanding universe. The 
integration of (5.44) has to be done numerically and it is continued until all e+ pairs 
have dropped out of the mixture — which happens at T > 10° K. 

When all e* have disappeared it is still possible for the neutron to decay via the 
reaction 


a p+e + Ve 


with a characteristic time t = 1013 s. So, from the time the pairs disappear to the 
onset of nucleosynthesis the neutron ratio X,, will decrease by the exponential factor 
exp(—t/T). 

Thus the ratio of neutrons to protons is uniquely determined at the time nucleo- 
synthesis begins, once we know all the parameters of the weak-interaction process. 
This is one good aspect of primordial nucleosynthesis theory, which was first pointed 
out by Chushiro Hayashi in 1950. We now proceed to discuss its outcome. 


55 The synthesis of light nuclei 


A typical nucleus Q is described by two quantities, the atomic mass A and the atomic 
number Z, and is written 


©). 


This nucleus has Z protons and A — Z neutrons. If mg is the mass of the nucleus, 
its binding energy is given by 


Bo = [Zmp + (A — Z)my — molec’. (5.45) 


Let us now consider a unit volume of cosmological medium containing Ny 
nucleons, bound or free. Since the masses of protons and neutrons are nearly equal, 
we may denote the typical nucleon mass by m. Thus my © mp = m. If there are Nn 
free neutrons and N, free protons in the mixture, the ratios 


INE _ Np 
ie 
will denote the fractions by weight of free neutrons and free protons. If a typical 
bound nucleus Q has atomic mass A and there are Ng of them in our unit volume, 
we may similarly denote the weight fraction of Q by 

NQA 
= Na 


Xn (5.46) 


(5.47) 


XQ 
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Now, at very high temperatures (T > 10!° K), the nuclei are expected to be 
in thermal equilibrium. However, even at these temperatures T < 7g and the for- 
mula (5.25) holds. Furthermore, since we are now concermed with relative number 
densities, we can no longer ignore the chemical potentials. Thus 


pr 3f/2 Pe 
mokT LQ — mac 
No=ae( Sr) (“az ), a 


where we have reinstated the chemical potentials 4g. Since chemical potentials are 
conserved in nuclear reactions, 


HQ = Zup + (A — Z) un, (5.49) 


assuming that the nuclei were built out of neutrons and protons by nuclear reactions. 

Using equation (5.49) the unknown chemical potentials can be eliminated be- 
tween (5.48) and similar relations for Np and Nj. The result is expressed in this 
form: 


| A TART A Be 
where 
1 Woe Nel4 
E= 5Nw( 25) (5.51) 


For an appreciable build-up of complex nuclei, T must drop to a low enough value 
to make exp[Bg/(AT)] large enough to compensate for the smallness of eo | Tie 
happens for nucleus Q when T has dropped to 


Be 


Ep eae eeral), Sore meen oP) 
ae k(A — 1)|Iné| (5.52) 


Let us consider what happens when we apply the above formula to the nucleus of 
*He. The binding energy of this nucleus is given approximately by 4.3 x 107 erg. 
If we substitute this value into (5.50) and estimate Ny from the nucleon density of 
around 10~° cm~? observed at present, we find that 7g is as low as ~3 x 10° K (see 
Exercise 23). However, at this low temperature the number densities of participating 
nucleons are so low that four-body encounters leading to the formation of *He are 
extremely rare. Thus we need to proceed in a less ambitious fashion in order to 
describe the build-up of complex nuclei. 

Hence we try using two-body collisions (which are not so rare) to describe the 
build-up of heavier nuclei. Thus deuterium (D), tritium (@H), and helium (*He and 
+He) are formed via reactions like 


ptn —D+y. 
D+D «—?He+n<3H+p, (5.53) 
3H+D <+4He +n. 


5.5 The synthesis of light nuclei 


Since the formation of deuterium involves only two-body collisions, it quickly 
reaches its equilibrium abundance given by 


x z OS es a 
— EX: —_— . 
= /2 ae (Fe ae 


However, the binding energy Bp of deuterium is low so that, unless 7 drops to less 
than 10” K, Xp is not high enough to start further reactions leading to 7H, 7He, and 
*He. In fact, with the exception of the first one. the reactions given in (5.53) do not 
proceed fast enough until the temperature has dropped to ~8 x 10° K. 

Although at such temperatures nucleosynthesis does proceed rapidly enough, it 
cannot go beyond *He. This is because there are no stable nuclei with A =5 or 8 and 
nuclei heavier than *He break up as soon as they are made. Their primordial abun- 
dances are extremely small. So the process effectively terminates there. Detailed 
calculations by several authors have now established this result quite firmly. 

So, starting with primordial neutrons and protons, we end up finally with *He 
nuclei and free protons. All neutrons have been gobbled up by helium nuclei. Thus, 
if we consider the fraction by weight of primordial helium, it is very simply related 
to the quantity X, — the concentration of neutrons before nucleosynthesis began. 
Denoting this fraction by weight by the symbol Y, we get 


fe 2X, (5.55) 


In Figure 5.5 the cosmic weight fractions of He, *He, deuterium (7H) and so on are 
plotted against a parameter 7 defined by 


ee 
Ja (areas (=) (5.56) 
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Thus 7 essentially measures the nucleon density in the early universe through the 
formula 


p=nT3, To <3. (557) 


We will now discuss the implications of this parameter for primordial production of 
light nuclei. 


5.5.1 Primordial helium and neutrino species 


Note that the weight fraction of *He is insensitive to the parameter 77. This is because. 
as we Saw just now, it depends only on X,, which in turn depends more critically 
on the epoch when the rate of weak interactions fell below the rate of expansion. 
If we go back to (5.42) we see that, in the very early stages, the neutron-to-proton 
ratio depends on the temperature 7;,. A faster rate of expansion implies that the ratio 
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becomes frozen at a higher temperature and so is higher, thus leading to a higher 


abundance of *He. 

To see the effect quantitatively, recall from (5.42) that there was a ‘last epoch’ of 
temperature T,, for which the neutron-to-proton ratio was determined from consid- 
erations of thermodynamic equilibrium: 


N, \V) 
x=— = exp( ) (5.58) 
Np T.10 : 


Mass fraction 


Figure 5.5 Primordial abundances of light nuclei as functions of the present-day 
density of matter in the universe. The number of types of neutrino is assumed to be 
three. The relation between pg and 7 is given by (5.56). Adapted from 

R. V. Wagoner, 1979, ‘The early universe’, in R. Balian, J. Audouze, and 

D.N. Schramm, eds. Physical Cosmology, Les Houches Lectures Session XXXII, p. 
395 (Amsterdam: North Holland). 


5.5 The synthesis of light nuclei 


The temperature 7, was determined by equating the Hubble constant H to the 
reaction rate n for n <> p conversions. Now 


rh O RT and no Te 
so that 
2 1/2 
taco. (5.59) 


Writing Y = 2Na/(Na + Np) for the weight fraction of helium, we can estimate 
the change in Y due to a change in g (from increasing the number of neutrino 
flavours) as follows. As g > g + 4g, the above relations imply that x > x + x 
and Y ~ Y + 5Y, where 


xInx dg 
sY = —-——__ 
(eau (5.60) 
If there are / lepton families, 
8 = 47(442/ 42. (5.61) 


Hence an increase from / = 2 tol = 3 gives 5g/g ~ 1/5. For Y = 1/4 and 
x = 1/7 we get Y = 0.02. 

This result is relevant to the question of how many different types of neutrinos 
exist primordially. In the GUT formalism described in Chapter 6 there are three 
types of neutrino, ve, V,, and Vy. Other formalisms may permit even more types 
of neutrinos to exist, thereby forcing the value of Y upwards. When we look at 
observations we will discover that the present estimates of the abundance of helium 
Tule out the existence of more than three types of neutrino. 

It is also interesting that the particle-accelerator experiments appear to lead to 
the same conclusion. A series of experiments carried out in 1990 with the Large 
Electron—Positron Collider (LEP) at CERN (see Figure 5.6) produced the interme- 
diate Z° boson in large numbers. The presence of these particles (which mediate 
in electro-weak interactions) could be inferred by detecting resonance peaks in the 
energy-dependent cross sections for producing hadrons and leptons. The width of 
the peak measures the lifetime of the Z” boson, which in turn can be linked to the 
number of neutrino species present. The estimate is very close to three, which is 
consistent with the above cosmological considerations. This circumstance is consid- 
ered a notable success of the enterprise of bringing together cosmology and particle 
physics. 


5.5.2 Deuterium and other light nuclei 


In contrast to the behaviour of Y, which does not sensitively depend on the parameter 
n, the abundances of other nuclei do depend on 7. These abundances are very small 
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relative to Y. Only nuclei heavier than “He eventually survive; 3H (tritium) decays 
to 7He. Of nuclei heavier than He, only ‘Li (lithium) appears in any appreciable 
quantity, although the amount is smaller than that of 3He. The most interesting 
situation exists for deuterium, whose abundance sharply drops as 7) rises above [Gag 
The present estimate of the mass fraction of deuterium is ~2 x 10->. From Figure 
5.5, we have » = 2 x 107°. For Ty = 2.7 K, this corresponds to a present-day 
density of 


po ~ 4x 1077! gcm7?. | (5.62) 


On comparing this with (4.45), we see that ho 22 < 0.02 and hence qo < 0.01. 
Therefore, if even such a small amount of deuterium believed to be primordial in 
origin were found, Friedmann models of the closed variety would be ruled out. There 
is, however, a loophole in this argument: we can still accommodate non-baryonic 
matter in the universe. Such matter does not affect the abundance of deuterium, but 
does contribute to Qo. Matter of this kind will have to be dark. We will discuss the 
observational situation and the dark matter option in Chapter 10. 

Figure 5.5 shows that the primordial production of heavy nuclei (A > 12) is very 
small and that it cannot account for their observed abundances. The main reason for 
this is that there are no stable nuclei with A = 5 and 8. Thus any attempt to synthesize 


Figure 5.6 The Large Electron—Positron Collider (LEP) at CERN, Geneva. where 
the experiments have placed limits close to three on the number of species of 
neutrino. The particles are accelerated to very high energy as they are moved in a 
gigantic ring spread over several kilometres seen in this photograph. Photograph by 
courtesy of CERN, Geneva. 


5.6 The microwave background 


heavier nuclei by adding to *He fails, whether we add a proton or another *He. In 
fact, to cross this gap and reach stable heavy nuclei like !2C, 0, etc.. we need an 
altogether different scenario. Deep interiors of stars on their way to becoming red 
giants are suitable sites for making such nuclei. In fact the classic paper by Margaret 
and Geoffrey Burbidge, William Fowler and Fred Hoyle in 1957 (these authors are 
jointly referred to as B°FH) demonstrated how all such nuclei can be made during 
the various stages of stellar evolution. 

We can sum up by saying that Gamow’s expectation that the early hot universe 
would synthesize all types of nuclei has only partially been fulfilled. The idea works 
for light nuclei like deuterium, tHe, etc. To obtain complex nuclei heavier than *He 
(and possibly /Li), astrophysicists have to look to other sources: the stars. 


5.6 The microwave background 


In 1948. Gamow’s colleagues Alpher and Herman (see Figure 5.7) made another 
prediction, however, that appears to have received confirmation. This is the pre- 
diction that the photons of the early hot era would have cooled down to provide 
a thermal radiation background in the microwaves at present. Alpher and Gamow 
estimated that the temperature of this radiation today would be around 5 K. In the 
absence of a firm quantitative basis, this estimate was more of a guess. Gamow 
himself in a Jater paper guessed the temperature at 7 K and later on increased this 
value in further stages to as much as 50 K. In the 1950s, these ideas on primordial 
nucleosynthesis did not catch on, largely because of the failure of the theory to 
explain the origin of heavier nuclei. With the stellar nucleosynthesis scoring a major 
success on this front, interest in the primordial scenario dwindled and the prediction 
of a relic radiation background was more or less forgotten. 

By the early sixties, however, the interest in the primordial phase of the universe 
had been rekindled by the realization that not all helium found in the universe could 
have been made in stars. Work by Fred Hoyle and Roger Tayler in Cambridge, UK, 
by Robert Dicke and Jim Peebles at Princeton in the USA and by Yakob Zel'dovich 
in Moscow in the USSR during 1964-65 showed that a revised version of Gamow’s 
nucleosynthesis programme does succeed in yielding the correct abundance of he- 
lium. Hence the idea of a relic radiation became interesting enough for Dicke to plan 
a radiometer experiment to detect it. 

As mentioned earlier, such radiation was first detected in 1965 by Arno Pen- 
zias and Robert Wilson (see Figure 5.8), more or less serendipitously. They had 
planned using a 20-foot horn-shaped reflector antenna to study radiation in the 
microwaves in the Milky Way. While testing the antenna, they pointed it in var- 
ious directions and used the wavelength 7.35 cm since it did not attract much 


galactic noise. It was these test measurements that contained an unaccounted-for 


component that was isotropic, i.e., one that could not be ascribed to any spe- 
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cific galactic or extragalactic source. It was only when they compared notes with 
the Princeton group that they could identify this radiation with the relic back- 
ground. 

The Penzias—Wilson measurement at one wavelength, if it were interpreted as 
blackbody radiation, had a temperature of 3.5 K. In Chapter 10 we will discuss 
the details of subsequent observations of this radiation. In Figure 5.9 we show the 
spectrum of the radiation measured by the Cosmic Background Explorer (COBE) 
satellite in 1990, with a temperature of 2.735 + 0.06 K. The blackbody nature of 
the intensity-frequency curve has gone a long way towards confirming in most 
cosmologists’ minds that the picture of an early hot universe discussed by Gamow 
is correct. To see how this background formed we have to follow our history of the 
early universe to stages subsequent to nucleosynthesis. 


Figure 5.7 Ralph Alpher (left) and Robert Herman (right), who in 1948 predicted 
the existence of a relic background radiation from their calculations (with George 
Gamow) of primordial nucleosynthesis. Photographs by courtesy of Ralph Alpher. 


Figure 5.8 Robert Wilson 
and Arno Penzias in front of 
their horn-shaped antenna, 
which was used in the 
discovery of the microwave 
background. Photograph by 
courtesy of Bell 
Labs/Lucent Technologies. 


5.6 The microwave background 


The era of nucleosynthesis took place when the temperature was around 10” K. 
The universe in subsequent phases continued to cool as it expanded with the radia- 
lion temperature dropping as §~!. The presence of nuclei, free protons and electrons 
did not have much effect on the dynamics of the universe, which was still radiation- 
dominated. However, these particles, especially the lightest of them, the electrons, 
acted as scattering centres for the ambient radiation and kept it thermalized. The 
universe was therefore quite opaque to start with. 

However, as the universe cooled, the electron—proton electrostatic attraction be- 
gan to assert itself. In detailed calculations performed by P. J. E. Peebles, the mixture 
of electrons and protons and of hydrogen atoms was studied at varying temperatures. 
Because of Coulomb attraction between the electron and the proton, the hydrogen 
atom has a certain binding energy B. The problem of determining the relative 
number densities of free electrons, free protons (that is. ions) and neutral H atoms in 
thermal equilibrium is therefore analogous to that we considered earlier in deriving 
(5.50) in $5.5 for the mixture of free and bound nucleons. The only difference is 
that the binding to be considered now is electrostatic rather than nuclear. Following 
the same method, we arrive at the formula relating the number densities of electrons 
(N.), protons (Np = Ne) and H atoms (Ny) at a given temperature T: 
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Figure 5.9 The spectrum of the cosmic microwave background determined by the 
COBE satellite with the continuous curve through the error rectangles representing 
the best fit blackbody curve at temperature ~2.73 K. Courtesy of NASA Goddard 
Space Flight Center and the COBE Science Working Group. 
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2 3/2 
Ne _ (=<) exo(—), (5.63) 
Nu Qn h kT 


where m¢ is the electron mass. This equation is a particular case of Saha’s ionization 
equation. Around 1920 Meghnad Saha (see Figure 5.10) had Jooked at the problem 
of ionization in the context of stellar atmospheres and had derived this equation. 

Writing Ng for the total baryon number density, we may express the fraction of 
ionization by the ratio 


x = Ne/Np. : (5.64) 


Then, since Ny = Ng — Ne, we get from (5.63) 


, 3/2 
= : 7) exp (-7) (5.65) 
1-—x Np \ 2ri- kT 


For the H atom, B = 13.59 eV. By substituting for various quantities on the right- 
hand side of (5.65), we can solve for x as a function of 7. The results (see Figure 
5.11) show that x drops sharply from unity to near zero in the temperature range of 
around 5000-2500 K, depending on the value of Ng, that is, on the parameter Qqohe 
(see Chapter 4). For example, for Qohe = 0.0x = 0:003 at 7 =3000% 

Thus, by this time most of the free electrons have been removed from the cos- 
mological brew and as a result the main agent responsible for the scattering of 
radiation disappears from the scene. The universe becomes effectively transparent 
to radiation. This epoch is often called the recombination epoch, although the word 
‘recombination’ is inappropriate since the electrons and protons are combining for 
the first time during this epoch. It is more appropriate to call it the ‘epoch of last 


scattering’. 


- Figure 5.10 Meghnad Saha 
(1893-1956). 


5.6 The microwave background 


The transparency of the universe means that a photon of light can go a long 
way (~c/H) without being absorbed or scattered. Therefore this epoch signifies 
the beginning of the new phase when matter and radiation become decoupled. This 
phase has lasted up to the present epoch. During this phase. the frequency of each 
photon is redshifted according to the rule 


vx 1/S (5.66) 


while the number density of photons falls as 


Norcal, S? (5.67) 


It is easy to see that, under these conditions, the photon distribution function pre- 
serves the Planckian form with the temperature dropping as 


To1/S. (5.68) 


A present-day background temperature of ~2.7 K therefore means that the epoch 
when matter decoupled from radiation corresponds to a redshift of ~ 10°. However. 
in §4.3 we also saw that the universe changed over from being radiation-dominated 
to being matter-dominated around the same epoch. Why the transition from opaque- 
ness to transparency and from radiation domination to matter domination should 
take place around the same time is at present unexplained and must be considered a 
coincidence. 

Another result as yet unexplained by early universe physics is the observed ratio 
of photons to baryons: 
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Figure 5.11 The plot of x against T shows how the universe becomes progressively 
transparent as the temperature falls and the number of free electrons declines. 
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where mz, is the electron mass. This equation is a particular case of Saha’s ionization 
equation. Around 1920 Meghnad Saha (see Figure 5.10) had looked at the problem 
of ionization in the context of stellar atmospheres and had derived this equation. 

Writing Ng for the total baryon number density, we may express the fraction of 
ionization by the ratio 


x = Ne/Np. (5.64) 


Then, since Ny = Ng — Ne, we get from (5.63) 
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For the H atom, B = 13.59 eV. By substituting for various quantities on the right- 
hand side of (5.65), we can solve for x as a function of T. The results (see Figure 
5.11) show that x drops sharply from unity to near zero in the temperature range of 
around 5000-2500 K, depending on the value of Nz, that is, on the parameter Qohés 
(see Chapter 4). For example, for Qoha = (0.01, x = 0.003 at 7 = 3000 K: 

Thus, by this time most of the free electrons have been removed from the cos- 
mological brew and as a result the main agent responsible for the scattering of 
radiation disappears from the scene. The universe becomes effectively transparent 
to radiation. This epoch is often called the recombination epoch, although the word 


‘recombination’ is inappropriate since the electrons and protons are combining for 
the first time during this epoch. It is more appropriate to call it the ‘epoch of last 
scattering’. 


Figure 5.10 Meghnad Saha 
(1893-1956). 


5.6 The microwave background 


The transparency of the universe means that a photon of light can go a long 
way (~c/H) without being absorbed or scattered. Therefore this epoch signifies 
the beginning of the new phase when matter and radiation become decoupled. This 
phase has lasted up to the present epoch. During this phase, the frequency of each 
photon is redshifted according to the rule 


vx 1/S (5.66) 


while the number density of photons falls as 
cc) S. (5.67) 


It is easy to see that, under these conditions, the photon distribution function pre- 
serves the Planckian form with the temperature dropping as 


LOS. (5.68) 


A present-day background temperature of ~2.7 K therefore means that the epoch 
when matter decoupled from radiation corresponds to a redshift of ~10°. However, 
in $4.3 we also saw that the universe changed over from being radiation-dominated 
to being matter-dominated around the same epoch. Why the transition from opaque- 
ness to transparency and from radiation domination to matter domination should 
take place around the same time is at present unexplained and must be considered a 
coincidence. 

Another result as yet unexplained by early universe physics is the observed ratio 
of photons to baryons: 
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Figure 5.11 The plot of x against T shows how the universe becomes progressively 
transparent as the temperature falls and the number of free electrons declines. 
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This ratio has been conserved since the time the universe became essentially trans- 

parent, although both Ny and Ng can be studied theoretically for even earlier 

epochs. Why the above ratio and no other? Many physicists feel that deeper ideas 

from particle physics are needed in order to throw light on this mystery. 

The important signature of the relic radiation is, however, its spectrum. There 
may be small perturbations of the radiation background caused by formation of 
discrete structures, but, these apart. we should find the background spectrum to be 
very close to the Planckian form. This has indeed been confirmed. We will recall 
this prediction when taking stock of the observations of the microwave background 
in Chapter 10. 


5.7 Concluding remarks 


Our investigations of the early universe in this chapter started with the epoch when 
the universe was very hot and barely 10~* s old. They concluded with the epoch 
of redshift ~10° when the universe became transparent. We now have two ways to 
go: backwards from 10~* s or forwards from the epoch with a of redshift 10°. In 
Chapter 6 we go backwards; in Chapter 7 we will go forwards. 

The opaqueness of the universe prevents us from ‘seeing’ directly beyond the 
redshifts of ~10°. Thus any evidence of the big bang or hot universe must come 
indirectly. In this sense the abundances of light nuclei and the detailed observations 
of the microwave background provide us with the only means of checking the early 
history of the universe. The work of Chapter 6 will be considered a success if it 
generates similarly testable predictions. 


Exercises 
| Give the arguments that led George Gamow to the concept of the hot big bang. 
2 Substitute the values of c, G and a into (5.7) and verify the numerical coefficient in 
(5.8). 


3 Plot a graph of T against t as given by (5.8) on a log-log scale to show the variations 
of temperature with time. Use this graph to read off the age of the universe when the 
temperature was equal to (a) 10'* K, (b) 10!! K and (c) 10° K. 


4 From a textbook on statistical mechanics, find the arguments that lead to the distribu- 
tion functions (5.9). 


5 From the reactions 


Ce +u > vet Vy, ee +p vetn, Ho +p>vyztn 


Exercises 


deduce that the corresponding chemical potentials satisfy the relations 


(= ae laps Us oe My, = kn — Mp. 


Give arguments to show that there are just four independent conserved quantum num- 
bers in nuclear reactions of the type shown in Exercise 5, 


Derive the relations (5.1 1)—(5.14) from the formula (5.9) in the approximation in which 
the chemical potentials are neglected. 


Obtain (5.16) from (5.11)-(5.14) in the high-temperature approximation. 


Using the table of constants at the end of this book, compute T, for the species given 
in Table 5.1 and verify the numbers given in that table. 


Deduce (5.17) from (5.11)—(5.14) in the low-temperature approximation. 
Deduce (5.20) directly from (5.13) and (5.12). 


Show that the McCrea—Milne description of Newtonian cosmology can be extended to 
the early universe, provided that we replace the density p in relation (4.6) by p + 3p 
for radiation. Compare the results with those of relativistic cosmology. 


Write down all possible reactions involving the electron, the muon, their respective 
neutrinos and the antiparticles of all of them. 


Why does the neutrino have the degeneracy factor gy = 1? 
Use the table of constants at the end of this book to derive (5.24). 


Use the Einstein equations and equation (5.42) to deduce that, if the universe were to 
expand faster, the neutron-to-proton ratio would be frozen at a higher temperature. 


Give arguments to show that the neutrino temperature drops as S~! after neutrinos 
decouple from the rest of the matter. 


Why is the present neutrino temperature expected to be lower than the photon tem- 
perature? Derive the ratio of the two temperatures from considerations of the early 
universe. 


Using the formulae (5.12)-(5.14), deduce that, during the phase in which the pairs of 
e* and e~ are annihilating and producing photons, the constancy of o tells us that the 
photon temperature T changes with S according to the law 


ST&(T) = constant, 


where 
15 s@ y? (3x + 4y*) dy 


5 3 = ] + —— . 
[5] 2m4 Jo 4/x?2 + y2[exp(/x2 + y2) + 1] 
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The very early universe 


6.1 Cosmology and particle physics 


In Chapter 5 we discussed the properties of the big-bang universe starting from the 
epoch in which it was ~10~* s old, when a mixture of baryons, mesons, leptons 
and photons was in thermodynamic equilibrium with a temperature of ~ 10!* K. We 
discussed how this hot primordial gas evolved as the universe expanded and cooled 
down. We ended our story with the formation of the helium nucleus. by which time 
the universe was ~3 min old. 

In the 1960s the above range of epochs would have been considered as describing 
the early universe. Indeed, in the late forties, when George Gamow first opened this 
subject, the physics community considered it too speculative to be taken seriously. 
The abundances of light nuclei found in the universe, however. provided persuasive 
evidence in favour of the scenario. In 1967, Robert Wagoner, William Fowler and 
Fred Hoyle extensively reworked the picture of primordial nucleosynthesis with the 
then-available nuclear data and established the subject on a firm footing. The discov- 
ery of the microwave background added further credibility to the early-hot-universe 
scenario. 

Today, therefore, cosmologists have become bolder in extending their interest 
to the ‘very early universe’: the era preceding the above phase, when matter was 
in an even more elementary form than that considered above. The reason for this 
shift lies less in any development in cosmology than in particle physics. Theoretical 
developments in particle physics, which signify progress towards a unification of 
the basic interactions of physics, have remarkably found their echoes in cosmology. 
In fact, because particle physicists and big-bang cosmologists have found a joint 
venture into studies of the very early epochs mutually beneficial, a new subject 
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known as astroparticle physics has emerged since the late 1970s. The rationale for 
it is as follows. 

So far particle physicists have relied on the use of powertul accelerators to study 
the interactions of particles at high energy. From elementary quantum theory it 
follows that. to be able to probe smaller and smaller distances. higher and higher 
momenta must be achieved. Thus high-energy accelerators are required in order to 
probe the structures of particles like the proton and the pion. Present-day accelera- 
tors achieve energies of the order of a few tens or hundreds of giga-electron-volts 
(1 GeV = 10’ eV © 1.6 x 1073 erg). The LEP in the high-energy labs at CERN, 
Geneva, can produce particle energies of the order of 10° GeV. These values may 
be compared with the energies of ~10'® GeV at which interesting unification 
phenomena are predicted by particle physicists. Energy ranging as high as this 
value is far beyond what could be achieved by human technology of the foreseeable 
future. Thus, for lack of testability. ideas of unification of all basic interactions would 
remain mere speculations. 

It is against this background that particle physicists have turned to cosmology 
in the realization that the very early hot universe is the poor man’s high-energy 
accelerator, for the typical particle energy in the universe only 107°’ s old would 
have been as high as the claimed ‘grand-unification energy’ of ~10!® GeV. Going 
even closer to the big bang, within 10~** s of it, we arrive at particle energies 
of the order of 10! GeV, when the dynamics in the universe would have been 
controlled by a quantum theory of gravitation. In short, the sufficiently early universe 
provides a locale, and apparently the only one, for studying the interplay of various 
basic interactions at very high energy. Which is why the physics community has 
turned around from its attitude of caution and scepticism in the late forties to one of 
speculation and adventure today. 

This is not the first time that physicists have turned to astronomy in order to study 
the behaviours of physical processes under conditions unattainable in a terrestrial 
laboratory. Even before thermal fusion could be achieved on the Earth, physicists 
were studying the process inside stars. To go even further back in history, it was the 
astronomy of the Solar System that provided the real testing ground for the laws 
of gravitation, the first of the fundamental interactions of nature to be studied by 
physics. 

Naturally, the interplay of cosmology and particle physics that we plan to discuss 
in this chapter is highly speculative on both fronts. It depends on the validity of 
the cosmological model and on the viability of ideas of particle physics that as 
yet remain fluid. The best that can be claimed is consistency between the two. 
Furthermore, two matching speculations cannot take the place of fact. The reader 
should bear this in mind throughout the various calculations given in this chapter. 
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6.1.1 The particle composition of the very early universe 


Let us first consider what particles might exist in the early universe, particularly 
those out of which the baryons and mesons are formed. This information is supplied 
by particle physics and is listed in Table 6.1. Note that the building blocks are called 
‘quarks’ and they are listed by their six ‘flavours’: up, down, strange, charmed, truth 
and beauty (or ‘top’ and ‘bottom’). Each quark comes in three types, classified 
by abstract labels called ‘colours’: red, white (sometimes called green), and blue, 
while their antiparticles, the antiquarks, come in three anti-colours, cyan, yellow and 
magenta. These are the constituents of baryons and mesons, three quarks making a 
baryon and a quark—antiquark pair making a meson. The quarks interact with each 
other by exchanging bosonic particles called “gluons”. just as electrons interact with 
each other by exchanging photons. 

Table 6.1 also lists six leptons, which come in pairs. Two pairs, e and ve and and 
Vu, we have already encountered in Chapter 5. A third pair, tT and v7, is now known. 
The list of bosons includes the graviton, the photon and the eight gluons, as well as 
the charged particles W* and the neutral particle Z°. Do these numbers have any 
special significance? Why six quarks? Why six leptons? Why eight gluons? Particle 
physicists have found it useful to describe the framework of all these particles in the 
abstract language of group theory (see $6.3). 


The masses in Table 6.1 are listed in mega-electron-volts (1 MeV = 10° eV). It 
is convenient to spend some time relating this unit to others used in macrophysics, 
since we shall be expressing many ideas from particle physics, in which this unit 


2 


is commonly used. Thus, for each mass m expressed in grammes, mc~ is energy 


expressed in ergs. We then use the following conversion scale: 
| MeV = 1.602 1917 x 10° erg. 


Furthermore, since we are going to describe the hot universe, it is also convenient 
to express the temperature in the same unit. Thus, for T expressed in kelvins, kT is 
energy expressed in ergs, which can be written in units of mega- or giga-electron- 
volts. We therefore have 


lg ~ 5.618 x 1078 MeV = 5.618 x 10% GeV, 
1K ~ 8.617 x 107'! MeV = 8.617 x 107'4 Gev. 


Although these conversion factors involve many powers of ten, they show why 
these are good units for the early universe. For example, a temperature of the order 
of 10’? K is a few mega-electron-volts. Similarly, Table 6.1 shows that the masses 
of the listed particles are given by moderate numbers when they are expressed in 
mega-electron-volts. For higher energies we may use giga-electron-volts. 

We now recall from Chapter 5 the result that relates the temperature of the 
universe to its rate of expansion given by the Einstein equation 


6.1 Cosmology and particle physics 


Ss? 8G 
oe? 


(6.1) 


If there are bosons with a total gp of g-factors and fermions with a total gr of g- 
factors, then the above equation has the solution 


with 


pe” = xgaT* (6.2) 
j 
= ake get (6.3) 
Table 6.1 Elementary particles in the early universe 
Particle Mass Spin(h) — Electric Interaction” 
(MeV)* charge (e) 
Quarks ou ?+4 : 
d ae —} G,W 
c ?+ 1150 -3 5 E,C 
s tee Sit -i 
t ? + =5000 : 
b ? + 4500 -} 
Leptons ve <6 x 10°49 0 G,W 
e 0.5110 —1 OW. E. 
Vit <0.65 5 0 G,W 
le 105.66 —1 GWE 
AW <250 0 G, W 
Se <1780 —1 Gawee 
Bosons — Graviton <107" 2 0 G 
Y afi? 1 0 G,E 
Gluons (8) <100 ] 0 Gre 
w+ ~8 x 104 I a G, W,E 
Zo ~9 x 10+ I 0 G, W 


2 Quark masses are not uniquely determined, since free quarks have not yet been 
found. There is some indication that the mass of ve may exceed the value given 


here. 


b G, gravitation; W, weak interaction; E, electromagnetism; and C, chromody- 


namics. 


Source: Based on R. V. Wagoner, 1979, “The Early Universe’, in R. Balian, 
J. Audouze and D. N. Schramm, eds., Physical Cosmology, Les Houches 
Lectures Session XXXII, p. 395 (Amsterdam: North-Holland). 
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Thus we have for g = constant 
S oct (6.4) 


with 


D Wy 
=i a ) go 27-2, (6.5) 
167 Ga 


This relation can be expressed as 
emi ode PT = 2 AsO ge eter | (6.6) 


where we have used the above conversion factors to write the temperature in mega- 
and giga-electron-volts. 


62 The survival of massive particles 


We will begin with a simple extrapolation of the approach adopted in Chapter 5. 
We will assume in this section that quarks have combined to form particles (and 
antiparticles) and investigate the criteria that determine the survival of a particular 
species of particles. In the ideal-gas approximation, we will assume the distribution 
functions to be those given by (5.9). In the relativistic (high-temperature) approxi- 
mation of §5.2, we have the following formula for the number density of particles 
of species A: 


me ee esi ae 
A= "8A ¥ = NCAT D = : . 
where Ny is the number density of photons and n = t for bosons and ; for fermions. 
In the non-relativistic approximation we get 


3/2 3 

ga (makT MAC 
Na == = : ; 
mal on en 7) cS 


The assumption leading to (6.7) or (6.8) is that the species is in thermody- 
namic equilibrium with the rest of the particles. For (6.7) to hold, we require 
T > Ta = mac?/k, whereas for (6.8) to hold we should have T < T4. Exactly 
similar results must hold if the species A has antiparticles A. To fix our ideas (since 
we are eventually going to use these formulae for baryons — protons and neutrons) 
we will assume A to be a fermion. Thus 7 = :. 
In general A and A may annihilate if they are brought together. In a typical 


reaction two photons will be produced: 


A+tA>Y¥+¥. (6.9) 


In the reverse reaction pairs (A, A) are produced. The question we wish to answer 
is this: how does the interchange affect the number density N4 or N re 


6.2 The survival of massive particles 


To start with, suppose that V,, = Nx and consider the particles (and antiparticles) 
in a comoving volume Vo. The corresponding proper volume is Vy.$*(1). Define 


Na=NaVoS?(t), = Nz = NjzVoS3(t). (6.10) 


Let w(7) denote the production rate per unit volume and £(7) the annihilation rate 
coefficient. Both wy and £ will depend on the temperature T and 


B = (vo), (6.11) 


where o is the annihilation cross section and v the velocity of particles. Accelerator 
experiments on nucleon—antinucleon cross sections give us B ~ 107!5 cm} s~!, in 
the energy range 0.4—7 GeV. Thus it is convenient to write 


g—l0e 6 ems. (6.12) 


and expect that B ~ 1. It is also worth noting that, if we consider the Compton 
wavelength for a particle of mass m and define o = 2(h/mc)-, then, fora proton or 
a neutron with v = c, (6.11) gives B ~ 4 x 107!” cm? s~!. Thus we may set 


—— (6.13) 


and expect ¢ ~ 100 for a proton or neutron. 
The rate of change of V4 (Nj) is then given by 


dN, dn; . a 
—* = =A = [W(T) — B(T)NA(T)IV0S° (2). (6.14) 
dt dt 
Frequent collisions are necessary to establish equilibrium. The collision rate is 
given by 


r(T) = Na(T)B(T) « TB (7). (6.15) 


In general (7) does not decrease as T increases. Hence, in the very early stages, 
I(T) was so large that it exceeded the rate of expansion of the volume, given by 


3 7 
3A(t)h=— xT’. (6.16) 
(t) 5 
Thus initially 
Ale (halal. (6.17) 


guaranteeing that collisions occur frequently. Under such circumstances an equilib- 
rium with detailed balancing between the processes of creation and annihilation is 
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reached. In equilibrium y(7T) = BON), where Nao(T) denotes the equilib- 
rium value of N4(7). Thus (6.14) becomes, for either A or A, 


= = B(No + N)(No — N). (6.18) 

If we now refer back to (6.7) we see that, in the relativistic approximation, N « 
T? x S~3, so that N o NS? = constant. Thus, if particles are relativistic, then VV = 
constant = No is a solution of (6.18). If on top of this we suppose that the relativistic 
regime lasted long enough for t'(7) to drop below unity, then we encounter the 
situation in which No is preserved for subsequent epochs. This is because the rarity 
of collisions makes it unlikely that production or annihilation will significantly alter 
N once tl'(T) has dropped well below unity. We will now follow the analysis of 
G. Steigman. 

For massless particles the relativistic regime lasts forever. Hence for these parti- 
cles the above result always holds. Indeed, we encountered an example of this rea- 
soning in the context of massless neutrinos in Chapter 5. The present-day neutrino 
distribution could be traced back to the epoch when they decoupled from the rest 
of the matter — when the weak-interaction processes became slower than the rate of 
expansion of the universe. 

It may, however, happen that the particles are massive and are in equilibrium 
even when they become non-relativistic. In that case (6.8) applies and the number 
Na drops rapidly as T decreases. At some stage, with N4 < Ny, the collision rate 
drops (t < 1) so that further changes in A’, through creation and annihilation 
are not possible. Let us denote this epoch by tf, and the corresponding temperature 
by T,. The value of A’, during this epoch then becomes frozen; that is, it remains 
unaltered for subsequent epochs. This number would survive as a relic of the hot 
universe. 

Figure 6.1 shows how, for various particles, \’4 depends on the mass of the 
species A. For massless particles such as the photon (and the neutrino if it has 
m = 0), Ng is unchanged. The neutral leptons become frozen at the next lower 
value. The charged leptons can interact longer through the electromagnetic force 
and hence they decouple later and at lower values of \“4 than do the neutral leptons. 
The lowest are the hadrons (mesons, neutrons, protons and so on), which have strong 
interactions to hold them together and the largest masses. 

Let us try to estimate this effect quantitatively. At t, we have for species A in the 
non-relativistic regime 


N £1 (mak) :. = 
— — 1X —2 ; 
A A ae p( kT. (6.19) 


Applying the condition t,.°(7,,) = 1 and using (6.15) and (6.19), we get 


Nes 1 mace 
tp xp{ — = 2 
+B s ( ae ) exp( ‘eT. ) f (6.20) 


6.2 The survival of massive particles 


Define 


- 
mM AC™ 
Ke 


Bea 


(6.21) 


and express masses and temperatures in mega-electron-volts. In these units x, = 


ma/T,. Then from (6.6) we have 


3/2 
Ao-V27-2p_8A (Male — Hy 
2.42 Te P33 ( a [= = ||: 


that is 


Spies: MA V2, a 
2.4, h3o3 Opie € = 1. 


We may express this relation in the following form: 


SND oe. 
oe = Nc 7, 
where 

em sy. 

Zone. 
; m = 0 Neutrinos 

ay 
a7) 
fe 
o 
12) 
® 
2 
5 
= [ ~ 


(Temperature) ~" 


(6.22) 


(6.23) 


(6.24) 


(6:25) 


Neutral leptons 


, ~~. Charged leptons 


Figure 6.1 A schematic description of how the surviving number density of a 
particle species depends on its mass and on how strongly it interacts. This number is 
highest for neutrinos (with zero rest mass and weak interaction) and lowest for 


baryons (which are massive and strongly interacting). 
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Using (6.12), (6.24) and (6.23), we get 


DA MO? 
eee he) xO (6.26) 
(27 )3/2 
(Caution: here we are back to using the units seconds, centimetres and mega- 
electron-volts. Thus Ac must be expressed in these units.) 
Let us now apply these results to nucleons: to neutrons and protons together with 


their antiparticles. Then g4 = 8 and, with gy = 2 for the photons, (6.3) gives 
ae ee (6.27) 


The nucleon mass m4 ~ 940 MeV and, from (6.12), B = 1. Thus Z = 313. With 
ga = 8 we then have from (6.23) and (6.25) 


x Pe =5 x 10!9 (6.28) 
and hence x, ~ 47. Thus 
T, = 20 MeV, t. = 0.002 s. (6.29) 


We can also use the above calculation to compute the nucleon-to-photon ratio 
for the present epoch. Assuming that the A—A annihilation is the main source of 
photons, we get the number of photons per unit comoving volume effectively frozen 
at the value it acquired during the epoch /,. So the present-day value of N.4/Ny will 
be the same as it was at t = t,. Using (6.8) for N4 and (6.7) with 7 = - and g4 = 2 
for the photons, we get 


Na gan mac? i mace (6.30 

— = ——_; | — xp{ — : ; 

Ny 24Qn)32\ kT ears 
With g, = 8 and x, defined by (6.21), we get 

N 

= ~ 2x3 ee, (6.31) 


Now use (6.28) and x, ~ 47 to get 


ae 2510-7. (6.32) 


Y 


In Chapter 5 (5.69) gave the estimated present-day value of Ny/Ng. In our 
present notation, this is given by 


Na —8 9 To oe 
Se UI NN ; 
Ny ( 0 (=) (6.33) 


Since 79 ~ 2.7 and Qohs, is not expected to be lower than ~10~> in the most 
extreme case, we have a large discrepancy to account for. There is one further point 
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of criticism. If we are sure that the universe is made up predominantly of matter, then 
Na > Nj, and the formula (6.32) applies to Ny (=N,4 — Nx = the baryon number 
density). However, our analysis so far is symmetric between matter and antimatter 
and so leads to N4 = Nj. Clearly new inputs into the discussion given above are 
necessary if we are to understand why N4 >> Nx and why Na/Ny is as high as is 
indicated by (6.33). 

We note that the ratio Na/Ny given by (6.31) is a small number. In deriving it 
we have lost sight of the fundamental constants that went into it. It is instructive 
to see what (6.31) looks like in terms of c,h, G and ma. Making the substitution 
a = 1°k*/(15c>h>) and using (6.13), (6.5), (6.20) and (6.30), we get 


; ale 
Na a ian ee 2Gm4, ; 
Ry ee \ ch Hoey 


We have already seen that x,/¢ ~ 5 and g!/? ~ 3, so that the coefficient in front 
of the expression in parentheses is of the order of unity. So the smallness of Na/Ny 
is directly related to the ratio of the strengths of the gravitational interaction and the 
strong interaction. Denoting this ratio by the ‘gravitational fine structure constant’ 


G 2 
See a re es (6.35) 
ch 
we have 
Na/Ny ~ ad”. (6.36) 


The strength of the electromagnetic interaction is measured by the fine structure 
constant w@ = e*/(fic) ~ 1 /137. Notice how weak the gravitational interaction is by 
comparison. Had G been considerably higher than it is, we could have ended with a 
larger value of N4/Ny. 


63 Grand unified theories and baryogenesis 


Our simplified calculations of the previous section having led us into difficulties, it 
is evident that something more sophisticated is needed in order to understand (1) 
the present-day predominance of baryons over antibaryons and (2) the baryon-to- 
photon ratio being in the neighbourhood of 107. Since our calculation assumed 
thermodynamic equilibrium and particle—antiparticle symmetry, any new input is 
expected to question these two assumptions. In this section we outline one of the 
ways in which this problem is being solved. 

The solution is via the so-called grand unified theories (GUTs) — theories that 
seek to bring together three of the four basic interactions of physics into a single 
framework. The use of the plural shows that as yet there is no single theory that is 
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universally accepted. In the present section we will follow the SU (5) framework 
purely as an illustrative example and study its implications for the early universe. 
To understand what is involved, let us first have a superficial look at the three basic 
interactions from the group-theoretical point of view. 


63.1 Electrodynamics 


Let us begin with the simplest and best understood interaction: the electromagnetic 
interaction. This describes how charged leptons (the ex, wee and t~) interact through 
the exchange of photons. When an electron is shaken it emits photons. When a 
photon strikes an electron it accelerates. The information needed for studying this 
interaction requires a spinor wave function y for the lepton and a vector field A; 
(the electromagnetic 4-potential) for the photon. The two physical effects described 
above are given by the following two equations (written in flat Minkowski space- 


time): 
AM =a) aR = ae iy, (Oa) 
y' (v = <a) - =0. oe 


yj are the 4 x 4 Dirac matrices and e is the electric charge. V; denotes differentiation 
with respect to spacetime coordinates. 
It is easy to see that these equations are invariant under the transformation 


ieO 
E27 OMe vo wexp(- 5 0). (6.39) 

te 
where © is any well-behaved function of spacetime coordinates and Q is the integer 
1. The transformation of y is a unitary transformation and, since the exponent is a 
number (that is, a 1 x 1 matrix), these transformations form a unitary group of one 


dimension, denoted by U (1). 


6.3.2 The weak interaction 


This weak interaction concerns both the charged and the uncharged leptons in pairs: 
(€, Ve), (M, Vy.) and (t,v_). In a typical interaction the members of the pair are 
interchanged.’ To describe the pair we therefore need two wave functions: for 
example, the combination 


Y= ( e ) (6.40) 


describes the pair (e, v). From empirical considerations it is argued that the weak 
interaction is invariant under transformations of WY with 2 x 2 matrices that are 


| Sea, er : , By et 
This is the law of conservation of lepton numbers referred to in §5.2. 
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unitary and have determinant 1. These transformations form a group denoted by 
SU (2). Because of parity violation and the fact that neutrinos have only one spin 
state — they are left-handed, it is customary to write a subscript L in SU(2),. A 
typical member of the group is denoted by 


U =exp(—i), (6.41) 


where H is a 2 x 2 Hermitian matrix of zero trace. The most general such matrix is 


( eee) =. (1 , 
eee) Pee. 4 ae) ) 


(6.42) 


Thus instead of a single number Q in (6.39) we need three real numbers a, band c; 
or rather, three matrices. (These matrices are proportional to the well-known Pauli 
matrices.) The ‘charges’ in this case are the three matrices, two of which are non- 
diagonal. The non-diagonal matrices permit an interchange of We and yy in (6.40). 
This means physically that e and v are interchanged. In this process a charged boson 
W; is exchanged; for example, 


e—> W, + v. (6.43) 


Corresponding to the three matrices in (6.42) there are three W particles, two with 
charges -te and the third (W3) neutral. 

Although the weak interaction does not directly involve the electric charge, it 
sull seems to demang the charged bosons W, and Wo. This circumstance prompted 
efforts to link it with the electromagnetic interaction. This link was achieved via 
the SU(2), x U(1) framework originally proposed by A. Salam and S. Weinberg 
(see Figure 6.2) and sometimes called the electro-weak interaction. The link brings 
the photon (which is a boson) closer to the three particles W;, W2, and W3. In this 
unified picture it is more convenient to talk of another neutral particle Z” instead of 
W3. Z” has zero mass and charge, just like the photon. However, the photon does 


Figure 6.2 (a) Abdus Salam 
(1926-1996) (photograph 
reproduced by permission of 
Ahmed Salam) and (b) 
Steven Weinberg (1933-) 
(photograph by courtesy of 
S. Weinberg), who 
independently found the 
method of unifying 
electromagnetism with the 
weak interaction. 
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not interact with the neutrino, whereas the Z does. The exchange of Z° does not 
alter the electric charge and hence such an interaction is called a neutral current 
interaction. Thus, in the electron—neutrino scattering 


Cot Ve © Me 


we have e — e and Ve — Ve in the neutral-current interaction whereas e > Ve and 
Ve — e in the charged-current interaction. 

The unification programme makes use of the so-called gauge theories. The elec- 
tromagnetic theory is a gauge theory in the sense that its equations are invariant 
under the gauge transformation of its potential. The transformation of A; given by 
(6.38) is a gauge transformation and in the Weinberg—Salam model similar gauge 
transformations play a pivotal role for the SU(2), x U(1) framework. 

One reason for using the gauge theory is that it is ‘renormalizable’. This is a 
technical term that gained currency in quantum electrodynamics (QED), which is 
a renormalizable gauge theory. In QED the standard calculations of probability 
amplitudes, average values, energy levels etc. lead to infinities because the relevant 
integrals diverge at high energies. Renormalization is a technique of subtracting one 
infinity from another so as to arrive at a finite and physically meaningful answer. 
Although mathematicians would baulk at such an approach, the theoretical physicist 
has come to accept it; its merit being that it is unambiguous to operate and the final 
answers after such manipulations agree very well with experiments. A discussion of 
this highly interesting topic will, however, take us too far from cosmology and into 
technical details of field theory. We simply mention that the accelerator experiments 
have measured the masses of the W and Z bosons and have found them to be in 
conformity with theoretical expectations. 


6.3.3 Quantum chromodynamics 


The third basic interaction of physics is the strong interaction described in the 
framework of quantum chromodynamics (QCD). This makes use of transformations 
under the SU (3) group. The basic fields here are the quark fields, which are three- 
component vectors in an abstract space called the colour space with three ‘dimen- 
sions’: red, white and blue. Again we have a relation like (6.41) in 3 x 3 matrices. 
The matrix H now has eight independent components, so, like in (6.42), we have 
eight matrix charges, 7),... , Tg, of which two (73 and Tg) are diagonal. Again the 
general matrix character of (6.41) allows quarks to be exchanged. Corresponding to 
the three Ws in the SU(2) framework we now have eight bosons G),... , Gg that 
are called the gluons. No change in colour takes place when the gluons G3 and Gx 
are exchanged. 

The gluons generate an interquark force (just as the photon is responsible for the 
electromagnetic force between the charged particles). This force is believed to be so 
large that quarks are expected to be in bound states of two or three quarks. The states 
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with two, a quark and an antiquark, form mesons (such as 70°), whereas states with 
three quarks are baryons. Quarks have fractional charges. The u-quark has charge 
2e/3, whereas a d-quark has charge —e/3. Thus a proton is made of two u-quarks 
and one d-quark while a neutron is made of two d-quarks and one u-quark. 


cay GUTs: SU) 


In a typical unification attempt we expect the participating interactions to have 
comparable strengths. In normal laboratory energies the strong interaction (quantum 
chromodynamics) is the most powerful, followed by electrodynamics and then by 
the weak interaction. However, as the energy is increased the gaps among the three 
narrow. At around 100 GeV, the last two are comparable in strength, thus making 
a unified ‘electro-weak’ theory viable. Theoretical considerations suggest that, if 
we extrapolate to considerably higher energies, the strong interaction decreases 
in strength while the electro-weak interaction gains. At around 10!* GeV these 
interactions become comparable and their unification may seem natural. Figure 6.3 
illustrates the changes in strengths of the three interactions with growing energy. 
Figure 6.3 also shows another landmark in energy at ~10!9 GeV. This is the Planck 
energy given by 


G 


Clearly. with G and fi in it this expression would have to do with quantum gravity. 
We shall consider it separately later. For the time being we exclude it from the 
unification attempts. 

If we wished to unify the other three interactions in a grand unification scheme, 
we could trivially combine the three into a structure 


Sh LZ 
ee (=) 210 Gey. (6.44) 


Sets) x SUQ) x U(1). 


However, it was realized that such a structure can form part of a single larger 
structure denoted by SU(5). Again, if we go back to (6.41) and apply it to 5 x 5 
matrices, the matrix H has 24 arbitrary constants. Thus there are 24 bosons that 
now mediate among the various basic entities. Of these we already have four from 
the combined electro-weak interaction and eight (gluons) from chromodynamics. 
Thus 12 more bosons are needed to make up the list of 24. For want of any specific 
designation, they are referred to simply as the X-bosons. 

The X-bosons are expected to link the participants of chromodynamics (that is, 
the quarks) with the participants of the electro-weak interaction (that is, the leptons). 
In the SU(5) theory, therefore, it is possible to change any of the six quarks (u. d, 
c, s, t and b) into any of the six leptons (e, p, T, Ve, Vu, Vr) Or vice versa by the 
exchange of the X-bosons. This is how it becomes possible to create or destroy 
baryons. Figure 6.4 outlines the scenario leading to the decay of a proton. 
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In Figure 6.4 an X (that is, an anti-X particle) is emitted and absorbed. Assuming 


that the mass of this particle is mx, the probability amplitude for the above interac- 


Interaction Strength (relative scale) 
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Figure 6.3 At energies of the order of ~10!5 GeV the strengths of the strong, the 
weak and the electromagnetic interactions become comparable, thus suggesting that 
this as a suitable energy for grand unification. Still further on we see another energy 
landmark, viz., 10!? GeV, at which level gravitation is expected to be quantized. At 
this stage perhaps we may have a unified theory of all four basic interactions. 
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Figure 6.4 The decay of the proton takes place through the mediation of the 
X-bosons, which change quarks into leptons and vice versa. This figure illustrates 
how this decay could come about. Two of the three quarks (q) in the proton (p) 
combine to form X, which decays into a positron and an antiquark. The latter 
combines with the third quark to form a pion. 
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tion will contain a factor my”. The proton-decay lifetime Tp will therefore vary as 
the fourth power of myx. Since we expect the lifetime to contain the constants &c 
and the proton mass m,, from dimensional considerations we write 


ef 
hmy. 


~ 


Tp (6.45) 


mic? 
es Woe 10°**[mxc? (GeV) |4 years. 


The failure to observe the decays of protons in the laboratory experiments sets a 
lower limit of ~ 102? years on Tt). Hence (6.45) suggests that 


mxc? > 10!5 GeV. (6.46) 


At a value of t) ~ 10°° years, say, we have no hope of observing the decay of 
a particular proton. However, ina large population of protons a small fraction may 
decay. For example. in 1000 tons of matter about 50 protons are expected to decay 
every year if t) ~ 10°? years. Experiments during the 1980s failed to observe such 
decays in an unambiguous manner for tT < 107! years. This led to the abandoning 
of the above simple SU (5) theory in favour of more complex frameworks. 

Exact dynamical theories are needed in order to quantify t) and mx. However, 
while the proton-decay experiment is barely feasible if t < 10° years, the full 
testing of the predictions of GUTs is clearly beyond the scope of present-day 
technology. It is worth mentioning one prediction that is commonly known as the 
hypothesis of asymptotic freedom. According to this hypothesis, at extremely high 
energies most interactions among particles begin to lose their strength. However, 
even this hypothesis has still to be tested experimentally. 

The other alternative, of course, is to use the hot universe for testing theoretical 
predictions. Even here, for a mass of 10!° GeV, the temperature (= mc*/k) will be 
as high as ~10°8 K! A temperature of 10!° GeV gives, according to (6.6), an age of 
the universe as low as ~10~*° s. We will refer to it as the GUT epoch. In the late 
1970s M. Yoshimura suggested that, with GUTs, it is possible to produce a slight 
excess of baryons over antibaryons because the number of baryons is not conserved. 
However, further assumptions are needed if one is actually to produce a result in 
accord with observations. The following scenario is that suggested by S. Weinberg 
and F. Wilczek. 


63.5 Baryogenesis in the early universe 


Let us denote the mass of the X-boson (which causes non-conservation of baryons) 
by mx and its coupling strength by ax. The coupling strength may be 10~? or 10~>, 
depending on what type of particle X is. Let us denote by I. the rate of collisions that 
do not conserve the number of baryons; that is, collisions in which the X-boson is 
involved. The X-boson itself does not last very long. its time scale being of the order 
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of A/(mxc?). Denote the characteristic decay rate of the X-boson by Ix. We thus 
have three time scales to play with: Py Ly ies 1 and H~!. The trick lies in adjusting 
these time scales suitably to produce the desired answer. The argument, qualitatively, 
goes like this. 

During the earliest epochs with temperature > 10!° GeV gravity was the strongest 
force among the various constituents of the universe. Other interactions (including 
the strongest of them, QCD) were unimportant under the hypothesis of asymptotic 
freedom. As the universe continued to expand and its temperature dropped, there 
was a phase during which gravity became weaker while the other interactions still 
remained unimportant. Thus. for T < 10!° GeV, the particles remained essentially 
free for some time. 

During this phase it becomes necessary to examine the nature of distribution 
functions that are given by the formula (5.9). There we saw that, so long as T > Ty, 
that is, so long as we are in the relativistic regime, the distribution function preserves 
its equilibrium form during free expansion with T « S~!. However, if T < Ta, the 
distribution function cannot preserve its form under free expansion. Thus it may get 
distorted from its equilibrium form. 

Now, of the various species in the early universe, the X-bosons are probably the 
most massive. Thus, provided that they have a high enough value of 7x, there is 
a chance that the X-bosons will be the first to drop out of equilibrium. For this to 
happen, however, it is also necessary that they have not all decayed by then. The 
decay rate of the X-boson is of the order of 


rx = axgmxc?/h, (6.47) 


where g 1s the effective number of degrees of freedom for the various particle species 
(g may well lie between 100 and 200; for SU (5) it is ~160). 

The rate of expansion, on the other hand, is given by (6.1). The collision rate 
To * ax < Ix. A comparison of the three rates shows that [. < [x < H 
soon after the Planck time tp. Thus the universe was expanding at this stage with 
essentially no interaction between the species. The X-bosons began to decay when 
the age of the universe became comparable to Pe Using (6.1), (6.2) and (6.47), we 


get 
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By the time the universe has cooled to the above temperature the X-bosons would 
have begun to decay. Were they in equilibrium until then? 

As seen above, this question is decided by a comparison of T with Tx. Two cases 
are of interest: (1) T >> Tx and (2) T < Tx. These are illustrated by Figures 6.5 and 
6.6, respectively. 

In case (1) the decays occurred while the X-bosons still had their distribution 
functions in the equilibrium form. Under these circumstances the X-bosons could 
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not have generated any nett excess of baryons; for thermal equilibrium implies that 
any decays (like that in Figure 6.4) leading to destruction of baryons would be 


compensated by inverse decays. In case (2), however, the distribution function of 


X-bosons was distorted from its equilibrium form and hence the detailed balancing 
between decays and inverse decays would not happen. The required new input 
into the early-universe scenario discussed in §6.2 Is therefore provided by case 
(2). By departing from thermodynamic equilibrium at the right time, the X-boson 
distribution has a chance of producing baryon asymmetry. 

The condition that 7x exceed the value of 7 given by (6.48) may be expressed as 


1/2 


3ga2k* ; 
a0x = g'?axmy. (6.49) 
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Empirical considerations of the SU(5) framework suggest that, from the above 
inequality, mxc? should exceed ~10!® GeV. This is consistent with our earlier 
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Figure 6.5 The three rates H, :, and 'y for the case myc? < ax 1020 GeV. When 
kT drops below mxc?, Ix exceeds the rate of expansion H and the X-bosons decay 
exponentially in number while maintaining the equilibrium distribution. No nett 
excess of baryons is generated in this case. Adapted from D. N. Schramm and 

M. S. Turner, 1979, “The origin of baryon number and related problems’, in 

R. Balian, J. Audouze, and D. N. Schramm, eds., Physical Cosmology, Les Houches 
Lectures Sessions XXXII, p. 501 (Amsterdam: North Holland). 
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estimate of the mass of the X-boson from the lower limit on the lifetime of the 
proton. 

So far we have introduced the assumption of departure from 
thermodynamic equilibrium. We now introduce the other assumption of 
baryon—antibaryon asymmetry. Suppose that the X-boson decays into two 
states with baryon numbers B; and B> with fractions r in state | and 1 — r in state 
2. In a perfectly symmetric situation, the X boson would decay into state 1 with 
baryon number —B, with fraction r and state 2 with baryon number — B2 with 
fraction 1 —r. However, if perfect symmetry does not exist, then the fractions would 
be F and | — F, respectively for the X-decay (7 4 r). The nett number of baryons 
generated by these processes is therefore 


AB = (r —r)(B, — Bp). (6.50) 


Since the baryon-non-conserving collisions that could destroy AB are running at a 
smaller rate than H (C, < H), we expect AB to be preserved. 
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Figure 6.6 Figure 6.5 redrawn for the case mxc* > ax 107° GeV. When kT drops 
below mxc?, X decays and annihilations are not effective, since both 'y and I are 
less that H. Until Px exceeds H, the X-bosons do not come into equilibrium. At that 
stage X and X decay freely and may generate a nett excess of baryons. The excess 
stays since Ty < H. Adapted from D. N. Schramm and M. S. Turner, 1979, ‘The 
origin of baryon number and related problems’, in R. Balian, J. Audouze, and 

D. N. Schramm, eds., Physical Cosmology, Les Houches Lectures Sessions XXXII, 
p. 501 (Amsterdam: North Holland). 
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Thus, to account for the observed excess of baryons over antibaryons and to 
argue that the nett number density of baryons observed today is ~10° times the 
observed photon density, we have to make sure that the parameters of the GUT are 
such as to give appropriate quantitative expression to AB above. [Cis claimed that 
reasonable values of the parameters of GUTs do lead to a formula in agreement with 
(@733). 

Current ideas on baryogenesis carry such arguments to higher levels of sophis- 
tication. Whether or not such claims turn out to be justified, the above argument 
iHustrates how the early universe provides an interesting arena for the application of 


(GUTS, 


63.6 The spontaneous breakdown of symmetry 


The change from a larger group of symmetries to the subgroup SU (3) x SU(2),, x 
U(1) is spontaneous. The actual mechanism involves a set of scalar fields called 
the Higgs fields ¢ that change over from their initial values of zero to a set of 
finite values when this happens. Why and how this happens and the role the Higgs 
fields play in the process is a long story, which would take us into the labyrinths of 
gauge field theories. The explanation given below skirts the problem and provides a 
superficial description. 

We begin with the analogy of ferromagnetism and the crucial role of the Curie 
temperature (770°C for iron). Above this temperature a bar of iron exhibits no 
magnetism in an external field. This is because its elementary nuclear magnets are 
randomly aligned with no resultant magnetization. Energetically this is the lowest 
state for the bar and it chooses to remain in that state since it is the most stable one. 
Below the Curie temperature the state of lowest energy changes to that in which all 
the nuclei are aligned along the bar, which develops polarity at its ends. There are 
two states of the same lowest energy possible, depending on which (north or south) 
of the two poles falls at a given end. The ultimate choice of one state apparently 
breaks the symmetry, although theoretically and inherently the symmetry is always 
there. 

In the very early universe something similar happens to the ¢-field. Above a 
critical temperature 7,, the vacuum state, the state of lowest energy, is none other 
than @ = 0. Below 7, the state of lowest energy changes. It now corresponds to 
a situation in which @ has non-zero values. We will encounter explicit examples of 
this in §6.5. 

For the time being let us suppose that there exist alternative values ¢; (i = 
1,2,...) of the @-field all corresponding to states of the same lowest energy which 
now acquire the status of vacuum. There is basic symmetry with respect to all ¢; but 
in practice the system may spontaneously acquire only one of them. This is again an 
apparent breakdown of symmetry. 
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estimate of the mass of the X-boson from the lower limit on the lifetime of the 
proton. 

So far we have introduced the assumption of departure from 
thermodynamic equilibrium. We now introduce the other assumption of 
baryon—antibaryon asymmetry. Suppose that the X-boson decays into two 
states with baryon numbers B, and B> with fractions r in state 1 and | — r in state 
2. In a perfectly symmetric situation, the X boson would decay into state 1 with 
baryon number —B; with fraction r and state 2 with baryon number —B) with 
fraction 1 —r. However, if perfect symmetry does not exist, then the fractions would 
be 7 and 1 — F, respectively for the X-decay (F # r). The nett number of baryons 
generated by these processes is therefore 


SB) iene), (6.50) 


Since the baryon-non-conserving collisions that could destroy AB are running at a 
smaller rate than H (C, < H), we expect AB to be preserved. 
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Figure 6.6 Figure 6.5 redrawn for the case mxcr > ax 1079 GeV. When kT drops 
below mxer . X decays and annihilations are not effective, since both Py and I. are 
less that H. Until yx exceeds H, the X-bosons do not come into equilibrium. At that 
stage X and X dec ay freely and may generate a nett excess of baryons. The excess 
stays since [g < H. Adapted from D. N. Schramm and M. S. Turner, 1979, *The 
origin of a number and related problems’, in R. Balian, J. Audouze. and 

D. N. Schramm, eds., Physical Cosmology, Les Houches Lectures Sessions XXXIL 
p. 501 (Amsterdam: North Holland). 
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Thus, to account for the observed excess of baryons over antibaryons and to 
argue that the nett number density of baryons observed today is ~10° times the 
observed photon density, we have to make sure that the parameters of the GUT are 
such as to give appropriate quantitative expression to AB above. It is claimed that 
reasonable values of the parameters of GUTS do lead to a formula in agreement with 
(6.33). 

Current ideas on baryogenesis carry such arguments to higher levels of sophis- 
tication. Whether or not such claims turn out to be justified. the above argument 


illustrates how the early universe provides an interesting arena for the application of 
GUTs. 


6.3.6 The spontaneous breakdown of symmetry 


The change from a larger group of symmetries to the subgroup SU (3) x SU(2);, x 
U(1) is spontaneous. The actual mechanism involves a set of scalar fields called 
the Higgs fields @ that change over from their initial values of zero to a set of 
finite values when this happens. Why and how this happens and the role the Higgs 
fields play in the process is a long story. which would take us into the labyrinths of 
gauge field theories. The explanation given below skirts the problem and provides a 
superficial description. 

We begin with the analogy of ferromagnetism and the crucial role of the Curie 
temperature (770°C for iron). Above this temperature a bar of iron exhibits no 
magnetism in an external field. This is because its elementary nuclear magnets are 
randomly aligned with no resultant magnetization. Energetically this is the lowest 
State for the bar and it chooses to remain in that state since it is the most stable one. 
Below the Curie temperature the state of lowest energy changes to that in which all 
the nuclei are aligned along the bar, which develops polarity at its ends. There are 
two states of the same lowest energy possible, depending on which (north or south) 
of the two poles falls at a given end. The ultimate choice of one state apparently 
breaks the symmetry, although theoretically and inherently the symmetry is always 
there. 

In the very early universe something similar happens to the ¢-field. Above a 
critical temperature 7,, the vacuum state, the state of lowest energy, is none other 
than @ = 0. Below T,, the state of lowest energy changes. It now corresponds to 
a situation in which ¢ has non-zero values. We will encounter explicit examples of 
this in §6.5. 

For the time being let us suppose that there exist alternative values ¢; (i = 
1,2,...) of the ¢-field all corresponding to states of the same lowest energy which 
now acquire the status of vacuum. There is basic symmetry with respect to all @; but 
in practice the system may spontaneously acquire only one of them. This is again an 
apparent breakdown of symmetry. 
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The consequences of this for the very early universe are that, as shown in Figure 
6.7(a). it is divided into distinet domains, each with a different value of ¢;. In this 
way the universe acquires regions of discontinuities separated by the domain walls. 
These translate into highly significant discontinuities in the distribution of matter. 


The tact that we do not see such discontinuities in actuality (say in the form of large 
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Figure 6.7 Spontaneous 
breakdown of symmetry can 
leave boundaries in space 
separating domains of 
ditterent physical 
conditions. In (a) such 
separation is shown with the 
boundary in the form of a 
‘domain wall’. In (b) we see 
how two demain walls 
intersect in a linear structure 
called a “cosmic string’. 


6.4 Some problems of Friedmann cosmology 


Sheets of matter) is hard to explain away, This difficulty is known as the domam wall 
problem. 

The intersection of two domain walls is a linear structure known as a ‘cosmic 
string” (see Figure 6.7(b)). Such Nlamentary stuctues have been inveked i sce 
nanos for galaxy formation (ce Chapter 7) tn which large numbers of palaxies are 
found distributed in linear structures. 


64 Some problems of Friedmann cosmology 


It may appear from the above that, by gomy over to the very carly universe, we have 
mnade progress in understanding some of the present day features of the universe, 
In fact the situation is the exact opposite: we have acquired more problems than we 
managed to solve by this device. The domain wall problem is one of them. Other, 


more important, problems are highlighted below. 


64.1 The horizon problem 


Let us suppose that the initial conditions for the universe were set fairly early on, 
during an epoch ¢ in the radiation dominated phase. From the considerations of 
Chapter 4 adapted to the seale factor So t!/?. we find that the proper radius of 
the particle horizon during that epoch was 


Rp = 2ct. (6.51) 


Whatever physical processes operated during this epoch were limited in range 
by Rp. Hence we do not expect the homogeneny of physical quantities to extend 
bexond the diameter 2p. unless we make the somewhat contrived assumption that 
the universe was created homogeneous. In other words. the causal Jirnitations tell us 
that no region larger than 2 Rp in size should be homogeneous. 

When the mitial conditions were so set. this would expand to a much Jarger size 


In the present epoch. the factor 1 by which it would grow is the ratio of scale factors 


S(ty) 
S(T) 
for the present and initial epochs. How do we estimate 7? 


The simplest method is to compare the temperatures at ¢ and ty since (from 


considerations of Chapter 5) S x T7~!. Thus 
WEE) 
1 : : 
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where T(t) is given by (6.6). It is convenient to express Ty also in giga-electron- 


volts: 
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Ti 
Ty (GeV) = 2.3 x 10-8 (=). (6.52) 


By combining (6.6) and (6.52) and writing the value of ¢ in (6.51), we get the present 
limit on a homogeneous region as 


Ruom(to) = 2ct 


2a 
Se ee z ) cm. (6.53) 


For Tgey X 10!5, g = 100 and To = 2.7 K we get the surprisingly small value of 
62 cm! In other words we have no reason to expect homogeneity on a scale larger 
than, say, | m. The fact that the relic microwave background is homogeneous on 
the cosmological scale of ~1078 cm tells us that there is something seriously wrong 
with our reasoning above. Yet, the standard model does not provide any loophole 
out of this so-called horizon problem. Notice also that the further back into the past 
we go (in our attempts to set the initial conditions) the larger TGey and the smaller 
Ryom(to) will be. Figure 6.8 illustrates the horizon problem. 


6.4.2 The flatness problem 


When discussing the early and the very early universe we ignored the kc? /S* term 
in the field equations. Thus (6.1) should actually have been 
Se he? 2 872 Go 


ee 54 
oe : (6.54) 


Our justification for ignoring that term was that, as § + 0, S* — oo and, thus, the 
first term far exceeds the second term on the left-hand side of (6.54). This argument 
is, however, scale-dependent. Thus, if we write S = At'/2, then $2 = A? /(4t). 
Whether S? exceeds c? for k = +1 would depend on A. A priori we do not know A, 
unless we link it with the present size of the universe. It is more convenient to look 
at the density parameter &2 instead. 
Writing p = Q2p¢ as in (4.53) we have, for any general epoch when § « t!/2, 
pee “2 
— e-n5 at. (6.55) 


For the present epoch, on the other hand, 


2 — | 


kc? . 
ae (29 — 1) Hp. (6.56) 
So 


Dividing (6.55) by (6.56) and using § x T~!, fork = +1, 


Bie &: 
Q—1=4Het?—(Q — 1). 
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Except for 29 — 1, all quantities on the right-hand side are known. Using (6.6) for f 
and (6.52) for To, we get 


OS of al KY 
Q—124.3h2g~! x 10 "Te ( SS) (Qo — 1). (6.57) 
0 


For Tgev = 10!° and g = 100, we get for T = 2.7K 
OS 43h, x 107? (Q2q — 1). (6.58) 


This expression epitomizes what has come to be known as the flatness problem. 
Suppose that the initial conditions including the density parameter Q were set during 
the GUT epoch when 7 = 10!5 GeV. Then the present-day value of Q9 — 1 is 
given by (6.58). Or, to invert the chain of reasoning, suppose that the present-day 
observational uncertainty tells us that |829 — 1] ~ O(1). Then, from (6.58), during 
the GUT epoch Q was differing from unity by a fraction of the order of 10753. 
In other words, the departure from the flat value of Q = 1 at this stage had to be 
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Figure 6.8 During a very early epoch f, the observers A and B have non-overlapping 
particle horizons. Thus there is no a priori reason why A and B should have the same 
initial conditions. Yet the universe as seen at present is homogeneous over distances 
far larger than what AB would grow to (shown by dotted segments) at present. 
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extremely small. Any relaxation of this fine tuning would have led to a far wider 
range of (29 at present than is permitted by observations. 

So our neglect of the curvature term kc?/S* is linked with an extremely fine 
tuning of the universe to the flat (k = 0) model. If this tuning were not there, the 
universe would have either collapsed (k = 1) or expanded to infinity (k = —1) on 
time scales of the order of 10~*° s that were characteristic of the GUT era. 

Figure 6.9 illustrates this conundrum. The shaded region denotes the finely tuned 
set of Friedmann models that end up today within the observed range |Q9 — 1| ~ 
O(1). The other curves are for the characteristic models with time scales ~10~*> s 
which should normally have operated during the GUT stage. What made the uni- 
verse get into the shaded region instead? 

This problem was first highlighted by R. H. Dicke and P. J. E. Peebles in 1979, 
who discussed it not for the GUT epoch but at t ~ 1 s, when the neutrinos had 
decoupled and pair (e*) annihilation was to begin. Thus T ~ 1077 GeV, g ~ 10 
and we get ~ 10~!6 instead of 10~>3 in (6.58). It is clear that the further back in time 
and closer to t = O we go the finer the tuning required. For example, if we were to 
initialize the problem during the Planck epoch. we would get 10~°! for the tuning 
range instead of 10~>°. 
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Figure 6.9 The flatness problem illustrated with the help of the expansion functions 
for the k = 0, +1 models (Q > 1, Q = 1 and Q < 1). The observable uncertainty 
extends over the range of curves in the shaded region, all of which were tightly 
bunched together during the GUT epoch, close to the 2 = | curve. 
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6.4.3 The entropy problem 


This is a restatement of the flatness problem and the horizon problem in a somewhat 
different form. The entropy ina given comoving volume stays constant in an adia- 
batic expansion (see $5.2), The present photonic entropy in the observable universe 
of characteristic size R ~ he’ x 1078 cm is given by 


4 = PN? 
r= 3p ao R ~ ho? x 4.4 x 10h7(8) ' (6.59) 


Why such a large value? If the entropy were conserved, we would have ST = 
constant. However, we found that. for the flatness problem, this hypothesis led to 
fine tuning, whereas for the horizon problem it gave an extremely small size of the 
homogeneity. It therefore appears that the trouble lies in © — constant: it could be 
resolved if the assumption of adiabatic expansion were violated at some stage and 
X boosted to its present value by an enormously large factor. 


64.4 The monopole problem 


In a GUT, whenever there is a breakdown of symmetry of a larger group like SU (5) 
to a subgroup like SU(3) x SU(2),, x U(1) that contains the U(1) group, there 
inevitably arise particles that have the characteristics of a magnetic monopole. This 
iy a rigorous mathematical conclusion in gauge field theories. Typically the mass of 
the monopole (in energy units) is given by ~10!° GeV. Monopoles are highly stable 
particles and once they have been created they are indestructible, so they would 
survive as relics in the present epoch. 

During the GUT epoch r. the size of the horizon being 2ct, we expect at least one 
monopole per horizon-sized sphere, i.e., a monopole mass density of 


10!® GeV/c? 
(47 /3)(2ct)3 


At present this is diluted by the factor (7)/7)*. For Ty in giga-electron-volt, given 
by (6.52) and T = 10!° GeV, we get the present-day density of monopoles as 


T \3 
pm = 1.5 x 10-9( =) g cm~?, (6.60) 


This is far in excess of the closure density ~10~7°¢ cm~3, thus making it a very 
awkward problem for the standard model to solve. Again, as in the earlier cases. the 
discrepancy grows if, instead of the GUT epoch, we use an even earlier epoch. 
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65 The inflationary universe 


These difficulties of the standard big-bang model began to surface when physical 
cosmology was extended to the very early epochs. Their resolution seemed to re- 
quire a new input during or around the GUT epoch, an input that would change the 
dynamics of the universe at least temporarily. Such inputs were suggested indepen- 
dently by D. Kazanas in 1980, by Alan Guth in 1981 and by K. Sato, also in 1981. 
These approaches were essentially similar; we describe below Guth’s approach, 
which became the best known of the three. 

Alan Guth proposed the so-called inflationary phase as the solution to these 
problems. The word ‘inflation’ is supposed to indicate a rapid expansion. Thus we 
envisage the following sequence: 


t <1): scale factor S(t) « ee 


(i <7? = to < scale factor Siz) oO expt) 7), T = constant, 


y 
& 


to <t: scale factor S(t) « t!/ (6.61) 


Briefly, we have inserted a phase of rapid exponential expansion during [f;. f2]. What 
is this time range? How do we set the value of the time constant t? To answer these 
questions let us first look at Guth’s method. 


65.1 Guth’s inflationary model 


As we saw earlier, the breakdown of GUT symmetry to SU(3) x SU(2), x U(1) 
leads to a phase transition in which the vacuum state (i.e., the state of lowest 
energy) of the Higgs field @ changes. The original vacuum with @ = 0 is no longer 
the true vacuum. The inflationary stage arises, however, if the true vacuum is not 
immediately attained. 

An analogy to illustrate the scenario will be in order. Suppose that steam is being 
cooled through the phase-transition temperature of 100°C. Normally we expect the 
steam to condense to water at this temperature. However, it is possible to supercool 
the steam to temperatures below 100°C, although it is then in an unstable state. 
The instability sets in when certain parts of the steam condense to droplets of water, 
which then coalesce and eventually the condensation is complete. In the supercooled 
state the steam still retains its latent heat, which is released as the droplets form. 

Suppose that similar supercooling takes place past the GUT phase-transition 
temperature. What happens then can be described by the steam—water analogy. Its 
details depend on the potential-energy function V(¢, T) which we consider next. 

Consider the action principle defining the dynamics of the @-field by 


1 . 
Aw) = | (50:6! - V(o) Jat, (6.62) 
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where @ = 0¢/dx' while the potential V (f) is given as follows. First. ¢ is a scalar 
gauge field but it has internal degrees of freedom decided by the number of genera- 
tors of the gauge group. Let the generating matrices be t4 (A = 1,2,.... N).Then 
we write 


A 
$=) 0 b4t4 (6.63) 
A 
and consider the following quartic form for V: 
V=—Zu° Tr? + Za(Trg?)? + to Tr gt + LeTr¢?. (6.64) 


jt, a, b and c are coupling constants. 
In a typical symmetry breaking of the kind 


SOS) ot a x SU On x U1) 
we have 

() = Odiag(1, 1, 1, -3, —3), (6.65) 
where ® is an ordinary scalar. Alternatively, if 

sU/(3) > SUG) x U(1), (6.66) 
then 

(¢) = o diag(1, 1, 1, 1, —4), o ascalar. (6.67) 


In each case Tr@ = 0. If the basic GUT symmetry group is different, we will of 
course have different representations of @. For our cosmological purpose we need 
to know how V(@) will affect the geometry of spacetime via the Einstein equations. 
For this effect we need to average over the quantum fluctuations of the ¢-field, which 
gives us an ‘effective’ average potential 


Verr(p) = ag? — Bb* + yo* In(b/o”), (6.68) 


where a, B, y and o are parameters from particle physics. 

Since this analysis is to be carried out for the hot early universe, there will be 
thermal fluctuations also. Their inclusion leads to the addition to Ve(@) of a thermal 
component to give a total potential 


Be aes 00 3 Daneliz 
V(b. T) = Verr(@) + 5 / x7In f = - (x? + iS) dv. 
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(6.69) 


Here a is a constant. Figure 6.10 plots V(@, T) as a function of ¢ for a range of 
values of T. 
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Notice that, for a critical value T = T,, the V(@, T) curve touches the @-axis at 
two points, ¢ = 0 and @ = gp, both of which points are local minima for V(@, T). 
For T > Tz, there is only one minimum, at ¢ = 0. As T is lowered, a second 
minimum appears at a higher level, but, when T goes below 7; the minimum sinks 
to a lower level. In other words, for T < T, the state of lowest energy of the @- 
field resides not at ¢ = O but at a value of @ > O. This is where we have the 
supercooled-steam situation. 

Imagine the universe being cooled through the critical value 7. As T drops below 
T. the state of lowest energy shifts in a discrete fashion signalling a phase transition. 
However, if the universe is supercooled, it stays in the ‘false’ vacuum at @ = O 
until at some stage the @-field tunnels across the V(@) > O barrier and falls down 
the V(@) slope to its ‘true’ vacuum. Let us denote by €9 the difference between the 
energies of the two vacua. Until the tunnelling has taken place the universe has an 
extra energy density €g at its disposal, which must have dynamical effects via the 
Einstein equation: 


We Sees = 81G 


a ae (<0-F ep); (6.70) 


Here €, « 1/57 is the energy density of radiation and relativistic particles. Since €, 
falls as the universe expands while €o stays constant, the latter clearly dominates. 
Hence we ignore €; and solve (6.70). For k = +1 we get, for example, 
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For k = —1 we get a similar expression with ‘cosh’ replaced by ‘sinh’. The main 
point to note is that for 
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This exponential expansion is reminiscent of the de Sitter model. Indeed, the energy 
tensor of the false vacuum simulates the 4.2;, term of the Einstein equations. 

This rapid expansion in an exponential fashion continues until the tunnelling 
takes place and ¢ attains its true vacuum value. The average time t for the tunnelling 
to occur can be computed quantum mechanically. It tells us the factor Z by which 
the scale factor S increased while inflation lasted. One finds that 


at * 67, ZZ —exiar) = 102: (6.74) 


In other words, the exponential expansion or inflation lasts long enough for the scale 
factor to blow up by a large multiple, ~107°. Thus, if we started with a curvature 
term (ke*/S*) comparable to the expansion term ($*/S7) prior to inflation, we 
would end up by having the former reduced by Z? ~ 10°° while the latter remained 
constant. This large factor Z not only takes care of the fine tuning in the flatness 
problem but also resolves the horizon problem (by blowing up the homogeneous 
region by a factor Z in linear dimensions) and the monopole problem (by reducing 
the density of monopoles by the factor Z*). Similarly the domain walls are blown 
apart so that the chance of one crossing the observable universe is negligible. 

There was one serious drawback, however, which rendered the Guth model un- 
workable. This comes from the entropy. The entropy is also blown up by the factor 
Z° = 10" saws apparently explaining why the present-day universe has such a large 
value for &. However, how was this excess entropy to be dumped in the universe? 

The expectation was that, as the phase transition in a bounded region is com- 
pleted, it switches over to the Friedmann radiation-dominated expansion phase since 
it no longer has the energy €9 to draw on. The inflating region therefore breaks 
up into Friedmann bubbles that expand. Most of the excess energy resides on the 
surfaces of these bubbles so that. when two bubbles collide, the energy is thermal- 
ized. This is how wider and wider regions undergo the phase transition and acquire 
thermalized energy and entropy. 

The expectation was nullified by the fact that, as the universe outside the bubbles 
expands exponentially, bubbles nucleated in different parts move away from one 
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another so fast that they cannot collide. The thermalizing mechanism discussed 


above therefore does not work. 


6.5.2 The new inflationary universe 


A revised version of the inflationary scenario was not long in coming. A. D. Linde in 
the USSR and A. Albrecht and P. J. Steinhardt in the USA independently proposed 
what came to be known as the new inflationary universe. The crucial difference 
between the new theory and the original version of Guth was in the choice of 
Vare(@, T). In the new model Verr(d, 7) was taken from the work of S. Coleman 
and E. Weinberg: 


25 2 1 
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(6.75) 


where a@,o and g are constants. Figure 6.11 plots Ves(¢@, 7) for a characteristic 
value of T. 

We have a false vacuum at A (@ = OQ) and the true vacuum at B (¢@ = o). 
There is a temperature-dependent bump C beyond A (@ > 0), followed by a plateau 
portion DE that slopes down very gently before dropping down steeply from E to 
B. For inflation to take place for a sufficient time we need the system to remain in 
the upper part of the figure, i.e., during the time when it tunnels across the bump 
C and then slowly rolls over from D to E. Thereafter the system drops to B but, 
instead of staying there, it executes damped oscillations, during which energy is 
thermalized and entropy increased. The actual dynamics of the universe, as given by 
Einstein’s equations, can be numerically solved. A ‘satisfactory’ solution is obtained 
by adjusting the parameters. Thus the following is a satisfactory solution: 


g=9 ~0 roll-over down the plateau begins, 
t < 190H—! the roll-over time which is also the duration 


of inflation with § « exp(Hr), 
H ~2~x 10!° GeV the Hubble constant for inflation, 
Z ~ exp(190) = 10° the boost in linear size caused by inflation, 


Tose © exp(4.8) x 10-+H~! the time of oscillation before settling 
down at dé = o © 2 x 10!5 GeV. 
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Notice that the model overcorrects for the shortcomings of the standard model. 
For example the size of the horizon is boosted by 10°° so that the present size of a 
homogeneous region is greater than the observable universe by a factor of ~107?. 
Notice also that, because a single region is large enough (more than enough!) to 
encompass the observable universe, there is no need for bubbles to collide and 
coalesce. In the Guth version the bubbles were small so that their collision and 
coalescence was necessary in order to generate a large enough region — besides the 
requirement of reheating. 

Since Tose < H! the oscillations are quickly damped by the decay of @¢ into 
relativistic particles and radiation. With t ~ 10!3 GeV, the decay time ['~! is 
arranged to be <H™! to allow ‘reheating’ to take place. The temperature of the 
universe will rise again to +2 x 10!4 GeV. 

The drawback of the new inflationary model is that it requires a fine tuning of 
¢;/o, where @; is the initial value from which the slow roll-over starts. We need 
¢i/o < 10° and the Higgs boson mass m < 10-50. If m > 109 GeV then the 
model does not work. Since the whole concept of inflation was brought in to avoid 
the need for fine tuning, this requirement is like breaking the ground rules. 
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Figure 6.11 Ver¢(¢, T) used in the new inflationary model. 
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6.5.3. Chaotic inflation 


The original Guth model invoked a strongly first-order phase transition whereas 
the second model may be considered as requiring a weakly first-order or even a 
second-order phase transition. Can we construct an inflationary model which has no 
phase transition involved? 

Yes! Such a model was proposed by Linde under the title ‘chaotic inflation’. The 
V (¢) function here has a simple form: 


V(d) = Ad’. (6.76) 


Inflation results because of a rather slow motion of @ from some initial ¢@9 towards 
the minimum. This initial value is believed to be due to chaotic initial conditions. 
Although one can produce sufficient inflation in this way, it is necessary to ensure 
that the initial kinetic energy of the ¢-field is small relative to the potential energy. 
Detailed calculations show that this requires the field to be uniform over sizes bigger 
than the Hubble radius! Also the value of A has to be fine tuned near 4 x 107'* to 
get the correct density perturbations. 

Going one step further, in 1887 Linde suggested the universe to be eternally ex- 
isting in a chaotic inflationary stage. The universe consists of an exponentially large 
number of different mini-universes, inside which all possible states of metastable 
vacuum are realized, of which one may be such as to lead to the universe that we 
find around us. The primary universe is not expected to have a beginning at any 
given epoch. Later, in Chapter 9, we will find that this idea has some conceptual 
similarity to the steady-state theory proposed in 1948. 


6.5.4 Inflation: drawbacks and epicycles 


The role of inflation in growing perturbations of density is an important subject 
that we shall discuss in the next chapter. It is probably the main issue on which the 
success and survival of the concept of inflation will depend. 

Nevertheless, the fluid state in which very-high-energy particle physics finds 
itself today has its echoes in this branch of cosmology. Thus several epicycles of 
inflation have appeared, some stillborn, others with half lives of 6 months to 1 year 
while some are still surviving. It is not possible to review them all, especially since 
they have not yet produced a result that a cosmologist would feel confident about. 

A major unexplained point relates to the A-term. Although the point (to be de- 
scribed below) would have arisen regardless of inflation, it was highlighted more by 
that scenario. The mystery is the smallness of the cosmological constant A used by 
Einstein (cf. Chapter 4) when it is expressed as the dimensionless ratio 
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The suffix zero on A indicates that we are interested in its present-day value, which 
is of the order of H2/c?. We saw. however, that. during inflation, the energy mo- 
mentum tensor of the false vacuum is that corresponding to a cosmological constant 
= AguT, where 


(6.78) 


Thus, to start with, the cosmological constant may be as high as c?/(Gh), later 
changing to AGur and finally to A. (In between there is another phase transition at 
the breakdown of the electro-weak symmetry, wherein 4/Agw ~ 10-57.) How does 
4 manage to change from such a large initial magnitude to ~10~!° of its initial 
value? What kind of fine tuning is this? This is known as the graceful-exit problem 
for the cosmological constant. 

With all its epicycles the inflationary model makes one clear-cut prediction about 
the present state of the universe, viz., Qo = 1. This is because the closeness of Q to 
unity is such as to lead to 29 = | or very close to unity (for k = +1). This prediction 
automatically implies that there is non-baryonic matter present, since, from Chapter 
5, the baryonic density fraction Qn < 1. 


6.6 Primordial black holes 


We now depart from the discussion of interactions among particles and GUTs to 
study a peculiar consequence of gravity. The study relates to black holes, which 
were briefly described in Chapter 2. 

As the name ‘black hole’ implies, we do not expect any radiation to come out of 
such an object. For a spherical object of mass M, the black-hole condition is reached 
when its surface area equals 477 RK? where R,, the Schwarzschild radius, is given by 
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No particle of material or light signal emitted from R < R, can go into the region 
R > R, —at least, this is what classical general relativity tells us. 

Nevertheless, in 1974 Stephen Hawking made the remarkable suggestion that 
a black hole can radiate. Hawking’s calculation went beyond classical physics: it 
considered what happens when any field (for example, the electromagnetic field) 
is quantized in the spacetime exterior to a black hole. As we have already seen, the 
quantum mechanical description of vacuum is much more involved than the classical 
description. which simply states that a vacuum is empty. According to quantum field 
theory, the vacuum is seething with virtual particles and antiparticles whose presence 
cannot be detected directly. Their interference with physical processes in spacetime 
can, however, lead to detectable results. Hawking found that one such result in the 
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spacetime outside a black hole is that an observer at infinity sees a flux of panne 
coming out from the vicinity of a black hole. We will not go through the calculations 
leading to this result; we will simply study the consequences of such a process in the 
early universe. Figure 6.12 provides a qualitative description of how the Hawking 
process operates. Not all aspects of the Hawking process have been worked out yet. 
An important issue that is still unresolved, for example, is that of back reaction: 
how the emission of particles by the black hole affects and alters the geometry of 
spacetime outside and what effect this change has on the process of radiation by the 
black hole. 

The idea we shall use here is that a spherical black hole of mass M ejects particles 
in a thermal spectrum of temperature T given by 
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Figure 6.12 The thick lines in this spacetime diagram indicate the boundary of a 
black hole. The two arrows emerging from points A, B, C, ... indicate pair creation 
in vacuum fluctuations. Had there been no black hole, pairs would simply annihilate 
and disappear as at A, B , etc. The black hole, however, may influence this process. 
For example, it may selectively attract only one member of a pair as at C and let the 
other member escape. A remote observer seeing this particle would conclude that the 
black hole has created this particle. Since the virtual particles created may have 
negative energies, by absorbing a negative-energy member of the pair the black hole 
loses part of its mass. The escaped particle carrying positive energy therefore 
describes the emission of energy by the black hole. This is the essence of the 
Hawking process. 
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where M, = M expressed in grammes. The emission of particles by the black hole 
leads to a rate of loss of mass given by 


dM 
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The ~ implies that a numerical constant of the order of unity appears on the right- 
hand side to take account of the number of particle species emitted. If we integrate 
(6.81) we find that the entire mass of the black hole is radiated away in a time t 
given by 


tI~3x Oe S. (6.82) 


Thus a black hole created soon after the big bang with a mass ~5 x 10!4 g would 
last until the present day. 

The process described above is slow to start with, when a black hole is massive 
and cold. However, as M decreases T rises and the rate of loss of mass increases 
until finally it reaches a catastrophically high level. This final stage is often called 
evaporation or explosion of a black hole. As seen above, a black hole of stellar mass 
(Mz = 10°) is hardly likely to explode in the lifetime of the universe! Since black 
holes considered in various astrophysical scenarios are at least as massive as 2Mo, 
for them the Hawking process is only of academic interest. 

However, it is claimed that there are scenarios in the very early universe that could 
lead to primordial black holes (PBHs) of masses much lower than M.~. Bernard Carr 
in 1975 was the first to explore their consequences at length. Carr investigated the 
formation and evaporation of PBHs in order to see whether the density of nucleons 
observed at present as well as the microwave background can be explained in terms 
of emission of baryons, leptons, photons and so on by low-mass black holes. These 
concepts are highly speculative and have not been integrated suitably with the other 
(equally speculative!) scenarios of the very early universe. 

The interesting aspect of this approach is that PBHs act as sources of various 
particles that have somehow got to be created in the universe. The suggestion that 
PBHs evaporating today might account for the observed y-ray bursts, however, does 
not seem to be correct, since the spectrum of y-rays emitted in such a process is not 
like the spectrum observed for burst events. 

There are several loose ends still to be sorted out in the PBH scenario. At the 
deepest level one has to understand how they can form in the first place, since the 
usual process of gravitational collapse that is supposed to lead to stellar or more 
massive black holes cannot apply here. Next one needs to express the concepts of 
thermodynamics and statistical mechanics in highly curved spacetime in order to 
give precise meaning to the notions of temperature and the blackbody spectrum: 
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the formulae (6.80) and (6.81) merely use a naive extrapolation of flat spacetime 
thermodynamics. (See the concluding section of this chapter in which this issue 
is elucidated further.) Furthermore, the problem of back reaction still remains unre- 
solved. Finally, on the observational front, this bizarre concept still awaits a befitting 


application in the real universe. 


67 Quantum cosmology 


In this chapter we finally push our investigations into the past history of the universe 
back to the erat ~ 107% s. Is it justified to put our faith in the standard big-bang 
model when the universe was so young? One way to answer this question is to look 
for the limit where classical theory breaks down and quantum mechanics takes over. 
Beyond this limit we cannot trust the classical theory of gravity — that is, the general 
theory of relativity. 

A look at the action principle (2.103) shows that the limit sought above can be 
obtained by equating the gravitational action 
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to Planck’s constant. For Ag >> A we can trust our classical description of spacetime 
geometry, whereas for Ag < fh a quantum description of cosmology is indispens- 
able. However, to evaluate Ag we need Y, the 4-volume of the spacetime manifold. 

In the big-bang model we take V as the spatial volume enclosed by the particle 
horizon and bounded by the time span of the universe. Thus, during any epoch f, for 
k =0, S «t!/?, the particle horizon is defined by 
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For S « t!/2, R = 0 and so A, = 0. However, this happens because the trace of 
T is zero in the early universe. As an ordet-of-magnitude estimate we may take RO 
instead of R in the computation of Ag; Ro gives us an idea of how the geometrical 
part of the action changes with time. For S x 1/7, R? = 3/(4c72?). Thus, up to the 
epoch f, 
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By equating A, to h we get 


f= Vp =?) = = 10 (6.84) 
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This time span is called the Planck time. No classical discussion of standard big- 
bang cosmology can be pushed to epochs with t < tp. We already encountered this 
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epoch in (6.44), where the temperature was E ~ 10!9 GeV. This energy, as can be 
seen from (6.44), is simply ~h/tp. 

Thus the present discussions of GUTs and cosmology already take us right up to 
the Planck epoch. Whether the universe did indeed have a spacetime singularity at 
t = 0 should be determined not by classical general relativity but by an appropriate 
theory of quantum gravity. At present the goal of having a working theory of quan- 
tum gravity seems far away. The various approaches that have been tried in order to 
quantize gravity do not agree on the answer to the question of whether the universe 
had a singular epoch. A simple approach Suggests that, if we include quantum 
fluctuations of homogeneous and isotropic universes, then the spacetime singularity 
would ‘most probably’ be averted. The probability here is in the sense of quantum 
mechanics. The result can in fact be stated in a more general form proved by this 
author, namely that. if one considers most general quantum conformal fluctuations 
of a classical singular cosmological solution, then, most probably, singularity is not 
present in these fluctuations. 
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Before we conclude our discussion of the early universe, a discussion in which 
we have pushed back our incomplete knowledge as far as we possibly could, it 
is necessary to alert the reader to the liberties we are taking in extrapolating con- 
ventional statistical mechanics to such extreme conditions. T. Padmanabhan and 
M. M. Vasanthi first pointed out this aspect of the very early universe in 1982. We 
shall refer to it as the small-number problem. 


6.8.1 The small-number problem 


In the discussions of the early and very early universe, it is customary to ascribe 
a temperature corresponding to the average energy of particles during any given 
epoch in the universe. That is how we expressed temperature in mega- or giga- 
electron-volts in equation (6.6). Now this has a meaning only if we are certain that 
the particles are in thermal equilibrium. To settle this issue, well-known results from 
the statistical mechanics of flat spacetime are used. The justification for the usage 
of flat-spacetime formulae in a highly curved spacetime is via the strong principle 
of equivalence. We had discussed this principle in Chapter 2. To be able to apply 
it to a given volume VY, say, of spacetime, its characteristic linear dimension must 
be small relative to the radius of curvature of spacetime. (An analogy is with the 
flat-Earth approximation which is valid over sizes of regions on the Earth that are 
small in comparison with its radius.) The smaller the region the more closely the 
flat-spacetime approximations apply. However, we cannot make Y arbitrarily small, 
since we have to have a large number WN of particles in it so as to be able to apply 
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the formulae of statistical mechanics. These are two conflicting requirements, so let 
us see whether they are satisfied in the early epochs of the big-bang universe. 

During an epoch f, the typical component of the curvature tensor is R ~ (1 ent?) 
and the corresponding characteristic linear dimension measuring curvature of space- 
time is ct. Let L be the characteristic linear size of our region V. Then we should 
have 


OC (OF <<< II, (6.85) 


Now let us calculate VV in a region of size L. Using the formulae derived in 
Chapter 5, e.g. equation (5.24), based on the flat-spacetime statistical mechanics 
at high temperatures, we get the number of particles of various species with an 
effective number of spin states g as 
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The temperature of the early universe T is related to t by an equation like (6.6), 
which can be written in terms of the Planck time fp defined in equation (6.84) and 
the Planck temperature defined by Tp = fi/(kfp), as follows: 
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Notice that, unless T is sufficiently small, we will not get V >> 1, which is necessary 
for application of statistical mechanics. Let us estimate how low T has to be. 
In the standard Solar-System tests we detect effects of curvature with @ as 


small as ~10~°. If we use the same standard, we get for the GUT epoch, with 
T = 10!9 GeV and g = 100, say, the value 


N =3x 107°, (6.88) 


which is hardly a large number! Even if we relax our flat-spacetime criterion to 
a = 10-7, we get NV = 3. Surely, no laws of statistical mechanics can be applied 
even with this relaxed value! If, for this value of w, we require NV to be appreciably 
high, we need to lower the temperature T to well below 10!° GeV. Thus, unless 
we apply a rigorous curved-spacetime statistical mechanics (which has not been 
developed to be used in cosmology so far), we are not justified in carrying out the 
kind of statistical studies of high-energy interactions among particles described in 
this chapter. In contrast, we can satisfy ourselves that the calculations of the previous 
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chapter were at sufficiently low temperatures to allow the use of flat-spacetime 
statistical mechanics. 

It may happen that a rigorous curved-spacetime statistical mechanics will even- 
tually ratify the steps described in this chapter. Until such a derivation becomes 
available we have to take the concept of temperature and thermal equilibrium in 
a universe less than 10~*° s old as additional assumptions that have still to be 
justified. 

Figure 6.13 provides a schematic view of the events in the early universe that is 
built out of such speculations. Our next investigation will relate to the formation of 
discrete structures in the universe, namely to the problem of evolving a successful 
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theory that starts with ‘seeds’ of local fluctuations implanted in the very early 
universe and grows them into galaxies, clusters, superclusters etc. 


Exercises 


| 


10 


Explain what is meant by the remark ‘The early universe is the poor man’s high-energy 
accelerator’. 


Look up the mass and surface temperature of the Sun in an astronomy textbook and 
express both in mega-electron-volts. 


Explain why the giga-electron-volt is a good unit to describe the masses and tempera- 
tures in the early universe. 


Look up the values of the various fundamental constants appearing in (6.5) and verify 
the numerical coefficient in (6.6). 


Assuming that the universe contains only those particles (as well as antiparticles of 
quarks and leptons) listed in Table 6.1, estimate the g-factor from (6.3). 


Give qualitative arguments based on thermodynamic equilibrium and the survival of 
various particle species under various interactions to indicate why we expect hadrons 
to be the least abundant species in the universe. 


Apply the arguments given in Exercise 6 to estimate quantitatively the ratio of baryons 
to photons for the present epoch. Comment on the smallness of this ratio. 


Relate the smallness of the ratio of Exercise 7 to the relative strengths of the gravita- 
tional and strong interactions. How much larger has the gravitational constant got to be 
in order that the calculated value of N4/Ny comes out as high as the observed value? 


Show that, in a theory having the symmetries of SU (n), the number of ‘charges’ will 
be equal to n? — 1. What is the corresponding number of bosons in such a theory? 


Illustrate the general result of Exercise 9 by specific examples of physical theories with 
in = 2), 3 aiaal 3). 


Distinguish between the natural-current and the charge-current components of the electro- 
weak interaction. Give examples of each. 


Show how baryons may be created or destroyed by suitable transformations in the 
SU (5) version of GUTs. Show how a proton can decay and indicate what the decay 
products in such an event could be. 


Describe a laboratory experiment that might prove the existence of the X-bosons. Why 
can’t these bosons be detected directly in a high-energy accelerator? 


Explain how the hot universe can be a testing ground for the predictions of GUTs. 


Show by a qualitative argument how an excess of baryons can be produced in the early 
universe. 
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For the X-bosons estimate the time scale 
h 
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Explain why the horizon and flatness problems become more severe as we seek to set 
the initial conditions for earlier and earlier epochs. 


Think of astrophysical reasons why we should not have free magnetic monopoles in 
significant quantities today. 


In the Guth model of inflation let A (tg) denote the rate at which bubbles form in a given 
proper volume and suppose that p(t) denotes the probability that there are no bubbles 
engulfing a given point in space. Show that 


t 
p(t) = exp ei Man)S* (HV (EA) an) 
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If the nucleation rate may be approximated by a constant Ao in Exercise 19, show that 


where 


t 
p(t) = constant x exp(~*), 
if 
where T = 3a3/(47tAg). 


Show that, in the Coleman—Weinberg case, the evolution of @ during the slow roll-over 
is given approximately by 


¢ + 3ag + V'(y) = 0, 
where @ may be ignored and a = 251a?Go*/(24c?). 


Show that, even if we are able to explain why the variation in Q is AQ = O(1) for this 
epoch, the future epoch will again have larger and larger AQ. 


Calculate the temperature in kelvins of a spherical black hole of mass equal to the mass 
of (a) a proton, (b) | ton, (c) the Earth, (d) the Sun and (e) a star of mass 1OMo. 


Substitute the values of fi, c, G and k to verify the results (6.80) and (6.81). 


Express in terms of the fundamental constants the time t for which a black hole of 
mass M survives under its own radiation. 


Taking k = 0 and S « t!/? in the early universe, calculate the size of the particle 
horizon. By equating this to the Schwarzschild radius of a black hole, calculate the 
mass M of the black hole. Show that this mass is given by 


M=°t/G. 
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Discuss how the primordial black holes might act as sources of particles and radiation 
that are now found in the universe. 


Compute A,(t) for the closed Friedmann model with given values of go and ho, taking 
the time interval as (0, t) and the spatial extent covering the whole (spherical) space. 
Estimate the epoch for which A, = f. Why do you get an answer different from tp? 


Relate the Planck length associated with gravity to the Compton wavelength of the 
proton and to the strength factor wG defined in (6.35). Show also that, during the Planck 
epoch, the Schwarzschild radius of a primordial black hole filling the particle horizon 
is of the same order as the Compton wavelength of the black hole. 


Comment on the limit to which classical general relativity may be pushed in discus- 
sions of the early universe. 
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The formation of large-scale structures in the universe 


7.1 A key problem in cosmology 


Chapter 5 narrated the success story of the hot-big-bang model, of how the particles 
combined to form light nuclei as the universe cooled from 10!° to 108 K and 
how the relic of that hot era is today seen in the form of radiation background in 
microwaves. Encouraged by these achievements, the big-bang cosmologists pushed 
their investigations further back in time, to epochs of very-high-energy particles. 
These investigations. outlined in Chapter 6, brought cosmologists into contact with 
the very-high-energy particle theorists, leading to a variety of new but speculative 
inputs to classical cosmology such as inflation, non-conservation of baryons etc. 

Exciting though these investigations are, we must not lose sight of the fact that 
cosmology is a branch of physics and as such it requires hard facts to support 
these speculations. One important fact is the existence of discrete structures in the 
universe, ranging from galaxies to superclusters. How did these structures come 
about? Why are they distributed in an inhomogeneous fashion when the distribution 
of their radiation counterpart is so smooth? This key problem of cosmology must 
surely have a solution buried in the early history of the universe. 

In this chapter we review some attempts to come to grips with this problem. If 
the big-bang scenario is correct, the solution should incorporate some or all of the 


following epochs: 
1. the Planck epoch; 


2. the GUTs/inflation epoch; 


3. the recombination epoch when radiation decoupled from matter; 
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4. the epoch when the universe switched over from being radiation-dominated 
to being matter-dominated; 


5. the epoch of redshift ~5 when galaxies and QSOs may have begun to form 
(this epoch is fixed by the observation that the numbers of these discrete 
objects seem to taper off as we approach redshifts of this order); 


6. the present epoch, which presents us with a hierarchy of structures in which 
voids also play a part, as does peculiar motion superposed on the expansion 
of the universe; and also 


7. the role of dark matter, baryonic as well as non-baryonic. 


Investigations which take into consideration all these epochs are naturally very 
extensive and long reviews as well as books are written on the topic of structure 
formation. In this introductory account we naturally cannot do justice to the topic in 
detail, but present here a broad brush picture which outlines the major efforts in this 
field. 

The strategy is to consider small fluctuations of density in the very early epochs 
(1) or (2) and work out their growth through the successive later epochs. Since 
the physics of the universe changes drastically, the techniques of working out the 
solution also change. We will consider first the epochs from (3) onwards, which, 
historically, were the first to be tackled and which involve the less speculative parts 
of cosmology. 


72. The Jeans mass in the expanding universe 


As early as 1902, Sir James Jeans (Figure 7.1) considered the formation of galaxies 
in the universe as a process involving the interplay of gravitational attraction and 
the pressure force acting on a mass of non-relativistic fluid. Jeans’ treatment used 
Newtonian physics and assumed a static universe. However, his ideas can be adapted 
to suit our problem, at any rate part of it. 


7.2.1 The basic equations 


Consider the universe as filled with fluid of density p, pressure p and velocity field 
v and the gravitational force field F. We will assume Newtonian physics to hold for 
gravity as well as for fluid dynamics. Thus the continuity equation 
0p 
or 
and the Euler equation 


+V- (pv) — (0) (7.1) 


OV ] 
ap Oe ae (7.2) 
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hold for fluid motion, while the Poisson equation holds for F: 
Vo). V-F=—4drGp. iD) 


In the unperturbed situation of homogeneity and isotropy we get the following 
simple solution of the above equations, as discussed in the context of Newtonian 
cosmology in Chapters 3 and 4. 


p= 0, px —— v=r— (7.4) 


4nG 


The scale factor §(rt) satisfies the differential equation 


5 An Go 


a ar (7.6) 


We now consider perturbations of this simple solution. Our aim in doing so is 
to see whether any initial clumpiness can grow in size by gravitational instability. 
Thus we consider small changes in the physical quantities p, v, F and p in the above 
solution, denoting them by p;, vj, F; and py, respectively. To begin with, these 


Figure 7.1 James Jeans 
(1877-1946). 
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perturbations are supposed to be small so that the above equations can be linearized. 


The linearized equations become 


es) S(t) . 
=== (Fo W 3 an He a oh, = © (Can) 

Pit sa WE ae 5”! p I 

St) | 

Vv, + —[(r- V)vi tv] + — Vapi — Fi = 9, (7.8) 
S(t) p 

VexXehiie— 0. V-F, = —47Go\. (735 


We also have for adiabatic fluctuations 
PI = ¢70| (7.10) 


where Cg, is the speed of sound (cs = dp /dp1). 
It is not difficult to see that plane-wave solutions of the following form exist for 


C=O}: 
pmt=p (eX, vr,t)= wre, (7.11) 
with 
r-k 
ae he alle: 
x S(t) 
and 
peas Oe, (7.13) 
PI 5 7! 5 [a cle 
ee swiss r= 0 (7.14 
i+ <1 Sp Pl 1 = 0, .14) 
k x F; =0, ik - F, = —42G\S. (7.15) 


It is now convenient to split v; into two parts: along and perpendicular to the 
wave vector k. Thus we write 
k. vi k x (Vv x k) 


Taking the vector product of (7.14) with k we get 


(11+ 551) ca) 
=\"/ od — 
1 5! 5 


from which our definition of v; leads us to 


Vi — constant: (7.17) 
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Thus the transverse (or rotational) mode tends to decrease in the expanding universe. 
What about the mode parallel to k? Taking the scalar product of (7.14) with k gIVeS 
the following relation: 


; i os : P| 
UP =v St —47GS |— —0,. (7.18) 
k p 
We now define the density-contrast parameter 


Then, since p x S~*, we get from (7.13) 
ik 
6 =-——yp). 2) 
5 vy (7.20) 


On eliminating v}, between (7.18) and (7.20), we get 


a aS. Cah 
area ( 2 ~ 4xGp)s =0. (7.215 


This is the equation that tells us how or whether gravitational instability leads to the 
growth of condensations in the expanding universe. 

We first consider (7.21) in the quasi-static approximation wherein the expansion 
of the universe is neglected. Thus we set S = constant and S/S = 0. This brings us 
back to the original Jeans calculation of the static universe. We define K = k/S as 
the effective wave number for the solution (7.11) and (7.12) and call 


1/2 
fon ( ae ) (7.22) 


2 
CS 


the Jeans wave number. The equation (7.21) now looks like 
5 +¢2(K* — K7)s =0. (7.23) 


In this approximation it is easy to see that (7.23) has sinusoidal (that is, oscillating) 
solutions for K > Ky and exponential (growing as well as damped) solutions for 
K < Ky. If we write 


5X elo (7.24) 
then 
=. (kh — K?). (7.25) 


Notice first that, for K < Ky, the growth rate |w| is maximum when K = 0 and 
is given by 
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|W|max = Cs Ky. (7.20) 


However, the rate of expansion of the universe, which we have neglected so far, is 
also of this order. For, from Einstein’s equations, we get (for the k = 0 cosmology) 


N 


Se 8 Gp 
a 
that is, 
Ne 
abe (5) ae (7.27) 
S) 3 
Thus we cannot legitimately neglect the expansion of the universe in the present 
problem. 


Nevertheless, we can salvage something useful from this analysis. If we set K >> 
Ky in (7.25) we get sinusoidal disturbances that do not grow but simply propagate 
like sound waves. What does this mean? To understand the meaning of K > Ky, 
define a mass 


hf ee =) . (7.28) 


3 K 


M is the mass of a sphere of radius 277 /K containing a number density n of hydro- 
gen atoms, each of mass my. As the universe expands n decreases as S~* and K 
decreases as S~!. Thus M remains invariant. Taking p = nmy for the present, we 
see that the gravitational energy of this sphere is 


~ GM | aeaieal 
G a as ; 


7k K 


The thermal energy of this sphere, on the other hand, is 


4n 4(2n\? 
cay — F 2(%) ; 


Comparing the two expressions above, we see that 

K > Kj > €n > &. (7.29) 
Furthermore, K >> Ky also gives us 

lo| > S/S. (7.30) 


Thus, in the sound-wave approximation the gravitational forces and the expansion 
of the universe may be neglected. 


7.2 The Jeans mass in the expanding universe 


It is convenient to express the condition K > Kj in the form 


4nrnmy (20 2 
M < ——|—] =M,. ody 
3 (=) J (7.31) 


where My is called the Jeans mass. The above result therefore means that the only 
disturbances that have any prospects of growth are those whose mass exceeds the 
Jeans mass My. For such spheres the gravitational force can dominate the thermal- 
pressure force and lead to compression of the sphere and hence to gravitational 
instability. 


7.2.2 The evolution of the Jeans mass 


Let us try to follow the variation of Mj as the universe goes through various phases 
starting with the era whene! ande annihilated (see Chapter 5). Until the electrons 
combined with protons to form hydrogen atoms, it is a good approximation to 
assume that the universe is largely made of non-relativistic ionized hydrogen in 
thermal equilibrium with the blackbody radiation at temperature 7. In this era we 
may neglect the pressure and entropy of matter in comparison with that of radiation. 
Hence we have the density, pressure and entropy density: 


p=nmyt+ ar fe. (732) 
p= sar", (7.33) 
s = faT?. (7.34) 


In adiabatic changes the entropy of a comoving volume is constant, so s i 
constant. Hence to evaluate oe we must calculate dp/dp at constant s/n. A simple 
calculation gives 


oe =( a). (7.35) 
> 3\ c2namy + Ts 


In evaluating the Jeans mass from (7.31) we will replace p in (7.22) by p + p/c?, 
without seriously altering any conclusions (which are order-of-magnitude results 
anyway!). A simple calculation gives 


Da) 57 / a aes 
My = Seen! + 3) (7.36) 
Gan m,G i nmyc 


It is more convenient to use the specific entropy 


o= = k = Boltzmann’s constant. (esi) 
cn 


Then 
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Re Ye D2 : S 
= al i ~~) . (7.38) 
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As the temperature drops to ~3000 K the combination of electrons with ionized 
hydrogen is almost complete. This is the misnamed recombination epoch or the 
epoch of last scattering. If the present-day background temperature 1s taken as Zs, 
this era broadly corresponds to redshifts in the range z ~ 1000-1500. In making any 
numerical estimates we will take zgec = 1000 as the redshift at last scattering when 
matter became decoupled from radiation. 

After the decoupling, radiation pressure becomes unimportant a the gas (of H 


atoms) behaves as a monatomic gas is expected to behave: with y = > and 
3 nkT 
p=nmyt+ 5, (7.39) 
i (CS 
p =nkT, (7.40) 
C= tae (7.41) 
3 my 


The Jeans mass then becomes 


NEY Geld La aes 
Just after decoupling, the temperature T of matter is the same as the radiation 


temperature. So we can express our answer above in terms of o by using (7.34): 


977 9/253/2 2G 1/2 


(7.43) 
9a!/2G3/2m2, 


J — 

How does the temperature of matter drop subsequently? In Chapter 4 we saw that 

random motions drop as S~! so that, in this non-relativistic era, the temperature will 

fall as S~*. Thus, starting from (7.43) at the decoupling, My will drop according to 
(7.42), that is, 


Miccl? 41a? ouS- 7)? (7.44) 


Figure 7.2 shows how Mj varies with the radiation temperature 7) under the 
assumption that the present-day radiation temperature is ~2.7 K and is equal to that 
of the cosmic microwave background. The quantity that enters the expression (7.38) 
besides the temperature is o, the specific entropy. In Chapter 5 we saw that o, which 
is proportional to the photon-to-baryon ratio, is in the range 10°—10!°. In Figure 7.2 
we have taken o = 10”. It is convenient to express My in units of the solar mass 
Mo. 

We see that at T, ~ 10? K, My was in the range 10*— 10°Mo. For T > 
myc? /(ok), My increases as Ty 3. The increase continues until Ty drops to a tem- 
perature of 10*-10° K (myc? _) ion = 10* for our chosen o). The highest value 
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reached by My is in the range 10!7 10!°M .. This is just before the last-scattering 
era, when My, drops to a value of a few times 10°M. . This drop is a sharp one, but 
thereafter Mj drops as S ~3/? « i” > This behaviour of My helps us understand the 
difficulties of forming galaxies in the expanding universe. 

Suppose that we are interested in forming a galaxy of typical mass ~10!! M..,. In 
terms of (7.38), My will be less than this value until the temperature has dropped 
to ~10’ K (see also Figure 7.2). From our crude theory of the Jeans mass, we 
see that a fluctuation of mass ~10!! WM, will have a chance to grow under its 
self-gravitation until the temperature drops to this value. The actual mode of growth 
must be calculated using the perturbation theory with the full general relativistic 
equations. This complicated problem was solved by E. Lifshitz in 1946. We will not 
go through the details here but simply quote the result: in the fastest-growing normal 
mode dp/p increases as t. 

In the next phase, when Mj > 10!! Mo, our fluctuation cannot grow. It oscillates 
as a sound wave until the post-recombination era, when My has again dropped below 


Figure 7.2. An approximate 
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10'' Mo (see Figure 7.2). After the temperature has dropped to ~3000 K. growth 
is possible and we can use our simple Newtonian equations. We will proceed to 
solve this problem in the following section. It is clear, however, that, so far, within 
the Jeans mass theory, the number 10''Mo does not seem to emerge as having 
any particular significance. The typical mass at recombination is of the order of the 
mass of a globular cluster: it is much smaller than 10!! Mo. This was pointed out by 
R. H. Dicke and P. J. E. Peebles in 1968 and has been the main difficulty in trying 
to understand why typical discrete units of 10'! Mo are found in the universe. 


73 Growth in the post-recombination era 


We now try to solve (7.21) in the framework of Friedmann models. Our purpose in 
doing so 1s to try to relate any present fluctuations in temperature or number density 
to those in the post-recombination era, with the hope that such a calculation may 
give us clues as to how galaxies may have formed in that era. We will consider the 
problem separately for the three types k = 0, k = | and k = —1 of the Fnedmann 
model. We will make one simplification in our calculation. We will neglect the term 
c?k?/S? in comparison with 42 Gp. Physically this means that we are neglecting 
random motions relative to the expanding substratum: that is, this approximation 
corresponds to neglecting Mj in comparison with the galactic mass. This neglect is 
valid, since, in the post-recombination era, My is as low as 10°Mo (=10~> x the 
galactic mass). 


7.3.1 The Einstein—de Sitter model 


In this model (see Chapter 4) 


+ \2/3 oon 1 
Sl — (=) : j= 3 40 : = Fee (7.45) 
Therefore (7.21) becomes 
oe 43 — se = 0. (7.46) 
Bi) or 
This equation has the general solution 
Ar eee (7.47) 


Thus the growing mode is « 1/? and the damped mode « t7!. If these two 
modes are present in comparable form to start with, only the growing mode will 
be important eventually. Thus we will set B = 0. 


7.3 Growth in the post-recombination era 


For the epoch of decoupling tyge. the redshift is gcc. Taking the temperature of 
the epoch as ~3000 K, we have 
l + 2¢ec = 10°, (7.48) 


since the radiation temperature increased in proportion to | + < in the past. Thus the 
density contrast 5 should have grown by the factor 


_ dt) ( 10 


- 5 (tdec) ‘i jae 


2/3 
) = (1 oP Zdec) as 107 (7.49) 


7.3.2 The closed model (k = 1) 
We use the relations (4.56)—(4.60) to write 


ct=5a(@—sin®), $= a(1—cos6), 


_ 3H qo(l—cos@o)? 3B (go — 1) 
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On changing the independent variable from t to © in (7.21) we get 


9) 


(ee ey 

de? dO 

This equation has the general solution 

p= a (FTE 30 sin O ) sin@ 
l1—cos® (1 —cos@)2 (1 — cos @)2 


Again, the growing mode is that multiplying the constant A. Concentrating on this 


=o) Cay 


(7752) 


mode, we first note that, for the epoch of decoupling zyce given by (7.48), Ouec is 
small. Hence 
1 — cos Op D : 
| + Zdee = ———_~_ ® ——(1 — cos @p); 


1 — cOS Ogee Oo 


that is, 
2(1 — cos @p) \'/? 
One = (a) (7.53) 
(1 + Zdec) 

Thus the growth factor is given by 
_ SC + Zdec[(5 + cos Oo) (1 — cos Og) — 3@o sin Qo] 
a (1 — cos @9)3 
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where we have used (4.60) to express cos po in terms of qo. 
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(7.54) 
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73.3 The open model (k = —1) 
Again using the relations (4.70)-(4.73), we write in terms of the parameter V 
ct = 5A(sinh W — W), S = 4B(cosh W — 1) 
3H (1 — 2q0)° 
4n Gqp(cosh W — 1)” 
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Proceeding exactly as for the closed model, we finally arrive at the growth factor 


5(1 + Zdec 3} Sy fay Loe 
— ee + 4go -— mee a sinh (——e)) (7.56) 

(1 — 2q0)° V1 — 240 qo 
Figure 7.3 plots & as a function of go in the range 0 < qo < 5. Notice that © 


increases up to ~ 6x 10°. We have already seen that for gg = 5 EY = 1+2Zdec ~ 107. 
What does & mean in terms of galaxy formation? 
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Figure 7.3 The growth function © plotted against go for 0 < go =< 5, for 
Zdec = 1000. 
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We have to admit that 5 = 5p/p representing the contrast in density between 
galaxies and the surrounding medium is considerably higher than unity, since the 
density in a galaxy is higher than the density of matter in a cluster of galaxies by 
at least a factor of ten. Moreover, the intracluster density is ~10728 ¢ cm=3, which 
is higher by another order of magnitude than the closure density of the universe 
(~10~*?g cm~3). Thus, to apply our theory to galaxy formation, we need $e/p > 1 
and in this region linearization of the basic equations is not valid. So we cannot use 
our calculations in any exact sense. 

However, we can use the above analysis to demand that. in order to form galaxies, 
the contrast in density must at least be unity at present. Thus, if we set do/p ~ 1 at 
present, we may ask for d5Ogec/ dec to be at least ©~! at the time of recombination. 
Only the full non-linear theory can really tell us what 5 dec /Pdec Should have been in 
order to generate large contrasts in density at present. However, even the lower limit 
yl isofa magnitude that could in principle be detected by accurate measurements 
of the microwave background, as we shall shortly see. 


7.3.4 Growth in radiation-dominated universes 


Our discussion so far has centred on matter-dominated models of the universe. that 
is. models whose expansion is controlled by non-relativistic matter. However, as we 
saw in Chapter 4, there was an epoch feq, prior to which the universe was radiation- 
dominated. How do inhomogeneities grow in such universes? 

The case of a radiation-dominated universe differs from the matter-dominated 
one in that the pressure p of radiation is making a significant contribution to grav- 
itational attraction. Indeed, we have p = pc?/3, so that the effective density is 
p+3p/c? = 2p. The hydrodynamic equations set up in §7.2.1 must be modified 
accordingly. We will not go into details, but write the equation for 6 that eventually 
results from the calculation: 


amet _320GP )s 701 (7.57) 


6 po) = 
+e 3 


Here the speed of sound c, = c/./3. We may assume that the curvature (k) term 
does not produce any significant effect and may be set equal to zero. (Caution: refer 
to the flatness problem discussed in the last chapter!) The corresponding Jeans wave 
number is now 


321Gp \'”" 
k= (=y*) (7.58) 


It is not difficult to show that the growing and damping modes can be combined 
in the general solution as before: 


SA oR (7.59) 
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Of course, here we are assuming that the Jeans wave number far exceeds the wave 
number for the inhomogeneity under consideration. 


7.4 Observational constraints 


The ‘growth-of-fluctuations’ idea outlined above encounters a problem when it is 
confronted with observations. We shall] briefly review not only this problem but also 
certain other constraints that a successful theory of structure formation must satisfy. 
Although these constraints have posed difficulties for the standard big-bang model, 
we should view them in a more positive way, for they represent the remarkable 
progress that extragalactic observational astronomy has made in the 1980s, thanks 
to increasingly sophisticated observing techniques. To match these developments on 
the observational front, the cosmological theories have to be correspondingly more 
mature and less speculative. We begin with the possible impact of the fluctuations 
in density leading to galaxy formation on the microwave background. 


74.1 Small-angle anisotropy 


Let us estimate the effect of these fluctuations of d0/p, the contrast in density 
during the epoch of decoupling, on the radiation background. Assuming that the 
fluctuations are adiabatic, the number density of particles will vary as the cube of 
the radiation temperature. Therefore 


ey 3e 08 
Tr dec 3 P / dec 


where the subscript (dec) denotes the epoch of decoupling. 

Since the universe is optically thin after this epoch, these fluctuations will be 
imprinted on the radiation background and would be observed to this day. That 
is, if we sweep observations across the sky we should see ups and downs in the 
background temperature. What should the order of magnitude of this fluctuation in 
temperature be for the present epoch? Over what characteristic angular size should 
we observe these fluctuations? 

Our calculations above have placed the value of (50/)gec in the region of D7. 
For the various cosmological models (see Figure 7.3), 2~! lies in the range ~10~2 
to 3 x 10~*. Hence, from (7.60), we should have present-day fluctuations of AT /T 
in the range ~3 x 1073 to 10~*. This is, of course, true under the assumption of 
optical thinness mentioned earlier. 

To fix the angular size of fluctuations, there are two possibilities available to 
us. First, we note that (7.28) relates the mass M of a typical fluctuation to the 
characteristic wavelength 277/K. What will the angle subtended by a length 277/K 
be for the redshift Zdec? For this we need the formulae for angular size derived in 
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Chapter 4. We recall the relevant formulae (4.89), (4.92) and (4.95) and apply them 


in the limit of a large redshift (1 + zuee ® 1000). Thus we get the angular size as 
MOS Pete) 
K D, 
where 
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Hence, from (7.28), 
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Since nNgec = no(1 + Zdec)?, where no is the present-day number density, we get 
finally 


A@ 


Hogo ( 3M. 
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€ 4rnomy 
Using the result that ngmy = 3H5qo/(42G), we can express the above result in the 
following form: 


(AQ) = 23( ) droady" > arcseconds. (7.63) 


10''Mo 
Thus galaxy formation should leave a characteristic patchiness of the angular size 
~20 arcseconds. Certainly no such perturbations on the scale estimated above have 
been found. 

The second possibility of discovering inhomogeneity imprinted on the microwave 
background is that on a larger angular scale, arising from a finite size of the particle 
horizon of a Friedmann universe. We shall discuss it shortly in §7.4.3 under the 
so-called horizon problem. 


74.2 Types of perturbations 


The non-discovery of temperature fluctuations AT/T in the range ~3 x 
10~* to 107+ until the early 1990s led to considerable soul-searching on the part of 
standard-model cosmologists. Have the effects of matter fluctuations on the radiation 
background been overestimated? If so, where does the present hypothesis break 
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down? Could some other processes be operative in structure formation, making the 
actual matter-radiation link weaker than that assumed here? We briefly discuss a 
few alternatives. 

The assumption so far has been that the fluctuations are adiabatic, i.e., they 
leave the entropy invariant. Because of the large photon-to-baryon ratio noted in 
Chapter 5, the entropy is almost entirely carried by photons. The entropy per baryon 
is proportional to T?/m, where T is the radiation temperature and fm is the density 
of matter. The constancy of this ratio was used in equation (7.60) and this led to the 
relatively high expectations for AT/T. 

To reduce this expectation the other alternative is that of isothermal fluctuations. 
Here it is assumed that the radiation temperature remains invariant during pertur- 
bations of matter. In other words, there is no linkage between 5p and AT. This 
could be justified by arguing that the high thermal conductivity of the cosmological 
medium allows quick equalization of temperature. Irrespective of whether they are 
isothermal or adiabatic in the pre-decoupling era, the perturbations after that era will 
have matter fluctuations decoupled from (and hence not interacting with) radiation. 

A third kind of perturbation gives rise to isocurvature fluctuations. These fluctua- 
tions preserve the curvature of spacetime by preserving the energy density. Thus. the 
energy densities of radiation and matter together do not change, i.e., 5€ = —5pm c?. 
Usually such perturbations arise when there is non-baryonic matter around. We will 
discuss the need for non-baryonic matter later. For the time being we may mention 
that, if this matter does not interact with radiation, then fluctuations in it would leave 
no imprint on the radiation background. 


743 The horizon constraint 


The second type of imprint of inhomogeneity on the microwave background is 
expected from the finite size of the particle horizon. Let us assume that, for any 
epoch ¢, p(t) denotes the smooth averaged-out density in the universe while p(r, f) 
denotes the actual density at any point in space with coordinate r. To fix our ideas, 
as well as to simplify matters, let us illustrate the problem for the k = 0 model. 
Define the ‘density constrast’ d(r, t) by 


Lip ; Ble 
Ot) — ae = f ane (7.64) 
If S(¢) is the scale factor, the proper length corresponding to r is S(t)|r|. Hence the 
physical wave number for k is k/S. 

The inhomogeneity denoted by (r,t) is thus seen as a superposition of com- 
ponents of different wave numbers. A typical size (27/k)S(t) is stretched in an ex- 
panding universe. Besides, the amplitude for a given k will grow due to gravitational 
instability. So an inhomogeneity of characteristic size Ag today would correspond to 
a proper length 


7.4 Observational constraints 


S(t) 
A(t) = A495 —— 
(t) 0S (io) (7.65) 


for the epoch f. With S(t) « t”, say (viz. n = { for the radiation-dominated phase 
and n = 2 for the matter-dominated one), we find that A(t) « rt”. The size of the 
particle horizon, however, as we saw earlier, is proportional to ¢ (cf. equations (4.87) 
and (6.51)). Thus with n < 1, for sufficiently small ¢, A(t) would exceed the size of 
the horizon. 

Since physical processes operate under the principle of causality, it follows that 
any astrophysically relevant scale today demands seed fluctuations with scales not 
exceeding the size of the horizon during any earlier epoch. Thus there is manifestly 
a contradiction here. (For explicit numerical values of typical length scales see 
Exercises 20 and 21.) We will return to this issue in §7.5. 

In general, one could argue that the size of the horizon during the epoch of last 
scattering fgee was of the order Ctgec. What would the angular size of such a region 
be if it were observed today? The answer (see Exercise 22) turns out to be 


[840 


Oy = \ = ~ 5,/qo degrees. (7.66) 


So one would expect to see some structure in the radiation background on this 
angular scale. However, if it is argued that the inflationary phase made everything 
very uniform, then this signature is not expected to be significant. 


74.4 The scale-invariant spectrum 


First we consider the two-point correlation function &(r) for galaxies defined by the 
probability 5(r) of finding a galaxy in a given volume 5V within a distance r from 
a given galaxy: 


d(r) =nl[l1 + &(r)] bV. (7.67) 


Here 7 is the mean number density of galaxies. Detailed studies of galaxy counting 
indicate that &(r) has the form 


34 
E(r) = (=) (7.68) 


ro 


where rp = Shin Mpc and y = 1.8. 

Now &(r) is scale-invariant and is typical of fractals. Moreover, the galaxy, the 
cluster and the supercluster correlation functions have, surprisingly, the same func- 
tional form with the same y. Thus, if we did not know what population was being 
described in a catalogue we would not be able to find the answer from an analysis 
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of their correlation. Figure 7.4 illustrates this commonality. In mathematical terms 
all the correlation functions are adequately described by 


EL(r) = 0.3 ( ae (7.69) 


where L = (n)~!/3. This scale-invariant spectrum has to be explained by a theory 
of galaxy formation. 


74.5 The hierarchy of structures 


: 11 
The discrete structures range from galaxies on the scales of masses ~10°° Mo and 
sizes ~10 kpc to superclusters on the scales of masses ~(10!4-10!>) Mo and sizes 
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Figure 7.4 The correlation function for clusters and galaxies as well as for 
superclusters is seen to be the same from this observed distribution of E(r), although 
their characteristic scales are different. Adapted from Figure 10 of an article by 

N. A. Bahcall, 1988, Ann. Rev. Astron. Astrophys. 26, 631. 


7.4 Observational constraints 


~50-100 Mpc. We also have to understand how their large-scale filamentary struc- 
tures become interspersed with giant voids ~ 100. 200 Mpc in size. Two relatively 
nearby large-scale inhomogeneities are the Great Wall and the Great Attractor. 

A theory of structure formation may belong to one of two types: ‘top-down’ and 
‘bottom-up’. In the top-down scenario the largest scale structures form first and 
later they fragment into smaller ones. The reverse is true in the bottom-up case, with 
smaller-scale structures forming first and accreting together in groups to form the 
bigger ones. One can generally relate the formation of primary structures to the type 
of perturbation in operation. Thus one can argue that, in the adiabatic fluctuations, 
the first structures to form are the massive ones on the supercluster scale and so 
the top-down scenario operates. With the isothermal fluctuations small structures on 
the mass scale ~(10°-10°) Mo (closer to globular-cluster size than to the size of a 
typical galaxy), form first; this is followed by the bottom-up scenario. 


74.6 The age distribution 


Did all galaxies form more or Jess during the same epoch, or is the process of their 
formation a continuous and ongoing one? When did it begin? Was it related in its 
evolutionary sequence to the formation of QSOs? 

Clues and possible checks can come from the redshift distributions of discrete 
objects, from the age estimates of galaxies and from their chemical evolution. Red- 
shifts of QSOs indicate a tapering off of their numbers beyond = = 5. Galaxies do 
seem to have a variety of ages, judging by the evolutionary stages of stars therein 
and by the abundances of heavy elements. These clues pose important constraints 
on theories of structure formation. 

With studies of high-redshift galaxies becoming more and more common, the 
colours of such galaxies give indications of their ages. Thus it is possible to relate 
the finding of a well-developed galaxy at high redshift to the structure-formation 
scenario. Figure 7.5 shows one such galaxy. 

Suppose that we are working in the framework of the Einstein—de Sitter model 
and we see a fully formed galaxy with stars at redshift z = 3. Then the age of the 
universe at the time the galaxy was observed was 


eS ; i (1 + z)73/2 x 10!° years. (7.70) 


For ho = 0.6, say, this works out to be about 1.4 x 10° years. This observation 
therefore imposes a constraint on the theory of structure formation to produce such 
a galaxy within the above time limit. The constraint becomes even stricter if the 
galaxy is seen to have well-formed or reasonably old stars. 
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75 Density and mass fluctuations 


Before proceeding further, it is useful to elaborate a little on the density-contrast 
formula (7.64). The Fourier coefficients of 5(r, t) can be useful in relating to the 
sizes of inhomogeneities and their masses. In what follows we will suppress the 
time dependences of the density and mass fluctuations, since we shall be concerned 
with averages for a given epoch ¢. 

Using (7.64) we see that the spatial average of 6*(r) over a sufficiently large 
volume V (large enough to contain several statistically homogeneous regions so as 
to have the realization of 6(r) as a random variable) will be given by 


Galaxies in the Young Universe 


PRS4-20 - Office of Public Outreach - December 6, 1904. - 221, 


Figure 7.5 In the top right of the picture we see, enlarged, a galaxy with redshift 
z = 3.330, which is a normal galaxy in which star formation is taking place. It lies 
~100 Mpc in front of the quasar Q 0000-263. Image by HST created with support 
from the Space Telescope Science Institute operated by the Association of 


Universities for Research in Astronomy. Reproduced with permission from 
AURA/STScl. 


7.5 Density and mass fluctuations 
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where we have assumed that the angular dependence of the fluctuations is not 
significant in a situation of large-scale homogeneity and isotropy. Thus the suffix 
of the typical Fourier component is only the magnitude k = |k] of the wave 
number. If we consider each 5, as a Gaussian random variable with zero mean and 
standard deviation o;, then we can call ry the power spectrum of the fluctuations. 
Provided that V is large enough, we may take the measured values of \5x{* as the 
power-spectrum parameters op. 

We can now relate these ideas to the two-point correlation function &(r) intro- 
duced earlier in §7.4.4. At any point r it is given by 


c= fark 


(Fch2) 


|| 

& 

= 

+ 

“ 
S 
ad 
ia 


Using this formalism we can show that. if p(r) denotes the smoothed out density 
of a class of massive objects like galaxies, then the probability P;2 of finding two 
galaxies at r; and rj with a separation of rj2 = r) — r2 will be given by 


Pian foe +9r))o(r+ r)d°r 
o 6 [1 + E(r12)). Cae) 


If the existences of these galaxies were independent events, then the probability 
of their occurrence at the given locations would have been simply proportional to 
p>. Denoting this probability by P, we get the probability in the above case as 


Pio = P[1 + €(rq2)]. (7.74) 


Finally we consider the structure in question as ‘excess mass’ in a given volume, 
say a sphere of radius R. To consider a bounded volume like this we need a ‘window 
function’ to cut off any contributions to the mass beyond the volume. Although the 
Heaviside function does exactly this, it is sometimes awkward to handle and it is 
more convenient to approximate it with a Gaussian. Thus we write the excess mass 
contained in a sphere of radius R centred on r as 


d5Mr(r) = p / d(r+r))W(ry) ry, (7.75) 


oy 
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where the window function is 


2 
. 
W(r;) = constant x exp (- si, (7.76) 


The Fourier transform of 5Mp(r) is then given by 


a dip2 
5M p(k) = (271)*/7 R>5x exp(—" > i (7.77) 
showing that the contributions drop rapidly for wave numbers exceeding Roles 
fluctuations on scales smaller than R are rendered insignificant by the averaging. 
The dispersion of the mass excess 5Mr/Mpr can be computed similarly to that of 
the density fluctuations. If we use the Gaussian window W(r)), we can define a 
Gaussian effective volume Vg by the relation 


Mr= [ecowoner = (27)7/* R36 = Vop. (7.78) 


Therefore we get 


ora) PE 2 
((SMr/Mr)’) =| (+) EN ee (7.79) 
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If |6¢|? = Ak”, a power-law function with A a constant, then we can evaluate this 
integral analytically: 


n+3\A nr) 
5Mr/Mp)’) = 04,(R) =P = 7.80 
(( R/ R) ) mu ) ( 7 ) 9) ( A2V a ( ) 
Thus the fluctuation in mass is directly related to the quantity k*|5,|7 at a wavelength 
of the order of the size R of the region and, for a power-law behaviour of this 
quantity, o7,(R) behaves as R73), 
We shall use these results later in this chapter. 


7.6 Inputs from the inflationary phase 


One of the attractive features claimed by the inflationary models is that they hold out 
the possibility of generating seed fluctuations that can grow to form the large-scale 
structures with a scale-invariant spectrum. To investigate this, we first discuss a 
scenario that produces the observed structures from seed perturbations and deter- 
mine the form of the perturbations needed. Then we compute explicitly the nature 


of perturbations produced by inflation and see how these compare with the required 
ones. 


7.6 Inputs from the inflationary phase 


7.6.1 Causal connections within the initial fluctuations 


In the preceding section we saw how the physical wavelengths (of the present-day 
large-scale inhomogeneities) were larger than the radius of the horizon sufficiently 
early on in a Friedmann model, which implied that they could not be linked by 
causal interactions. This conclusion is altered if an inflationary phase is present. Let 
us see how this comes about, with an illustrative example. 

Consider a wavelength Ap associated with a galactic mass M during the present 
epoch. With the mean density given by 


: 3H0 
po = 82G 0 
we have 
4m _ 3 
M= =z Por9: 
tes 
1/3 
} ea 7.81 
Mh = : : 
HQ, (7.81) 


We now trace this length scale back to the epoch t; when inflation had just ended. 
Since the scale factor varies as the reciprocal of the radiation temperature, the length 
scale at te was 


(7:82) 


1/3 
S(t¢) 2GM To 
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Since the scale factor increased exponentially during the inflationary phase t) < t < 
tr, the scale at f; was 


Aj = Agexpla(t — t¢)] =A¢Z', (7.83) 


Z being the factor by which the universe inflated (see equation (6.74)). How does it 
now compare with the size of the horizon? 

Assuming that the universe was in the de Sitter expansion mode during tf, < t < 
fy, the nature of the horizon changes. The de Sitter spacetime over its full time span 
—0o < t < oo does not have a particle horizon. It does have an event horizon c/a 
in radius if the expansion factor is exp(at). However, here we are dealing with a 
finite interval of the de Sitter expansion, so the issue is somewhat vague. For causal 
connections which have developed through the past light cone one should strictly 
talk of the particle horizon. In the absence of a clear-cut particle horizon, we may 
take c/a, which is also the so-called “Hubble radius” for exponential expansion, as 
a length scale up to which causal connections might be established. 
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Because of the largeness of the factor Z we expect that, for most astrophysically 


relevant scales, 
Mex e/a. (7.84) 


In other words, the Hubble radius exceeds the length scale. Thus the original causal- 
ity problem of standard cosmology is circumvented. 

Figure 7.6 illustrates the revised situation. It shows the Hubble radius over the 
inflationary epoch followed by the radius of the particle horizon in the Friedmann 
radiation-dominated expansion phase. The Hubble radius is constant at c/a for t, < 
t < t;. Fort > t, the particle horizon grows as t. Relative to these scales the 
typical length scale for a primordial fluctuation corresponding to the wave number 
k grows always in proportion to the scale factor of the universe, i.e., it grows as 
(27 /k) exp(at) during t; < t < tg. Thus it exceeds and crosses out of the Hubble 
radius at some time fexit given by 


20 Cc 
ae exp(ATexit) =-. (7.85) 
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Figure 7.6 The scale size of a fluctuation grows as S(t). It exceeds the Hubble 
radius of the inflationary model and later re-enters the particle horizon in the 
Friedmann phase. 


7.6 Inputs from the inflationary phase 


For fexit < t < fenter the scale in question exceeds both c/a during the inflationary 
stage and the size of the horizon during the Subsequent Friedmann stage. The instant 
fenter IS given by the epoch when the proper length of the fluctuation (which oTOWS 
during the Friedmann regime in proportion to ¢!/2) becomes equal to the size af the 
horizon (which grows as r). The suffix ‘enter’ indicates that for 1 > fenter, the length 
of the fluctuation will be /ess than the size of the horizon. Inflation therefore allows 
one to start with seed fluctuations during a very early epoch and allows them to grow 
to scales observed at present. It is during the interval texi, < t < femer that are 
connections are lost and the correlations developed prior to fexi, are maintained 
intact. Notice also that both /o.,, and fener depend on k and this circumstance plays a 
key role in determining the spectrum of fluctuations. We shall look at this situation 
next. 


7.6.2 The scale-invariant spectrum 


Going by the above argument, we need to know the amplitude of a typical density 
perturbation at the time fenter(k) when it enters the horizon. We use the Fourier 
resolution of the density perturbation given by formula (7.64). For t > tenter(k) we 
can then study its growth first by linearization techniques until its magnitude [5 (1)|7 
becomes comparable to unity and later by other methods. (The fact that AT/T in 
the microwave background radiation is <10~> implies that |5,(t)|? was <1 in the 
radiation-dominated phase of expansion and hence linearization is justified.) Thus 
we need to know the function 


F (Kk) = [8k (t) py ect): (7.86) 


Harrison in 1970 and Zel'dovich in 1972 had independently argued, from theoret- 
ical considerations, that, at the time of entering the horizon. the perturbations should 
have the form F(k) « k~>. We will relate this argument to the present discussion 
next. We first recall the relationships between fluctuations of density and mass in a 
region of size R, which we derived in the previous section. 

There we saw that the root-mean-square (RMS) fluctuation of mass M as a 
fraction of the average mass contained in a region of size R is proportional to k*|5,|7 
atk = R~!. Therefore, for the above F(k) « k~?, the (RMS) value ((5M/M)7) will 
be independent of the scale R at f = fenter(K), thus giving equal power at all scales 
at the time they enter the horizon. As we saw in §7.4.4, a scale-invariant spectrum ts 
indicated by the distribution of discrete large-scale structures. 

The inflationary models discussed in Chapter 6 seem capable of producing this 
kind of spectrum, through fluctuations in the scalar field @(r. t) whose phase transi- 
tion generates inflation. We write the fluctuations as f(r, ¢) over a smoothed average 
value @o(t). Thus 


G@, 1) — city 7 i): (7.87) 
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These fluctuations result in fluctuations of the energy density. 
Since the energy density of a scalar field is pc? = 5°, we get 


Spr, t) = dot) f(r, t)/c? (7.88) 


for | f| < |@o|. Writing 


3 


= io 7.89 
fir. = f xine Tae (7.89) 

we have 
Sp(k, t)c? = do(t) Ox(t). (7.90) 


The average energy density during inflation being dominated by the constant term 
Vo (say) of the Coleman—Weinberg potential, we have a contrast in density of 


Spc? = do Ox(t) 


(7.91) 
Vo Vo 


k(t) = 
For ¢o we use the mean evolution of ¢ during the slow roll-over phase: but what 
is f? Now, in actuality, the fluctuations in @ are of quantum origin but here, in a 
classical approximation, we are using f(r, f) to mimic them classically. In quan- 
tum field theory the field would be an operator A(r, t) whose Fourier coefficients 
gx(t) are also operators. In a quantum state specified by the wave function Wx, the 
fluctuations of g, are given by the dispersion relation 


opt) = (Welag (DIV), (7.92) 


the mean value (ink ¢ 0 mode) of Ww being zero. This is because ¢y, the average 
of ¢, is homogeneous. Since oa, (t) appears to be a good measure of quantum 
fluctuations, we may identify Ox(t) with ox, (t) and write 


Oe ae) (7.93) 
Vo 


Thus we have taken a semi-classical approximation to estimate the fluctuations in 
the energy density of the @-field which act as the seed fluctuations of density during 
the inflationary phase t; < t < te. For a comparison with observations we need the 
value of d,(t) at t = fenter. Several workers in inflation theory have found a way of 
relating 5x (tenter) to dk (texit) through an approximate conservation law, 


dk (tenter) _ 5k (Lexit) 
bse W (tenter) 1+ W (Cexit) 


(7.94) 


where W(r) is the ratio of pressure p(r) to density p(t) of the average background 
field. 
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During the inflationary phase, with db, < Vo, 


ae} 1 Biey oe 
PO i V0, A= 5%) + VG, 1+W(t)~ Te (7.95) 
Z 0 


In the radiation-dominated phase 1 + W = 4. Therefore, 


4 Vo 
dk(tenter) = a” (7.96) 
4 Oo, 
— 6 he 
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For the Coleman—Weinberg potential, detailed calculations give ox (t) and @o(t). The 
final result is 


5k (tenter) aa lo, (7.98) 
In other words, the condition 
k>|8x (tenter)|? = constant (7.99) 


required for a scale invariant spectrum is satisfied. Although this is undoubtedly 
a success for the inflationary model, the outcome is hardly satisfactory. For, after 
putting in numbers, we find that we have too high an amplitude for fluctuations! 
Instead of yielding values of the order <10~*, the equation (7.98) leads to an 
amplitude of ~ 10°. Some unrealistic fine tuning of the parameters of the theory 
is needed in order to bring the amplitude down to the required level. 


V7 The role of dark matter 


The presence of dark matter also plays a significant role in the formation of struc- 
tures. We have seen how the smoothness of the microwave background limits the 
magnitude of 5p/p during the epoch of recombination. The argument that was 
used in equating the p/p tor matter and radiation depends on the matter being 
baryonic. Baryonic matter does interact with radiation and so we cannot have large 
fluctuations 5p/p of such matter coexisting with much smaller fluctuations in the 
radiation background. 

The argument, however, breaks down if the bulk of the matter is non-baryonic 
and hence (possibly) not interacting with radiation. This would allow large 5p/p of 
non-baryonic matter during the epoch of recombination. We may then arrange for 
the baryonic fluctuations (which were small during that epoch) to catch up with the 
larger fluctuations of the non-baryonic matter during later epochs. For the two kinds 
of matter interact gravitationally. Because non-baryonic matter does not interact 
with radiation it is ‘dark’ for all astronomical purposes. 
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7.7.1. Types of non-baryonic dark matter 


Non-baryonic matter can be broadly of two kinds, ‘hot’ and ‘cold’. These adjectives 
indicate how fast a particle of dark matter was moving when it decoupled from the 
rest of the (baryonic) matter in the universe. In Chapter 5 we saw that neutrinos 
decoupled from the rest of the matter at temperatures ~10!° K. At temperature of 
this order an electron (with a rest mass of ~0.5 MeV/c”) would move relativisti- 
cally. So, even if a neutrino has a rest mass of around 20-40 eV/c*, it would move 
relativistically at decoupling. 

Neutrinos are therefore an example of particles of “hot dark matter’ (HDM). 
At the time of decoupling they were moving with relativistic speeds. In contrast, 
particles whose velocities had dropped to values <c when they decoupled are called 
particles of ‘cold dark matter’ (CDM). 

Table 7.1 gives a list of candidates for dark matter, baryonic as well as non- 
baryonic. In the latter class the only familiar species are neutrinos, which are HDM. 
All other particles are conjectured by the grand unified or supersymmetric (SUSY) 
particle theories. Table 7.1 also lists particles of intermediate mass such as the grav- 
itino, which have masses ~1 KeV and may be considered ‘warm’ (WDM). None 
has been detected in accelerator experiments. We therefore begin with a discussion 
of massive neutrinos. Of all those listed above, the only tangible particle so far is the 
neutrino; even though it is still uncertain whether the neutrino has a rest mass, it is 
worthwhile examining a few consequences of such a possibility. 


7.7.2. Massive neutrinos 


Experiments by F. Reines, H. W. Sobel and E. Pasierb as well as by V. A. Lyubimov 
et al. in 1980 suggested that neutrinos may indeed have a small rest mass. Results of 
subsequent experiments performed by different groups have been rather equivocal 
on this issue. In the early 1990s, Dennis Sciama had shown that there are several 
likely consequences for extragalactic astronomy if there were a neutrino of 17 
keV rest mass. In 1998, the Japanese Super-Kamiokande Collaboration including 
scientists from 23 institutions in Japan and the USA announced indirect evidence 
that the muon neutrino has a small mass. 

The new evidence is based upon studies of neutrinos created when cosmic rays 
bombard the Earth’s upper atmosphere, producing cascades of secondary particles 
that rain down upon the Earth. Most of these neutrinos pass through the entire 
Earth unscathed. The Super-Kamiokande group used a large, 50000-ton tank of 
highly purified water, located about 1000 m underground in the Kamioka Mining 
and Smelting Company’s Mozumi Mine. Faint flashes of light given off by the 
neutrino interactions in the tank are detected by more than 13 000 photomultiplier 
tubes. By classifying the interactions of neutrinos according to the type of neutrino 
involved (electron-neutrino or muon-neutrino) and counting their relative numbers 
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as a function of the distance from their point of creation, the scientists concluded 
that the muon-neutrinos are ‘oscillating’ between, say, the muon-neutrino and the 
T-neutrino, or some other type of neutrino that as yet remains unknown. The experi- 
ment does not determine directly the masses of the neutrinos leading to this effect, 
but the rate of disappearance suggests that the difference in mass between the oscil- 
lating types is very small. At the time of writing this account there is no universally 
accepted value for the mass of a neutrino, so the issue remains unresolved. 

However, cosmologists are interested in this possibility since it opens up a num- 
ber of interesting astrophysical possibilities, including the formation of large-scale 
structure. As early as 1972 R. Cowsik and J. McClelland had conjectured that 
the “missing mass’ in the universe (that is, the dark matter) may be accounted 
for by relic neutrinos. What can we say today about such a possibility? Here we 
describe the cosmological implications of neutrinos having finite (i.e., non-zero) 
rest masses. 


Table 7.1 Some candidates for dark matter 


Candidate/particle Approximate Predicted by Type 
mass 
Axion, majoron, Goldstone 10-> eV QCD; symmetry CDM 
boson breaking 
Ordinary neutrino 10-100 eV GUTs HDM 
Light higgsino, photino, 10-100 eV SUS Y/SUGR? HDM 
gravitino, axino, sneutrino 
Para-photon 20-400 eV Modified QED HDM or WDM 
Right-handed neutrino 500 eV Superweak WDM 
interaction 
Gravitino, etc. 500 eV SUSY/SUGR WDM 
Photino, gravitino, axino, keV SUSY/SUGR WDM or CDM 
mirror particle, Simpson 
neutrino 
Photino, sneutrino, higgsino, MeV SUSY/SUGR CDM 
gluino, heavy neutrino 
Shadow matter MeV SUSY/SUGR HDM or CDM 
Preon 20-200 TeV Composite CDM 
models 
Monopoles 10!© GeV GUTs CDM 
Pyrgon, maximon, Perry pole, 10!° GeV Higher-dimen- | CDM 
newtorities, Schwarzschild sion theories 
Supersymmetric strings 10'? GeV SUSY/SUGR CDM 
Quark nuggets, nuclearities (Oars QCD, GUTs CDM 


* SUGR = supergravity. 
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Let us do the calculations taking gy = 1 even for massive neutrinos. If the rest 
mass of the neutrino is larger than ~2 x 10~* eV, neutrinos will have very small 
random velocities today. For convenience, we will use electron-volts to express the 
rest mass of the neutrino and write 


ie, = VEEN . 


From Table 5.1 we know that the number density of neutrinos is three-eighths of the 
number density of photons of the same temperature. We also know that the number 
density of photons goes as the cube of the photon temperature. Since in the post- 
e* — e-annihilation phase 


we get the present-day ratio of the number densities of neutrinos and photons as 


(= = a (7.100) 
NyJy 22 
Putting everything together, the mass density of neutrinos at present may be ex- 
pressed as 

py = | Qype, (7.101) 


where )° denotes a sum over all types of neutrinos and 


M(t 
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A similar contribution to the density will come from antineutrinos. If we consider 
all species of neutrinos (and their antineutrinos) together, we discover that their 
contribution to the density becomes comparable to that of baryonic matter, provided 
that 


S my > 1.5 eV. (7.103) 


all species 


If neutrinos collapsed with the nucleons to form clusters, then we get a lower 


bound on the ratio of non-luminous to luminous (baryonic) matter. This lower bound 
1S 


eh a 
ee (7.104) 


From cluster emission of X-rays it is estimated that the mass of hot gas 1s related to 
the total mass of the cluster by the formula 
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Mug © 0.1(2h0)?/? Moral. (7.105) 
We may take M7otai/Muc as an upper limit in (7.104). This gives 


>> My < 40h}. (7.106) 


Thus, for ho in the range 5 to I, the upper limit on )* my lies in the range ~15-— 
40 eV. 
In 1979 S. Tremaine and J. Gunn pointed out another handle on neutrino masses. 


A massive neutrino will have a distribution function in the momentum space of 


= 
iS Pvc 3 
a ate 1} dp 
e aim ew( BE) + ue TD 


at the time of decoupling. As they cool down py cx Ty and the neutrinos eventu- 
ally become non-relativistic. Slow-moving neutrinos would be susceptible to being 
trapped by the gravitational potential wells of massive systems that eventually form 
clusters or single galaxies. Trapping and collapse of neutrinos changes their distri- 
bution function from (7.107) to a Maxwellian distribution of an isothermal gas. This 
final distribution is given by 


z 
diy = eee exp( aa) (7.108) 


In order that (7.108) represents a gas trapped by the gravitational field of a mass M 
at a distance R, we need 


that is, 


3M _—— 90? 
4nR3 4nGR2° 


(o)= (7.109) 
Expressing M in terms of Mo, R in megaparsecs and o in units of 100 kms7! = 
0100, We get from the above 


2 
= 9100 we 
Le 10'*a;00RMpce, (0) & 10 *8( 10 zon". u(7.110) 
© Mpc 


Now, one feature of a collapse accompanied by violent relaxation is that the 
maximum of the phase-space density decreases. (This happens because, as the gas 
particles move, a mixing of states occurs, in which the maximum of the original 
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distribution function gets mixed up with lower-density parts of the distribution 
function.) On comparing the maxima of (7.107) and (7. 108) we therefore get 


8v a Pv é 
(Qrh)s ~ mi(2007)3/? 


that 1s, 
1/4 
Jar )3/253 
a (ce ea (7.111) 
8vo- 
Expressing this inequality in terms of (7.110) we get for gy = | 
—I/4 p)—-1/2 
My = 4.50109 Rupe : (7112 


Relic neutrinos that are sufficiently heavy may therefore collapse and dominate 
the mass on the various scales given by (7.112). Tremaine and Gunn pointed out 
a curious aspect of this result.! The larger the value of My the larger the ratio in 
(7.104), that is, the unseen mass is larger relative to the luminous mass. Yet the 
ratio is known to be largest for clusters of galaxies and lowest for single galaxies. 
Thus it would appear that relic neutrinos don’t seem to solve the problem of the 
missing mass. To resolve this contradiction Schramm and Steigman suggested that 
my may lie in the range 4-20 eV. Thus these neutrinos would not be massive enough 
to dominate gravitational clumping on the scale of a single galaxy, but may well be 
effective on the scale of clusters. 

Very massive neutrinos will prove embarrassing for big-bang cosmology. If all 
neutrinos have on average a mass of ~25 eV, then £2, is close to unity. Larger 
masses than this value and/or an increase in the number of relic neutrino species 
would increase 2&2, and the overall &2 beyond the closure value 2 = 1. As seen 
in Chapter 4, closed universes have shorter ages and an overall age < 6 x 10” 
years may be embarrassingly small. It has been suggested that, under such circum- 
stances, A cosmologies might have to be invoked. However, at the time of writing 
this account, the experimental upper limits on neutrino masses are well below the 
above-mentioned critical value. 

These calculations illustrate how astrophysics may provide valuable constraints 
on properties of elementary particles and vice versa. 


7.7.3 Dark matter and structure size 


An interesting relation between the mass of a non-baryonic HDM particle and the 
mass of the large-scale structure associated with it emerges. The ideas is as follows. 
Suppose that mx is the mass of a particle X that moves in a collisionless fashion (i.e., 


| < a Cae a . 
Somewhat similar arguments were used by Cowsik and McClelland in 1973 to place lower 
limits on neutrino masses. 
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it is NON-interacting) with relativistic speed. Such a motion is called “free streaming’. 
A population of such particles tends to Wipe oul any inhomogeneity. The limit on 
the size of the inhomogeneity is then placed by the size of the particle horizon. We 
estimate the effect as follows. 
The particle will be relativistic until the ambient temperature drops to 
mxc~ 

y= i” CL Sy 
The time-temperature relationship in the early universe will give the epoch as (cf. 
(6.5)) 


mame Nye 
tx = (<<) pice Os 7.114 
. l6xGa . a a 
For this epoch the size of the horizon is 
Rx = eety. (7.115) 
The energy density of the particles in thermal equilibrium is given by 
m (ATX i: 2g 


—. (7.116) 


Therefore the total mass contained within the horizon sphere is given by putting 
together (7.113)—(7.116). After some manipulation we get its magnitude as 


An 5. 
M = =z Rxle/e?) 
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Writing the radiation constant and Planck mass as 
ek ch 
=e VL = =a (7.118) 
eae PAG 
the above expression becomes 
3 3 3 
BMS AMY ae See (7.119) 
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The constant a is of the order of unity. (We may take g between 10 and 100.) 
Expressing the neutrino mass in units of electron-volts and M in units of the 


solar mass Mo, the above relation is 
30eV\> ve 
M * 1.5@ x 10'5(=— | Mo. (7.120) 
m 
Thus, with massive electron-neutrinos as HDM, we get the characteristic scale 
of supercluster-like inhomogeneities. If we assume that this type of HDM exists, 
therefore, we have the top-down scenario to think about. 
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For CDM. on the other hand. the particles hardly move after they have decoupled 
and their masses are large. The resulting structures are therefore much smaller than 
those for HDM and we are in the bortom-up scenario. Exercise 29 at the end of the 
chapter shows how one may estimate the scale of a structure dominated by CDM. 


78  Thenon-linear regime 


The sequence of events leading to galaxy formation may be summarized as follows. 


w Stage 1 Quantum fluctuations in the primordial era were created. say. during 
the inflationary phase. 

em Stage 2 Fluctuations enter the horizon of the radiation-dominated universe 
and grow linearly until the epoch of recombination. 


u Stage 3 In the post-recombination era the growth is strongly affected by the 
presence and nature of dark matter. 


a Stage 4 The fluctuations grow large enough that non-linear processes become 
important. The end result of this stage is the large-scale structure we should 
be able to observe with telescopes. 


We have discussed stages 1-3 and will now consider the final stage. 


7.8.1 The Zel'dovich approximation 


In 1970 Zel'dovich gave a simplified picture of how the growing modes of density 
fluctuations would lead to a non-linear regime. We briefly describe this approach. 
Consider the cosmic material as made of fluid elements with trajectories given by 


r = S(t)[q — b(t) Vawiq)). Caer) 


Here S(t) is the expansion factor. q is the comoving coordinate of the fluid element. 
b(t) describes the growth of fluctuations and wv is the perturbation potential. 

If oo is the density in comoving coordinates and p(r. 1) the proper density. then 
a simple mass-conservation relation gives 
lar |! 


pat) = mae 
oq 
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The determinant is the Jacobian of transformation, the matrix of which will have 


(72) 


eigenvalues A}. A> and A3 that are continuous random functions of coordinates q. 
Thus the density becomes 

Po a auc = 

oat — bay) '. — baa)! — baay!, (7.123) 
Without loss of generality we assume that A; > A> > Ax. Then. as b(t) grows, the 
density becomes infinite as bA,; — 1. The original volume element had a cubical 
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shape that now flattens to a two-dimensional surface. which Zel'dovich called a 
‘pancake’. 


So far no gravity has been included. To make the picture self-consistent we need 
to satisfy the Poisson equation: 


V-r=-—4rGo. (7.124) 
To solve the equation, write the three invariants of the transformation matrix 


fy =A, +A2 +A3, Iz = )jA2 +A2A3 +A3A1, Py = )4)2A3. 
(@al25)) 


Then the Poisson equation becomes 


(33 +4no2) — (hh — 2blp + 307) (6-+2554320) (7.126) 


S A 
4. 3 2b — bh) =0. 


The first term is zero by virtue of the cosmological expansion law. The second 
term is zero if 


b+2—b+3—b=0. 308) 
1 elas (7.127) 


This is the growth equation for linear fluctuations. The last term can be related to a 
fractional error in density given by 


Ap _ 2b° 1, — b? lh 


= (7.128) 
p 1—-bh + b?h—-— bh 


For a planar collapse 42 = 43 = 0 and hence Ap = O. This means that the 
Zel'dovich approximation is exact. If A; > O then the collapse occurs when b = 
aie For bA; < 1 we are in the linear regime and (7.123) approximates to 


p(r, t) © a WN fae ole 
i.e., the linearized over-density is 
O(a eo! (7.129) 


We thus have a simple picture of how transition from the linear to the non-linear 
regime occurs. The approximation serves as a starting point for the more exact N- 
body simulations on a computer. 
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7.8.2 N-body simulations 


A general scheme for numerical simulations may be as follows. We have N particles 
of (generally equal) masses m; (i = 1,... , N). The force on particle i located at r; 
is calculated as a modified inverse-square law: 


anne —= ie) 
F; = Gm; ). —_-1——; (7.130) 
m d ({r; —r;|2 + €2)3/2 


The small number e€ is used in order to avoid having very large forces for close 
encounters. This force determines the acceleration of the ith particle. Given its 
position and velocity at one instant, they can then be calculated for a slightly later 
instant. 

This method is direct but very time-consuming for large values of N. Faster 
approximate methods are therefore devised in order to make progress. However, 
the computer speeds still fall far short of giving a realistic simulation of the actual 
problem. Statistical techniques are, nevertheless, useful as indicators of what is 
going on. 

In a typical project N > 10° and the calculations begin at 50/o ~ 0.2. The 
Zel'dovich approximation is used to work out the initial positions and velocities 
in the growing mode perturbation. The free parameters of the calculation are Ho 
and Qo as well as the initial amplitude of the fluctuations, given the shape of 
the spectrum. The spectrum is calculated by solving the linear fluctuation-growth 
equations for each k. 

The end product for a typical CDM scenario is illustrated in Figure 7.7. Similar 
pictures can be obtained for HDM also. The idea is to compare these diagrams with 
the actual redshift surveys that give a three-dimensional mapping of the universe. 
The large-scale motions are also compared with data. 

Depending on the scenario used (HDM, CDM, etc.), there are physical processes 
that change the shape of the original power spectrum. We may denote by 4 the 
(primordial) time at which the fluctuations were formally specified and by ff the 
time at which the influence of the processes was over. Then, writing the perturbation 
power spectrum at time f as P(k; t), we get 


P(k; tp) 
PIGe Ne 


= 17 (k; tf, ie (7.131) 

The function &(f) is the linear growth law for perturbations above the Jeans scale 
discussed in §7.3. Thus, in the absence of any other effects, T = 1. However, the 
other effects show up in the growth formula through the function T(k; tr, t;) which 
is called the transfer function. Usually T is obtained by a numerical integration of 
the relevant effects. 

It is fair to say that, although such exercises have given us considerable insight 
into how non-linear growth processes operate and how the various types of dark 
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Although the CDM models survive on this count there are problems in explaining 
the very large-scale streaming motions and the large structures like the Great Wall 
and the Great Attractor. The HDM models can explain large-scale structures but find 
it difficult to explain galaxy-sized structures and the low values of AT/T. 

The COBE results in the early 1990s demonstrated how statistical studies of the 
angular inhomogeneities of the cosmic microwave background can place constraints 
on the scenarios for structure formation. We will discuss these findings when we 
consider the overall observational constraints on the various theories, in Chapters 10 
and 11. There we will also mention further studies of the radiation background by 
more sophisticated spaceborne projects like MAP and PLANCK. 

There are other scenarios besides the above CDM and HDM theories. In the 
cosmic-strings hypothesis the linear discontinuities at the GUT phase transition 
(see Chapter 6) act as seeds for growth of fluctuations. The strings untangle as 
the universe expands, leaving a few long stretches and closed loops within the 
present-day Hubble radius. In the explosions model non-gravitational processes such 
as shock waves generated by the explosions of supernovae are called upon to trigger 
the process of structure formation. Neither approach can claim full success with 
observations. Perhaps more daring ideas are needed! So we leave this chapter with 
the problem of §7.1 still unsolved. 


Exercises 


| Explain what is meant by the transverse or rotational modes of the velocity field in 
the first-order perturbation analysis in the expanding universe. Show that these modes 
decrease as the universe expands. 


2 Derive (7.21) satisfied by the contrast in density of the expanding universe. 


3 Relate the longitudinal modes of the velocity field to the contrast in density. Comment 
on the fact that the contrast in density does not depend on the transverse modes. 


4 What is the physical significance of the Jeans wave number? How is it related to the 
Jeans mass? 


5 Show why we cannot neglect the expansion of the universe in a Jeans-type calculation. 


6 Estimate the gravitational energy and the thermal energy of a typical spherical pertur- 
bation in the expanding universe. Relate the ratio of these energies to the ratio of the 
mass of the perturbation and the Jeans mass. 


7 Explain the significance of the Jeans mass in relation to the perturbations that can or 
cannot grow in the expanding universe. 


8 Using data on the Earth’s atmosphere, estimate (a) the Jeans length and (b) the Jeans 
mass for air at normal temperature and pressure. 
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Exercises 


Show that, with p and p given by 


es Lads 
p =nmy + —, os tit a‘ 
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the speed of sound is given by 


) | 
1 myc 
2 9) H 
6 = =e | 1 
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where ko is the entropy per particle. 


Show that, after the era of decoupling, the Jeans mass is given by 


An (S5xkT \>!* 1 
~ -1/2,,-2 


where T is the temperature of matter. 


Assuming that the temperature of matter in Exercise 10 equalled the radiation temper- 
ature during the epoch of decoupling, show that My for that epoch was given by 


An 52kTp he =I). 9) 
My = S( 3G ) Ny my, 


where 7p is the present-day temperature of the microwave background. 


Evaluate M; of Exercise 11 in a Friedmann universe of given (hg, Qo) with 7p = 3 K. 
Show that 


My ~ 2.54 x 10°9(Qoh2)—!/? g 
© 1.27 x 10°(Qohg) Mo. 


Show that (7.43) gives, for the epoch of recombination, 


My = 100Mo0!/”. 


Follow the evolution of the Jeans mass in the expanding universe and discuss qualita- 
tively how a galaxy-sized fluctuation is likely to behave in the pre- and post-decoupling 


eras. 


Show, that in discussing the growth of a mass very much in excess of the Jeans mass 
in the post-decoupling era, the effect of pressure may be neglected. Is this a good 
assumption for studying the behaviour of galaxy-sized perturbations? 


Discuss quantitatively the growth of fluctuations in the Friedmann models in the post- 
decoupling era. 
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Solve from first principles the differential equation 


ds. dé 
(1 gC) rari oa —35=0 


and relate its solutions to the behaviour of fluctuations in the post-decoupling era of 
the closed Friedmann universe. 


. both (7.56) and (7.54) tend to 


NI 


Verify by a suitable limiting process that, as go > 
(7.49). Plot © as a function of go for 1 + zdec = 10°. 


Review some of the attempts to understand the formation of galaxies. 
Show that the mass associated with wavelength A measured in megaparsecs is 


M(A) = 1.5 x 10! Qh2A3 Mo. 


In the previous exercise a mass of the order 10!2M. corresponds to A * 1.88 Mpc. 
Show that this wavelength was bigger than the horizon at all redshifts exceeding 


z= 1.41 x 10°(Qon2)!3. 


Calculate the angle subtended by the particle horizon during the epoch of decoupling 
at the observer today, by following these steps. 


(i) Calculate the Hubble constant and the deceleration parameter at the redshift of 
decoupling Zdec and hence the diameter dy of the horizon. Work with the k = | 
model. 


(ii) Take the angular coordinate 6 = 0 towards the centre C of the horizon sphere 
and assume that the paths of rays of light from the observer O tangential to the 
sphere make a cone with semi-vertical angle 6 = 64/2. 


(iii) An azimuthal plane ¢@ = constant intersects this cone in a triangle with base 
ACB, say, and its vertex at O, the base being a spacelike geodesic with the 


equation 
ae G ) ps 
r = =>. 
1—kr2\ dé a 


Here 7 is the radial Robertson—Walker coordinate of C. Let r; be the radial 
coordinate of ends A and B. 


(iv) Relate the quantities dy and 64 to rg andr). 


(v) From these relations work out the relation between dj and 64. 


Show that, if the universe were dominated by three types of relic massive neutrinos 
during the present epoch, the average neutrino mass needed to close the universe would 


be 
T\73 
25, 2) he eV. 
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Exercises 


Suppose that the universe has enough baryons to make Qg = 1 and that it has in 
addition three species of neutrinos of average mass 25 eV. For 7) = 3 and ho = 1, 
calculate the age of the universe. 


Discuss how the observation of neutrino mass affects the age of the universe. With the 
example given in Exercise 24, if the age of the universe comes out very low, can you 
think of a way out of the difficulty by using the A cosmologies of Chapter 4? 


A primordial neutrino has rest mass | eV. Estimate its random velocity relative to the 
cosmological rest frame during the present epoch. 


Describe how massive neutrinos might influence the condensation of matter into galax- 
ies or larger structures. Is it possible to think of a consistent mass range of my that may 
account for the missing mass in galaxies and clusters of galaxies? 


In equation (7.114) replace G by the Planck mass and arrive at_M. 


For CDM repeat the free-streaming-motion argument given in the text for structure 
sizes formed by HDM, with the following changes. Assume that the CDM particle 
travels with speed c until it becomes non-relativistic and that this stage is reached when 
its temperature has dropped to mxc?/k. Now use the ratio of the present-day number 
density of CDM particles nx and ny to determine the ratio Tx/T and show that the 
free-streaming scale is 


ApS = constant x (Qxh?) Bm? 


By putting in the values of the constant, estimate the mass of the CDM-induced struc- 
ture and show that, for mx ~ 1 keV, the mass M is 6 x 10°Mo. 


Outline the observational constraints that must be satisfied by theories of galaxy for- 
mation. 
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Chapter 8 


Alternative cosmologies 


8.1 Alternatives to Friedmann cosmologies 


In 1922-24 when Friedmann produced the expanding-universe solutions of Ein- 
stein’s equations, his work went largely unnoticed. Subsequent to Hubble’s dis- 
covery of the nebular redshift, however, cosmologists came to regard these models 
as the simplest starting point for discussing their subject. The physicists. on the 
other hand, considered these attempts naive and speculative and so they did not pay 
as much attention to George Gamow’s very seminal work on the early universe. 
The turning point for cosmology came, however, in 1965 with the discovery of the 
microwave background radiation (MBR). The MBR seemed to confirm the early- 
universe scenario and, taken together with the extended validity of Hubble’s law 
obtained by bigger and better telescopes, laid a solid foundation for cosmology as a 
branch of physics. By the mid-1970s a considerable body of physicists had begun to 
take the Friedmann cosmology seriously, all the more so after they had realized that 
the big-bang cosmology provides a setting, the only setting known so far, for testing 
their very-high-energy physics and the grand-unification programme. Cosmologists 
also looked to particle physics for understanding of the primary origin of matter. 
Indeed, the subject of astroparticle physics has grown out of joint speculations of 
big-bang cosmologists and high-energy particle physicists. 

Chapters 6 and 7 have given a glimpse of how the big-bang cosmology has 
progressed with these inputs from particle physics. The question which we will 
properly address in the last chapter is the following. To what extent is Friedmann 
cosmology a correct theory of the origin and the large-scale structure of the uni- 
verse? Although the majority of today’s cosmologists would put their money on the 
Friedmann models, there have been a few ‘agnostics’ from time to time, who were 
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not satisfied with them. From their efforts there have emerged alternative theories of 
cosmology. 

These theories have not been worked through to the depth that Friedmann cos- 
mology can boast of. This is hardly Surprising, considering the very limited number 
of people who worked on them. Nevertheless. they contain different perspectives and 
are worth taking a look at, if only because they might offer a resolution of some of 
the outstanding problems that the Friedmann cosmology has been unable to solve. In 
this chapter and the next, we describe a few such theories, in particular those based 
on the following concepts: 


1. Mach’s principle, 
2. the large-numbers hypothesis and 


3. the creation of matter. 


Of these the last one will be described in the following chapter. Here we begin 
with Mach’s principle. an intriguing idea that has excited considerable discussion 
amongst cosmologists and physicists over several generations. 


8.2 Mach’s principle 


There are two ways of measuring the Earth’s spin about its polar axis. By observing 
the rising and setting of stars the astronomer can determine the period of one revo- 
lution of the Earth around its axis: the period of 23° 56™ 4°.1. The second method 
employs a Foucault pendulum whose plane gradually rotates around a vertical axis 
as the pendulum swings (see Figure 8.1). Knowing the latitude of the place of the 
pendulum, it is possible to calculate the period of the Earth’s spin. The two methods 
give the same answer. 

At first sight this does not seem surprising. If we are measuring the same quantity. 
we should get the same answer regardless of the method used. Closer examination. 
however, reveals why the issue is non-trivial. The two methods are based on different 
assumptions. The first method measures the period of the Earth's spin against a 
background of distant stars, whereas the second employs the standard Newtonian 
mechanics in a spinning frame of reference. In the latter case, we take note of how 
Newton’s laws of motion have to be modified when their consequences are measured 
in a frame of reference spinning relative to the ‘absolute space’ in which these laws 
were first stated by Newton. 

Thus, implicit in the assumption that equates the two methods is the coincidence 
of absolute space with the background of distant stars. It was Ernst Mach (see Figure 
8.2) who pointed out in the last century that this coincidence is non-trivial. He read 
something deeper into it, arguing that the postulate of absolute space that allows one 
to write down the laws of motion and arrive at the concept of inertia is somehow 
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intimately related to the background of distant parts of the universe. This argument 
is known as ‘Mach’s principle’ and we will analyse it further. 
When it is expressed in the framework of the absolute space, Newton's second 


law of motion takes the familiar form 


ie (8.1) 


Figure 8.1 The Foucault pendulum at the Inter-University Centre for Astronomy 
and Astrophysics, Pune. The bob of the pendulum oscillates in a vertical plane, 
which slowly rotates around the vertical axis in a clockwise fashion. The plane of 
oscillation makes a complete round in (sin/)~! days, where / is the latitude of the 
place of the pendulum. In Pune the period is approximately 75 h. 


Figure 8.2 Ernst Mach 
(1838-1916). 


8.2 Mach’s principle 


This law states that a body of mass m subjected to an external force P experiences 
an acceleration f. Let us denote by ¥ the coordinate system in which P and f are 
measured. 

Newton was well aware that his second law has the simple form (8.1) only with 
respect to X and those frames that are in uniform motion relative to x. If we choose 
another frame ©” that has an acceleration a relative to 2X. the law of motion measured 
in ©’ becomes 

P =P-—ma=ntft’. (8.2) 

Although (8.2) outwardly looks the same as (8.1), with f’ the acceleration of 
the body in &’, something new has entered into the force term. This is the term 
ma, which has nothing to do with the external force but depends solely on the 
mass m of the body and the acceleration a of the reference frame relative to the 
absolute space. Realizing this aspect of the additional force in (8.2), Newton termed 
it “inertial force’. As this name implies, the additional force is proportional to the 
inertial mass of the body. Newton discusses this force at length in his Principia, 
citing the example of a rotating water-filled bucket (see Figure 8.3). 

According to Mach, the Newtonian discussion was incomplete in the sense that 
the existence of the absolute space was postulated arbitrarily and in an abstract 
manner. Why does © have a special status in that it does not require the inertial 
force? How can one physically identify © without recourse to the second law of 
motion, which is based on it? 

To Mach the answers to these questions were contained in the observation of the 
distant parts of the universe. It is the universe that provides a background reference 
frame that can be identified with Newton’s frame >. Instead of saying that it is an 
accident that the Earth’s velocity of rotation relative to © agrees with that relative 
to the distant parts of the universe, Mach took it as proof that the distant parts of the 
universe somehow enter into the formulation of local laws of mechanics. 

One way this could happen is through a direct connection between the property 
of inertia and the existence of the universal background. To see this point of view, 
imagine a single body in an otherwise empty universe. In the absence of any forces 
(8.1) becomes 


mf = 0. (8.3) 


What does this equation imply? Following Newton we would conclude from (8.3) 
that f = 0, that is, the body moves with uniform velocity. However, we now no 
longer have a background against which to measure velocities. Thus f = 0 has no 
operational significance. Rather, the lack of any tangible background for measuring 
motion suggests that f should be completely indeterminate. It is not difficult to see 
that such a conclusion follows naturally, provided that we come to the remarkable 
conclusion, also possible from (8.3), that 
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i= |: (8.4) 


In other words, the measure of inertia depends on the existence of the background 
in such a way that, in the absence of the background, the measure vanishes! This 
aspect introduces into mechanics a new feature not considered by Newton. The 
Newtonian view that inertia is the property of matter has to be augmented to give the 
statement that inertia is the property of matter as well as of the background provided 
by the rest of the universe. This general idea is known as Mach’s principle. 

Such a Machian viewpoint not only modifies local mechanics but also introduces 
new elements into cosmology. For, except in the universe following the perfect cos- 
mological principle, there is no basis now for assuming that masses of particle would 
necessarily stay fixed in an evolving universe. This is the reason for considering 


(a) (b) 


Figure 8.3 (a) A bucket full of water hanging by a rope tied to the ceiling. (b) The 
same bucket turning around and around as a result of the rope unwinding itself from 
a previously given twist. The water surface in (a) is flat and horizontal, whereas that 
in (b) is curved inwards. This curvature of the water surface is due to the centrifugal 
force that acts on the rotating mass of water. This example was discussed by Newton 
in his Principia. Newton argued that in (a) the bucket is at rest relative to the 
absolute space, whereas in (b) it is rotating relative to the absolute space and hence 
extra forces have to be postulated to explain the curvature of the water surface. The 
centrifugal force is the extra force in this example. 


8.3 The Brans—Dicke theory of gravity 


cosmological models anew from the Machian Viewpoint. Presented here are some 
Instances of how various physicists have given quantitative expression to Mach’s 
principle and arrived at new cosmological models. 


83 The Brans—Dicke theory of gravity 


In 1961 C. Brans and R. H. Dicke (see Figure 8.4) provided an interesting alternative 
to general relativity that was based on Mach’s principle. To understand the reasons 
leading to their field equations, we first note that the concept of a variable inertial 
mass arrived at in §8.1 itself leads to a problem of interpretation. For how do 
we compare masses at two different points in spacetime? Masses are measured in 
certain units, such as masses of elementary particles, which are themselves subject to 
change! We need an independent unit of mass against which an increase or decrease 
in mass of a particle can be measured. Such a unit is provided by gravity, by the 
so-called Planck mass encountered earlier: 


hc ie 
= = 2.16 x 107° g. 8.5 
g (8.5) 


Thus the dimensionless quantity 


G\ 
x =m (=) (8.6) 
fic 


measured at different points in spacetime can tell us whether masses m are changing. 
Or alternatively, if we insist on using mass units that are the same everywhere, 
a change of x would tell us that the gravitational constant G is changing.! This 
is the conclusion Brans and Dicke drew from their approach to Mach’s principle. 
They looked for a framework in which the gravitational constant G arises from the 
structure of the universe, so that a changing G could be looked upon as the Machian 
consequence of a changing universe. 

In 1953 D. W. Sciama (Figure 8.5) had given general arguments leading to 
a relationship between G and the large-scale structure of the universe. We have 
already come across one example of such a relation in the Friedmann cosmologies: 


Sirk 
= —" 4. (8.7) 
se 4G 
If we write Ro = c/Hpo as a characteristic length of the universe and My = 


4 po Ra /3 as the characteristic mass of the universe, then the above relation be- 
comes 


| We could of course assume that f and c also change. However, by keeping fi and c constant we 
follow the principle of least modification of existing theories. Thus special relativity and 
quantum theory are unaffected if we keep fi and c fixed. 
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Se (8.8) 
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Given a dynamical coupling between the inertia and gravity, a relation of the 
above type is expected to hold. Brans and Dicke took this relation as one that 


(a) (b) 


Figure 8.4 Carl Brans (1935-—) (a) (photograph by Harold Baquet) and Robert 
H. Dicke (1916-1997) (b) (photograph by courtesy of P. J. E. Peebles, Princeton 
University). 


Figure 8.5 Dennis 
W. Sciama (1926-2000). 


8.3 The Brans—Dicke theory of gravity 


determines G ! from a linear superposition of inertial contributions m/(rem), the 
typical one being from a mass #7 at a distance + {rom the point where G is measured. 
Since m/r is a solution of a scalar wave equation with a point source of strength m. 
Brans and Dicke postulated that G behaves as the reciprocal of a scalar field ¢: 


G~¢l, (8.9) 


where @ is expected to satisfy a scalar wave equation whose source is all the matter 
in the universe. 


8.3.1 The action principle 


The intuitive concepts are contained in the Brans—Dicke action principle, which may 
be written in the form 


eS 
c 


~ 16 


A [oR + obo V=Bdx + A. (8.10) 
Notice first that the coefficient of R is c°/(16z7) instead of c?/(167G) as in the 
Einstein—Hilbert action. The reason for this lies in the expected behaviour of G 
given in (8.9). The second term, with dj = d@/dx*, ensures that ¢ will satisfy a 
wave equation, while the third term includes, through a Lagrangian density L, all 
the matter and energy present in the spacetime region V. The energy momentum 
tensor T’* of matter is related to A through the relation (2.97). w is a coupling 
constant. 
The variation of A for small changes of g’* leads to the field equations 


1 87 w 1 ! 
Kin = 5 Sik R = ~ cag lik - rae = 7 8ik? or) 


| 
= gp (Pik — Bik O¢). (8.11) 


Similarly, the variation of @ leads to the following equation for @: 


k_ Kao 
206 - bb = —¢. 
w 
The latter equation can be simplified by substituting for R from the contracted form 
of (8.11). We finally get 


8x 


Sp (8.12) 
(2w + 3)c4 


O¢ 
where 7 is the trace of a8 Thus (8.12) leads to the expected scalar wave equation 
for @ with sources in matter, 1] being the wave operator. Because it contains a scalar 
field @ in addition to the metric tensor gj, the Brans—Dicke theory is often referred 
to as the scalar-tensor theory of gravitation. 
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8.3.2 Solar-System measurements of w 


It is clear from these field equations that, as @ —> oo, the Brans—Dicke theory tends 
to general relativity (see Exercise 8). For « = O(1) the theory makes significantly 
different predictions from general relativity in a number of Solar-System tests. These 
tests were briefly reviewed in §2.10 in the context of general relativity. 

The computation of the precession of the perihelion of the planet Mercury gives 
the prediction of this theory as (3@ + 4)/(3w + 6) times the value given by general 
relativity. Dicke and his colleagues suggested during the 1970s that, if the Sun is 
oblate, with a quadrupole-moment parameter of ~2.5 x 10~°, then the resulting 
change in its gravitational field would lead to a perihelion precession of about 7% of 
the observed (unexplained) value of ~43 arcseconds per century (see Exercise 9). 
Had this been the case the relativistic value of ~43 arcseconds would have been too 
high, whereas a Brans—Dicke value for w ~ 6 would have correctly accounted for 
the residual of ~40 arcseconds per century. However, external studies concerning 
the Sun’s surface do not conform with oblateness even of this order. Hence this test 
does not give any evidence for w as small as 6. In fact, to the accuracy with which 
the effects of solar oblateness are now estimated and the measurements of perihelion 
shift are carried out, the parameter @ has to be at least ~300. 

The bending angle of a ray of light grazing a massive spherical object in the 
Brans—Dicke theory is (2#+3)/(2@+4) of the relativistic value. Since the accuracy 
of the radio and microwave measurements of the bending angle has been steadily 
increasing and the angle agrees with the relativistic value within the progressively 
decreasing error bars, the permitted value of the parameter w had to be steadily 
increased over the years and is now as high as ~3300. 

The lunar laser-ranging experiments as well as radar ranging to probe landers on 
Mars lead to a similarly high lower bound on w. Here again the general relativis- 
tic value of the Earth-Moon distance is in excellent agreement with observations 
and any departures from it, if they are to be tolerated by the observations, have 
to be small enough to demand a large value of w. It therefore follows that, at 
the Solar-System level, the Brans—Dicke theory has to have a large value of w in 
order to survive, thus making it practically indistinguishable from general relativity. 
However, even for a large w this theory can produce interesting departures from 
general relativity at the cosmological level. The following section outlines these 
differences. 


84 Cosmological solutions of the Brans—Dicke equations 


We will consider only the homogeneous and isotropic cosmological models in the 
Brans—Dicke theory. Accordingly we start with the Robertson—Walker line element 


8.4 Cosmological solutions of the Brans—Dicke equations 


and the energy tensor for a perfect fluid, as we did in Chapter 4. The scalar field 
is now a function of the cosmic time only. Thus the field equations become 


25 +k? 8xp 248 of? 


S §2 a bc es os = 22 a a (8.13) 
S?+kce? 87 bS wh 
SS 3¢c- oS 6¢2 


Compare these equations with the corresponding ones (4.20) and (4.21) of the 
Friedmann cosmologies. The conservation equation corresponding to (4.24) is the 
same: 


d 2 
—(eS° —¢: 
a5 (ones —(. (8.15) 
In addition, we have the field equation for ¢: 
if, vel Sager uA 
—= ~—(oS°) = ———— (ec — 3p). ; 
3a ?? Qo +32 (e — 3p) (8.16) 


We expect that big-bang solutions will emerge from these equations and set the 
big-bang epoch at ¢ = 0. Then the integral of (8.16) is 
87 
~ (2@ + 3)e2 
where C is a constant. Two types of solutions are obtained, depending on whether 
C=00rees0: 


ie 
os? / (6 22n)S dr--c, (8.17) 
0 


a= 0 


We will consider a simple example of this type, with k = 0, p = Oande = pc. This 
solution is therefore analogous to the Einstein—de Sitter model of general relativity. 


Write 
nae a 
s=5i(—) 6= (=) (8.18) 
10 10 
so that p « t~74 and the field equations give 
9 
=n ee (8.19) 
30H +4 3044 
and 


D 
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The temporal behaviours of S and G (x @ ') are illustrated in Figure 8.6. It can 
be verified that, as w —> ©, this solution tends to the Einstein—de Sitter model. 
An analogue of the radiation mode] can be obtained in this theory (see Exercise 


12). H. Nariai obtained solutions for p = ne with n in the range 0 <n < i. 
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ee © == 110) 
In this case the @-terms dominate the dynamics of the universe in the early stages. 


Thus, for small enough ¢, we have 


a =—3p)S? dt <|C (8.21) 
ase | « P) ICI, 


for the cases both of dust and of radiation. For our power-law solutions for the case 
p = 0, we have at small enough ¢ 


3A+B=1, ty = SoooB/C. (8.22) 


In the case of a radiation-dominated universe, p = €/3 and we can again try a 
solution of the form (8.18) to get as t > O 


A? = —AB+@B7/6. (8.23) 


Taking into account (8.22), we can solve (8.23) to get 


[pea ee a eel = 1+3/(20/3)+1 (8.24) 
> 30 +4 30 +4 


The upper sign holds when C > 0 and the lower sign when C < 0. For C > 0, 
o@ — Owhen S — 0, whereas for C < 0, ¢ — oo for § > O. These conclusions 
hold irrespective of the values of k and of the equation of state, since, for small 
values of S, the dynamics of the universe are controlled by the @-term. 


8.4.3 The production of light nuclei 


Dicke and G. S. Greenstein independently investigated the problem of nucleosyn- 
thesis in the early Brans—Dicke universe. Greenstein followed the same physical 


Figure 8.6 The temporal 
behaviours of S and G. Both 


les are plotted on a log—log plot 
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8.4 Cosmological solutions of the Brans—Dicke equations 


approach as was outlined in Chapter 5, for the case C = 0. The results obtained by 
him for ho = | are given in Table 8.1. 

For each of three values of the present density of matter po, Table 8.1 gives three 
sets of values for the abundances of deuterium and helium, corresponding to w = 5, 
@ = 10 and ® = oo. The last case is of course that of general relativity. The 
differences between the Brans—Dicke theory and general relativity are noticeable 
for @ = 5 at high values of po, for which more 7H and 4He are formed in the 
former theory. For > 30, the present-day observed abundances set an upper limit 
of po < 5 x 107*° g cm-? on the Brans—Dicke cosmology. 

In the ¢-dominated models the constant C can be adjusted to produce any desir- 
able abundances. high or low. For cosmic abundances lower than the above value one 
has to choose a suitably low value of |C|. There is, however, another observational 
handle on C, which is described briefly below. 


8.44 The variation of G 


Since G « ¢!, a time-dependent ¢ will mean a time-dependent gravitational 
constant. As can be seen from (8.19), we have for C = 0 
G 2) H 


aa Se 8.25 
G 3H0+4t wot+]1 ( ) 


Thus |G| is of the order of Hubble's constant unless @ is large and its sign indicates 
that the gravitational constant should decrease with time (see Figure 8.6). 

However, for a large enough |C}|, the ¢@-dominated solutions differ significantly 
from the matter-dominated ones even for the present epoch. In this case, for C large 
and negative we can have G increasing with time even in relatively recent epochs. 
We will review the evidence for and against variation of G in Chapter 11. 


Table 8.1 Mass fractions of 7H and “He in Brans—Dicke cosmology for 
matter-dominated models* 


po (g cma) 

ao 10a" eg” iLO! 

5. wees (0a a 6 Oa 3.4 x 10r° 
0.26 0.33 0.40 

[om 7oxd07* 2is10- <2107 
0.26 0.30 0.35 

co 6610 13x10 =o"! 
0.25 0.27 0.29 


® The deuterium fraction is given above the helium fraction. 
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8.4.5 Inflation in Brans—Dicke cosmologies 


Because of its relative simplicity of formulation and interpretation of observable 
results, the Brans—-Dicke cosmology has been studied in the ‘very-early-universe’ 
phase also. C. Mathiazhagan and V. B. Johri were the first to consider the inflationary 
phase in this cosmology. The problem of bubble nucleation and coalescence that 
was faced by Guth’s inflationary model represented the difficulty of what has been 
known as the graceful exit from the inflationary phase into the Friedmann radiation- 
dominated phase. La and Steinhardt had considered the Brans—Dicke framework to 
generate an ‘extended inflation’. The ‘extended’ phase arises because the expansion 
is not exponential but of a power-law type. The idea seemed to solve the problem 
of a graceful exit but ran into trouble because of the distortions it produced in the 
cosmic microwave background, distortions that were unacceptably high. Undeterred 
by these setbacks, the enthusiasts for inflation explored a variation on the Brans— 
Dicke theme by adding higher-order couplings of the scalar field with gravity. This 
led to the notion of ‘hyper-extended inflation’. However, none of these ideas seems 
to have received much following in later years. 

To sum up, the Brans—Dicke theory had generated considerable interest as an 
alternative theory of gravity, but, with the Solar-System tests giving values very 
close to the predictions of general relativity with greater and greater accuracy, the 
parameter @ that distinguished it from general relativity had to be larger and larger, 
thus making it more and more indistinguishable from general relativity, at least 
on the scale of the Solar System. On the cosmological front the theory has given 
different results from standard Friedmann cosmology, but these differences do not 
seem to have impressed theoreticians sufficiently for them to undertake detailed 
studies of the cosmogony of the universe from the very early epochs. 


8.5 The Hoyle—Narlikar cosmologies 


We next consider another theory of gravitation that may claim to have given the most 
direct quantitative expression to Mach’s principle. This theory was first proposed in 
1964 by Fred Hoyle and the author; we will refer to it here as the HN theory and to 
the cosmological models based on it as HN cosmologies. Throughout this discussion 
we willsetc—= 1. 

Like general relativity and the Brans—Dicke theory, the HN theory is formulated 
in the Riemannian spacetime. There is one important difference, however, between 
this theory and all other cosmological theories we have discussed so far. The dif- 
ference lies in the fact that general relativity, the Brans—Dicke theory and so on 
are pure field theories, whereas the HN theory arose from the concept of direct 
interparticle action. The difference between the two types of theories is best seen 
from a description of electromagnetism, to which we will frequently refer in this 
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section and the next for comparison. Until the advent of Maxwell's field theory, it 
was Customary to describe electric and magnetic interactions as instances of direct 
action at a distance between particles. The success of Maxwell's theory established 
the concept of a field in physics at the expense of the concept of action at a distance 
(see Figure 8.7). 

Since Mach’s principle (implying as it does a connection between the local and 
the distant) suggests action at a distance, even an early convert to it like Einstein 
later became sceptical regarding its validity. Einstein's objections were based on 
the belief that action at a distance was supposed to be instantaneous and hence 
inconsistent with relativity. By the early 1960s, however, it had become clear that 
action at a distance can be made consistent with relativity and also successfully de- 
scribe electrodynamics, besides having interesting cosmological implications. Since 
Hoyle and the author had played an active role in these developments, they naturally 
adopted an action-at-a-distance approach to Mach’s principle. 

Accordingly, we use here the somewhat unfamiliar notation of action at a dis- 
tance. Let us denote by a,b,... the particles in the universe, mg and e, being 
the mass and charge of the ath particle. As implied by Mach (see §8.2), the mass 
Mg is not entirely an intrinsic property of particle a; it also owes its origin to the 
background provided by the rest of the universe. To express this idea quantitatively, 
write 


Action at 
a distance 


a b 
(a) (b) 

Figure 8.7 (a) In the action-at-a-distance picture the influence from the point A on 
the world line of particle a is transmitted directly across spacetime (along the dotted 
track) to the point B on the world line of particle b. (b) In field theory the field in the 
neighbourhood of A (shown by the shaded region) is disturbed; the disturbance 
propagates across spacetime as a wave in the ambient field and reaches the 
neighbourhood of B (also shown as a shaded region). The disturbance then exerts a 
force on particle b at B. This is how the influence propagates from a to b. 
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ma(A) = Aa SS m) (A), (8.26) 
ba 


The above expression means the following. At a typical world point A on the world 
line of particle a, the mass acquired by a is the nett sum of contributions from all 
other particles b (Aa) in the universe. The contribution from b at A is given by 
the scalar function m?)(A). The coupling constant A, is intrinsic to the particle a. 
Notice, however, that, if @ were the only particle in the universe, mz = O and we 
have the conclusion arrived at in (8.4). 


8.5.1 A digression into electromagnetic theory 


What are these functions m)(X)? That they communicate the property of inertia 
from particles b to any particle placed at the spacetime point X is clear from the 
context. To arrive at a suitable form for them we take hints from action-at-a-distance 
electromagnetism, in which it is usual to introduce electromagnetic disturbances that 
arise specifically from sources, that is, from moving electric charges. Accordingly, 
we introduce the 4-potential ECS to denote the electromagnetic effect at X from 


the electric charge b. Ae satisfies the wave equation 


BA RE AV An’ (8.27) 


where ie is the 4-current generated by the charge b. The solution of (8.27) may be 
written in the integral form 


A(X) = dre, i Gi (X, B) db*, (8.28) 


where G;,(X, B) is a Green function of the wave operator ( gk O +R ). The well- 
known Coulomb potential is a special case of (8.28). 

The Green function is not uniquely fixed from the form of the wave operator 
alone. Boundary conditions must also be specified. The customary boundary condi- 
tion is that imposed by causality; that is, the influence from B to X must vanish if X 
lies outside the future light cone of B. The Green function satisfying this condition 
is called the retarded Green function. We will denote such a Green function by a 
superscript R. Similarly, a Green function confined to the past light cone of B is 
called the advanced Green function and is denoted by a superscript A (see Figure 
8.8). 

These Green functions have played a key role in action-at-a-distance theories. 
Because the typical Green function acts as a vector at each of its two end points, 
it is a bivector. It was originally believed that action at a distance must be instan- 
taneous and hence inconsistent with the framework of special relativity. However, 
K. Schwarzschild, H. Tetrode. and A. D. Fokker demonstrated during the first three 
decades of the twentieth century that a relativistically consistent action-at-a-distance 
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theory can indeed be formulated. If we consider two points in spacetime A and 
B with Soe as the invariant square of the relativistic distance between them, then 
Nan). where 6 is the Dirac delta function, is a convenient function describing the 
transmission of physical influences between A and B at the speed of light, for this 
function acts only when A and B can be connected by a ray of light (that is, when 
Re = 0). This delta function therefore necessarily occurs as the main component 
in any Green function in the action-at-a-distance theory. The action principle, which 
is the basis of the electromagnetic theory in Riemannian spacetime, is described 
below. We start with the action 


aye SS \ > recep // Giz da’ db‘ (8.29) 
a <b 
where Gj, is the symmetric Green function given by 


Gix(A, B) 


S[GR (A, B) + G4 (A, B)]. (8.30) 


Thus GAA, B) = G;,;(B, A) and each term in the action is completely symmetric 
between each pair of particles. The action (8.30) together with suitable cosmolog- 
ical boundary conditions reproduces all the electromagnetic effects of the standard 
Maxwell field theory. 

That cosmological boundary conditions are necessary in the action-at-a-distance 
framework is seen from the following simple illustration. Any retarded signal emit- 
ted by particle a will get an advanced reaction back from b, as shown in Figure 8.9. 
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Thus the theory admits advanced signals and appears to violate causality. Moreover, 
in Figure 8.9 the signal from b arrives at a at the same time as that at which the 
original signal left a, no matter how far away b is! Thus electromagnetism ceases 
to be a local theory: any so-called local effect must take account of the response 
of the universe, which consists of reactions from all such particles b other than a. 
A ‘correct’ response can cancel out all the acausal effects. This was pointed out 
first by J. A. Wheeler and R. P. Feynman in 1945. Later, between 1962 and 1963, 
J. E. Hogarth, F. Hoyle and the author showed that this response depends on the 
model of the universe. In essence, to produce the correct response, the universe must 
be a perfect absorber in the future, i.e., it should be able to absorb all electromagnetic 
signals directed to the future. 

What is the response of the universe? In the 1930s, it had been demonstrated by 
Dirac that, when an electric charge a accelerates, the force of radiative damping to 
which it is subjected can be calculated by evaluating half the difference between the 
retarded and the advanced fields of the charge on its own world line: 


0G) ie Gy GI: (8.31) 


In the Maxwell field theory Dirac’s result had remained just a curiosity without a 
proper understanding of why the radiative reaction must be determined by the above 
formula. This was linked with the more basic question that arises when we discuss 
electromagnetic fields of an oscillating system of electric charges. It is customary to 
choose the retarded solutions of the Maxwell wave equations to describe these fields. 


Figure 8.9 A retarded 
signal (shown by the broken 
line) leaving point A on the 
D_ world line of a hits particles 
a b.c.d.... at points 
oe Br, Dy... atlaer times: 
an Their advanced response 
Pi returns to A along the same 
track, no matter how far 
these particles are from a. 
Thus even the remote parts 
v2 ot the universe generate 
E instantaneous responses to 
: the retarded disturbance 
leaving A. 
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on the grounds of causality. It is because of this choice that the system radiates 
energy and suffers damping. So the basic question is this: why do we restrict our 
solutions to the retarded ones and throw away the advanced ones? Or, to put it 
differently, why do we have a principle of causality (that causes precede ettects) 
when the basic equations of physics are time-symmetric? 

The Wheeler—Feynman theory provides an answer. The theory is formulated in 
a time-symmetric manner with advanced solutions on an equal footing with the 
retarded ones. Thus a typical particle @ generates a ‘direct particle field’ defined 
by 


4 


F(a) = 5[FR(a@) + FA(a)), (8.32) 


which is manifestly symmetric with regard to its advanced and retarded components. 
As was seen above, the universe as a whole generates a response to these individual 
fields of the charges and, in the Wheeler-Feynman theory, the ‘correct’ response 
from the universe to the motion of a is precisely (8.31)! It can be shown that. for 
the correct response, the future part of the universe (lying on the future light cone of 
the radiating system) must be a perfect absorber of all retarded, i.e., future-directed 
signals, and the past part of the universe an imperfect absorber of all advanced, i.e. 
past-directed signals. In such a universe, therefore, if we add this response (8.31) to 
the basic time-symmetric field of a, as given by (8.32), we get the nett field in the 
neighbourhood of a as 


Frotal (a) = F(a) + Q(a) = 5[FR(a) + FA(a)] + L[FR@) ~ FA(a)] 
= F(a). (8.33) 


In this way, we get the total effect in the neighbourhood of a to be a purely re- 
tarded one. A correct response therefore eliminates all advanced effects except those 
present in the radiation reaction. It is interesting (and significant) that the steady- 
state model to be discussed tn the following chapter generates the correct response, 
whereas all Friedmann models fail to do so. Because of the crucial requirement of 
perfect absorption, this theory is sometimes called the ‘absorber theory of radiation’. 
Figure 8.10 illustrates this behaviour of the future absorber. 


8.5.2 Inertia and gravity 


Our purpose in the above digression into electromagnetism was to show that a 
similar approach to inertia leads us to a Machian theory of gravity. In the case of 
inertia we note that the functions m)(X) are scalars and so we have to deal with 
biscalar Green functions. Thus we write 


m®(X) = / 4pG(X, B) dsy (8.34) 


and the inertial action as 
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A=- a pat dadpG(A, B) dsq dsp. (8.35) 


Ze tp) 


What is G(A, B)? Again we proceed by analogy with electromagnetism. 

From symmetry considerations, we need G(A, B) = G(B, A). Furthermore, we 
require G to be a Green function of a scalar wave equation. To fix G completely 
we use another hitherto-undiscussed property of Maxwell's electromagnetic theory 
known as conformal invariance. 


8.5.3. Conformal invariance 
Let us consider the transformation 
Fy es rer ere (8.36) 


where Q is a twice-differentiable function of coordinates x' and lies in the range 
0 < Q < ov. Such a transformation is called a conformal transformation. Given 
a spacetime manifold M with coordinates (x') and metric (g;,), we have through 
(8.36) generated another spacetime manifold M with the same coordinate system 
(x') but with a different metric (Q7g;,). M and M are said to be conformal to each 
other. If M is flat, M is said to be conformally flat. 

If we identify the corresponding points (with the same x!) in M and M, we will 
find that, in general, distances between two points are stretched or compressed when 


by 


D, 


(ii) 


Figure 8.10 The future absorber is typically represented by a sphere centred on 
charge a. Advanced fields of absorber particles b, b9, ... are represented by 
spherical wavefronts converging respectively on them. The envelope of these 
wavefronts is initially (i) a spherical wave converging on a and then (ii) another 
diverging from it. These represent the two parts — Z F'A) (a) and 4 F®)(q), 
respectively. - 
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we go from .M to.M. However, the null cones in both the manifolds are unchanged. 
This invariance of null cones is distinct from the invariance under coordinate trans- 
formations. The coordinate transformations preserve the null directions locally and 
they are important in field theories that describe physical interactions locally. The 
action-at-a-distance theories describe interactions globally and must take account of 
the global structure of null cones. Hence such theories are expected to preserve their 
form under conformal transformations as well. 

It is easy to verify that the scalar curvature changes under the conformal transfor- 
mation to 


E Q 
R= 27 (R+6— ) (8.37) 


where (J is evaluated with respect to the metric (g;,). There are, however, certain 
quantities that do remain the same under a conformal transformation. These are 
known as conformally invariant quantities. It is easy to see, for example, that the 
action describing Maxwell’s field theory is conformally invariant. Consider the 
changes 


Aj =Ai+¥i (Ww = ascalar function) 


FS By eS) 
These changes leave the form of Maxwell’s equations intact. 
We now fix the form of G(A, B) by demanding that our inertial action (8.35) be 

conformally invariant. Since, under the transformation (8.36), 

dep — sc Aas, dsp — Y(B) ds,. (8.38) 
we must have 

G(A, B) = 2(A)'Q(B)~'G(A, B). (8.39) 
The only scalar wave operator that permits (8.39) is then 

O+¢R. 
In other words, G(X, B) satisfies the wave equation 

[Ox +£R(X)]G(X, B) = [—g(X)]7!/754(X, B). (8.40) 


64(X, B) is the four-dimensional Dirac delta function, which vanishes unless X = B. 
Thus we have ensured that the action-at-a-distance theory given by (8.36) does not 
change under conformal transformations. 
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8.6 Gravitational equations of HN theory 


The action of HN theory is given by (8.35) and, with the help of definitions (8.26) 
and (8.34), we may write it as 


A=- > fm. dsq. (8.41) 


Written in this form, this action appears to have only the inertial term of Chapter 2 
(see (2.80)). How can such an action yield any gravitational equations? 

The answer to this question lies in the fact that the mz, in (8.41) are not constants 
but depend on spacetime coordinates as well as on spacetime geometry. For they are 
defined with the help of Green functions, which in turn are defined in terms of the 
geometry of spacetime. Thus, if we make a small variation 


Sik — Bik + Ogik, 
the wave equation (8.40) will change and so will its solution. Thus we will have 
G(A. B) > G(A. B) + 5G(A, B) 


and hence A — A+ 5A. We therefore have a non-trivial problem whose solution 
may be expressed in the following way. To simplify matters we will take all A, to be 
equal to unity. (Later we will relax this assumption.) 

Define the following functions: 


m(X) = mes = slm® x) + m4(X)], (8.42) 
xX) = m® (X)m4(X), ny — ieee. (8.43) 
N(X) = > [sux A)[—g(X))-'/? dsa. (8.44) 


As in the electromagnetic case, we have chosen the symmetric (half R and half A) 
Green function. The gravitational equations then become 


| 
Rik — 5 8ikR = —691 Tix — 5 (gik 0 — dik) 
_ +(m8 in’ + mim ~ gixg?imemd)], (8.45) 


together with the ‘source’ equation for m(X) 


m+ <Rm=N. (8.46) 


The derivation leading to the final set of equations of the theory may appear some- 
what long-winded to anybody unfamiliar with the techniques of direct interparticle 
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action. We have followed here the method used by Hoyle and the author, who arrived 
at this theory via their earlier work on electromagnetism. As in the electromagnetic 
case, the universe responds to a local event. To ensure causality and to eliminate 
advanced effects, the correct response should be given by 


ye m*(X) = Se 0s = m(X). (8.47) 


a a 


Under these conditions the equations (8.45) further simplify to 


] 6 | D) 2 
Rik — s8ikR = ~|T = 6 (ik Um" — mix) 


1 
— (mm — 3eum'm) | (8.48) 


Had we adopted the standard field-theoretical approach and introduced a scalar 
inertia field m(X). we could have arrived at (8.46) and (8.48) from the action given 
by 


1 “ Je 
A= : (55 Rm — mim: /~-2 div fn asa. (8.49) 


The action-at-a-distance approach, although it is unfamiliar to a typical theoretical 
physicist. is useful in that it gives direct expression to Mach’s principle. The physical 
interpretation of the field-theoretical term (8.49) is not so easy to see. For this reason, 
we have discussed the former approach at some length. Notice that, in the former 
approach, our action (8.41) contained only the last term of (8.49), but there m was 
made up of non-local two-point functions. Here m is a straightforward field with 
sources in matter whose dynamical properties are defined through the first term in 
the above action. 

Since the property of conformal invariance was used in the formulation of the 
theory, we expect the final equations (8.48) and (8.49) to exhibit conformal invari- 
ance. This expectation is borne out. If (gj, 77) are a solution of these equations, then 
so are 


Be Ooi, m = 2Q7'm. (8.50) 


Thus, apart from the coordinate invariance of general relativity, this theory also 
exhibits conformal invariance. 

We saw in Exercise 33 of Chapter 2 that the coordinate invariance of the action 
leads to a conservation law for the energy momentum tensor. In this case the confor- 
mal invariance of the action leads to a vanishing of the trace of the field equations. 
It may be easily verified that the trace of (8.48) vanishes in view of (8.46). The 
vanishing of the trace represents the fact that the problem is underdetermined. Just as 
the vanishing of ne in general relativity shows that more solutions can be generated 
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from any given solution by coordinate transformations, so we can generate more 
solutions through (8.50). All these solutions are physically equivalent, provided that 
we stick to the rule that Q does not vanish or become infinite. 

Suppose that we are allowed to choose an Q in the above range that ensures that 


m = Q7!m = constant = mo. (8.51) 


This choice of Q is possible provided that m does not vanish or become infinite. This 
conformal frame is called the Einstein frame, in which we get a simplified form for 
(8.48): 


Rig — 5gikR = —KTix, (8.52) 
with the constant « given by 
a 6/ms. (8.53) 


Thus we have arrived at Einstein’s equations! At first sight we don’t seem to have 
gained anything. We have no new theory and hence no new predictions, as in the 
Brans—Dicke theory. Closer examination, however, reveals several ways in which 
this theory goes beyond relativity. 


1. Our starting point was based on Mach’s principle. It is only in the 
many-particle approximation, for which the response condition (8.47) is 
satisfied, that we arrive at the final Einstein-like field equations. An empty 
universe in relativity is given by 


ge 0) 


which can have well-defined spacetimes as solutions. Test particles in such 
spacetimes will have well-defined trajectories. Such trajectories would not 
make any sense according to Mach, since we no longer have a material 
background against which to measure the motion of these particles. These 
solutions in fact correspond to the f = 0 solutions of the Newtonian theory. In 
the HN theory an empty universe corresponds to 


m=O, indeterminate g;x, 


in accord with the Machian m = 0 solution of (8.3). 


2. The sign of « is fixed arbitrarily in general relativity. Neither in the heuristic 
derivation by Einstein nor in the Hilbert action principle is « required to be 
positive. It is only when « is determined by reference to Newtonian gravity in 
the weak-field approximation (see §2.9) that we conclude that « < 0. In the 
HN theory (8.52) shows that « must necessarily be positive. (This conclusion 
does not depend on our assumption of A, = 1; the result follows whatever 
sign the Ag are given.) 


LE 
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In the direct interparticle approach described above, it is apparently not 
possible to accommodate the A-term of cosmic repulsion. Thus Occam’s 
razor automatically comes into play. In relativity the A-term is still possible. 
However, we will see in the next chapter that, if we relax the condition that 
the inertial fields m satisfy linear wave equations, by permitting non-linearity, 
then the HN cosmology also permits a cosmological constant. 


The transition from (8.48) to (8.52) is possible provided that 0 < Q < ow. 
What happens if we break this rule? Suppose that in the solution of (8.48) we 
had a hypersurface on which m = 0. If we insist on the transformation (8.51) 
in a region that contains such a hypersurface, we have to pay the price of 

<2 — 0, by admitting spacetime singularities. The work of A. K. Kembhavi 
in 1979 showed that the well-known cases of spacetime singularities of 
relativity arise because of the occurrence of zero-mass hypersurfaces in the 
solution of the equations (8.48). For a simple example of this conclusion let 
us look at the standard big-bang singularity of relativity. 


Consider the Minkowski line element (with c = 1) 
ds? = dr? — dx? — dy? — d?? (8.54) 


as a solution of (8.48). It is easily verified that the mass function satisfying 
both (8.46) and (8.48) for a uniform number density N of particles is 


m XT’. (8.55) 


This is the simplest possible cosmological solution in this theory. 


If we now insist on going over to a frame with constant mass m, then, from 
(8.51), we see that the appropriate Q must be given by 


Our. (8.56) 


However, {2 vanishes on the hypersurface m = 0. The transformation to the 
Einstein conformal frame is therefore ‘illegal’. The price paid for insisting 
that m = constant is that the resulting model has a geometrical singularity at 
t = 0. In fact it is easily verified that the new model is none other than the 
singular Einstein—de Sitter model. (Make the time transformation t « t!/3 to 
demonstrate this result explicitly.) 


. It is instructive to see how the phenomenon of the Hubble redshift is 


explained in the flat-spacetime model of (8.54) and (8.55). Clearly, a photon 
of light travelling in Minkowski spacetime does not undergo a redshift. 
Consider, however, what happens to a photon of light arriving at the observer 
during the present epoch To from a galaxy at a distance r. This photon 
originated in an atomic (or molecular) transition at time to — r. 
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From atomic physics, the wavelength of a photon so transmitted varies 
inversely as the mass of the electron making the atomic transition. From 
(8.55) we see that, if A is the wavelength of this photon and Ao the wavelength 
of a photon emitted in a similar transition at to at the observer, then 


nN m(T}) - te 


= ——____ = ———_.. (8.57) 
ko om(to—r) (tm-7r)? 
Thus the redshift in the above HN cosmology arises from the variation of 


particle masses. Figure 8.11 illustrates this effect. 


. A variable gravitational constant arises in the HN cosmologies if we relax the 


assumption that A, are constants. If A, change with time it is possible to 
generate cosmological models in which G changes with time. We will not 
discuss such models in detail. The result may be stated in the form 


G/G =—6H, (8.58) 


Observer O Source Galaxy G 


AQ 


: a Se ee 
Zeromass epoch t=0 


Figure 8.11 The world line of the observer (O) and that of the observed galaxy (G) 
are shown in Minkowski spacetime. The ray of light connecting the two is along the 
broken line. When the ray was emitted the masses of particles in G were smaller than 
those at O at the time the ray reaches O. Hence, by O’s reckoning, the light from G 
has longer wavelengths. (The wavelength emitted is inversely proportional to the 
emitting mass.) 


8.7 The large-numbers hypothesis 


where H is the Hubble constant of the epoch of measurement and B is a 
constant of the order of unity. 


It was shown by Hoyle and the author in 1972 that Aq increasing with time 
may be interpreted as creation of new particles in the universe. They did not give 
a dynamical theory for the creation of matter (like the C-field theory described 
in Chapter 9), but instead fixed the time dependence of A, by an appeal to the 
large-numbers hypothesis. We next describe this hypothesis and its implications for 
cosmology. 


8.7 The large-numbers hypothesis 


Physics is riddled with units of various kinds and with experimentally determined 
quantities of various magnitudes. From this vast collection certain constants emerge 
as having special significance in the framing of basic physical laws; for example. the 
constant of gravitation G and the charge of the electron e. The numbers expressing 
the magnitudes of G, e and so on depend on the units used. For example 


e = 4.803 25 x 107!° electrostatic units. 


= 1o0207 x 105— electromagnetic units. 


Clearly these numbers by themselves cannot have absolute significance. 

However, certain combinations of these physical constants have no units at all. 
For example, the combination of fi, c and e 

< ator 03602 (8.59) 

does not depend on the units used. It must therefore express some physical fact 
of absolute significance. Indeed, its reciprocal e*/(hc), known commonly as the 
fine-structure constant, expresses the strength of the electromagnetic interaction, 
which we believe to be an intrinsic property of nature. In future, a more complete 
theory may well give a reason why this constant has this particular value. 

Given e, G and the masses of the proton and the electron Mp and me, we can 
construct another dimensionless constant (that is, a constant with no units): 


OO 10 (8.60) 


This constant measures the relative strength of the electric and gravitational force 
between the electron and the proton. Like (8.59) this constant reflects an intrinsic 
property of nature. However, unlike (8.59), the constant in (8.60) is enormously 


large! Why such a large number? 
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Perhaps the appearance of a large dimensionless constant might be dismissed as 
some quirk on the part of nature. The mystery deepens, however, if we consider 
another dimensionless number. This is the ratio of the length scale associated with 
the universe, c/Ho, and the length associated with the electron, e7/ (mec?). This 
ratio is 


mec? 


yp es Na re Mees (ae (8.61) 
e* F1) 


Not only do we have another large dimensionless number in (8.61), but it is of the 
same order as in (8.60). 

We can generate another large number of special significance out of particle 
physics and cosmology. Assuming the closure density pc. let us calculate the number 
of particles in a Euclidean sphere of radius c/ Ho, the mass of each particle being 
Mp. The answer is 


ieee lS) Cc 
3mp\ Ho/ 8%G 2mp_GHo 
=4x 107A; ' 
~ 108. (8.62) 


Thus, taking N as a standard we see that the large dimensionless numbers of (8.60) 
and (8.61) are both of the order of N!/2. 

Reactions among physicists have varied as to the significance of all these num- 
bers. Some dismiss it as a coincidence with the rejoinder ‘So what?’. Others have 
read deep significance into these relationships. The latter class includes such distin- 
guished physicists as A. S. Eddington and P. A. M. Dirac (see Figure 8.12). 

Dirac pointed out in 1937 that the relationships (8.61) and (8.62) contain the 
Hubble constant Ho and therefore the magnitudes computed in these formulae vary 
with the epoch in the standard Friedmann model. If so, the near equality of (8.60) 
and (8.61) has to be a coincidence of the present epoch of the universe, unless the 
constant (8.60) also varies in such a way as to maintain the state of near equality 
with (8.61) for all epochs. With this proviso, the equality of (8.60) and (8.61) is 
not coincidental but is characteristic of the universe for all epochs. The proviso also 
implies that at least one of the so-called constants involved in (8.60), e, mp, me and 
G, must vary with the epoch. 

This proviso was generalized by Dirac to what he called the large-numbers 
hypothesis (LNH). To understand this hypothesis we rewrite the ratio (8.61) as 
that between the time scale associated with the universe, to = Hy | and the time 
taken by light to travel a distance of the order of the classical electron radius, 
te = e”/(mec*). The LNH then states that any large number that in the present 
epoch is expressible in the form 


A 
[S 
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where k is of the order of unity, varies with the epoch ¢ as (¢/t.)* with a constant of 
proportionality of the order of unity. 

When it is applied to (8.60), therefore, the LNH implies that the ratio 
e7/(Ginpiig) must varyas (6/1) “!. Dirae made a distinction between ¢. 71. and My 
on one side and G on the other in the sense that the former are atomic (Microscopic 
quantities) whereas G has macroscopic significance. In the Machian cosmologies, G 
is in fact related to the large-scale structure of the universe. Dirac therefore assumed 
that, if we use ‘atomic units’ that always maintain fixed values for atomic quantities, 
then f. will be constant and G « t~!. That is, in terms of atomic time units, the 
gravitational constant must vary with the epoch f, with |G/G| ~ H. 

We will now explore the implications of the LNH for cosmology. 


oe The two metrics 


Clearly the variation of G predicted by the LNH goes against Einstein’s theory of 
gravitation, which demands a constant G. As in the Brans—Dicke theory, we are 
forced to modify the relativistic framework to accommodate a varying G. Dirac 
approached this problem in the following way. 

First he took note of the many Solar-System tests that are in favour of general 
relativity (see Chapter 2) and argued that the theory should not be abandoned alto- 
gether. Instead. Dirac proposed two scales of measurement, one holding in atomic 
physics and the other in macroscopic gravitation physics. If we choose the atomic 


Figure 8.12 P. A. M. Dirac 
(1902-1984). Reproduced 
with permission from the 
website of Bob Bruen. 
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system, we will be able to describe atomic physics in the usual way, that is, with 
constant values for the atomic constants like e, fA. me. mp, and so on. However. in 
this system G will be variable, since Dirac considered it a constant belonging to 
gravitation physics. If, on the other hand, we use gravitational units. then. according 
to Dirac, G will be constant and atomic quantities will be found to be variable: 
and in the latter units the gravitational phenomena can be described by the Einstein 
equations (2.100). 

These two units can be specified in Dirac’s framework by having two different 
spacetime metrics. We will denote these by ds3 and ds: respectively. for the atomic 
and the gravitational systems (the subscript E in the latter case committing us to 
Einstein’s equations of gravity). We will use these subscripts in general on any 
physical quantity to indicate what system of measurement is being used. Thus. 
according to Dirac, 


GE, (me), (mMp)a 


are constants, whereas 


Ga, (me)E, (7p )E 


are variable. 

Returning to the astronomical tests of general relativity, we note that the mass 
of the gravitating body (for example. the Sun) occurs in the Schwarzschild solu- 
tion. Clearly this mass, which is the gravitational mass, must be a constant in the 
gravitational units. We denote this mass by Me. Any measurements made on the 
Earth, however, use atomic systems (such as spectrometers and atomic clocks). so 
before we interpret any experimental result we must make sure that all observable 
quantities are transformed to atomic units. 

This argument tells us how necessary it is to know the ratio 

7 dsE 5 

= res uwod. 
and how the transformation of any physical quantity from one system of units to 
another is to be made. Here we need a quantitative theory to guide us. a theory that 
goes further than the above qualitative arguments have so far taken us. 

We also note another outcome of our Solar-System example. If we assume that 
our astronomical body has Neg nucleons, each of mass mg. then we may write 


Me = mene =p Nn; (8.64) 


where we have dropped the suffix E on N because it is a pure number. Whatever 
metric we use, we will count the same number of particles in the gravitating body. 
In (8.64) we have Me = constant, but mg 4 constant. since the latter is an atomic 
quantity. Thus N + constant. In other words. we are forced to conclude that the 
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number of nucleons in the body must change with time, Apa we heed a quantitative 
theory to tell us how N changes; but creation (or destruction) of nucleons in a 
macroscopic object is demanded by Dirac’s argument. 

So far we have not used the LNH, which started us on the two-metric theory. Let 
us now see how it helps us in deciding how the non-conservation of the number ol 
nucleons in the body is regulated. 


8.8.1 The creation of particles 
If we go back to (8.64) and apply the LNH to NV, we easily find that k = 2, that is, 


GENe 5 
Nip ({.) (oa a (8.65) 
e 
In other words, the number of particles in the universe in the sense defined in 
§8.7 increases with ¢. Dirac has taken this result to imply that particles are being 
continually created in the universe. 

The creation can occur, according to Dirac, in two possible ways. In additive cre- 
ation the particles are created uniformly throughout space, whereas in multiplicative 
creation the new particles occur preferentially where matter already exists. Thus, in 
the former mode, creation occurs mostly in intergalactic space, whereas in the latter 
mode creation occurs mostly in the vicinity of existing astronomical objects. 

Using these ideas, we return to (8.64). In additive creation the astronomical body 
will not acquire any significant number of new particles and thus N = constant, 
giving 


Mp = constant (additive creation). (8.66) 
. : . . . 9} 
In multiplicative creation N must increase as t~ and hence 


mE X t-? (multiplicative creation). (8.67) 


8.8.2 The determination of f 


The connection between dsq and dsp can be fixed by considering the motion of a 
planet (such as the Earth) around a star (the Sun). The dynamical equation in the 
Newtonian approximation ts 


GM =v*r, (8.68) 


where M is the mass of the star, v is the speed of the planet and r is the radius 
of the orbit. The above relation is expected to hold in either of the two systems of 
units, since GM/(v7r) is a dimensionless quantity. Also, with c = | the speed v is 
dimensionless. Thus v = constant in either set of units. Next, in gravitational units 
Mg = constant and Gg = constant, hence rp = constant. 
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If (8.68) is used with atomic units, we have 
Geet. (8.69) 


Also, in multiplicative creation Ma « t? whereas for additive creation Ma = 
constant. Hence, in these respective units, 


ee - ee Seiten (8.70) 
t (additive creation). 
Thus we have 
rA t (multiplicative creation), (8.71) 
rE a (additive creation). 


In other words, measured in atomic units, the distance of the planet from the star 
increases with t if the universe has multiplicative creation of matter, whereas the 
distance decreases with t (as t~') for additive creation. 

From (8.70) and (8.71) we get the behaviour of 6 defined in (8.63). This ratio 
of dsp to dsa behaves as t~! or t, depending on whether we have multiplicative 
creation or additive creation in the universe. 


8.9 Cosmological models based on the LNH 


Using the LNH, Dirac constructed cosmological models for both the circumstances 
discussed above, namely for multiplicative and additive creation. As in the case of 
standard cosmologies, the assumptions of homogeneity and isotropy lead us to the 
Robertson—Walker line element in atomic units: 


ds? = c* dt? — %o(; = 


dr? 5 D) a) 5) ; 
xa r~(dO~ + sin* 6 d@*) }. (8.72) 
kr 
How does the LNH determine k and S(t)? We reproduce below the argument given 
by Dirac. 
First we note that the metric proper distance at time ¢ between a galaxy G at 
r = Oand a galaxy atr = r, is given by 


a=so f —* 250 (ri) 8.73 
- | FS = f(r). (8.73) 


According to the LNH, for large rt (that is, for t >> f.) the expression for S(t) should 
be ~(t/te)” or ~ In(t/te). The (metric) velocity of recession corresponding to (8.73) 
will therefore be given by 


aeite faa or dw~t-'fi(r)). (8.74) 


The constants multiplying (t/fe)” or In(¢/fe) in S(t) must be of the order of unity 
and hence the constants implied in the relation (~) above are also of the order of 
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unity. It is then easy to verify that, except for n = 1, there exists an epoch either in 
the past (form < 1 or for S ~ Int) or in the future (forn > 1) whend = c for any 
galaxy with r) > Q. For example, for n = 5 we find that, for a galaxy that at present 
has d ~ 10~3c, the condition d = c occurred in the past epoch given by 


= (2) x 107% ~ 10 te. 
te 
That is, tp/te is a large number. However, by the LNH, ¢, is a constant epoch when 
a significant event took place for galaxy Gy: its speed of recession became equal to 
c. Hence such a constant epoch should not generate a large number. Therefore only 
the case 


S(O) 7.) (8.75) 


is permitted by the LNH. 

The arguments given above could be criticized on the following grounds. The 
epoch when d = c is not unique to the model as a whole; it depends on f(r;) and 
hence on the galaxy chosen. So it is not necessary that the LNH should apply to this 
epoch. Neither is it clear why d = c should be considered significant. Nothing 
special happens to the galaxy in question when its metric velocity of recession 
becomes equal to c for the observer at r = 0. No global property like the event 
horizon or the particle horizon enters the argument. 

Nevertheless, if we follow the argument further, then we can write our cosmolog- 
ical line element as 


4 ae! dr? 12) 
di =e dr? — an*(— 5 + r?(d6? + sin? 6 a), (8.76) 
— re 


where A is a constant. We next consider multiplicative creation. Since in this case, 
from §8.8, 


dsp =t7! dsa, (8.77) 
it is easy to see that a transformation 
die dt /t (8.78) 


gives us 


Lacy Onur ry a")), (8.79) 


ds¢ — 2 dtz = a 


Now we recall that the above line element must be a solution of Einstein’s 
equations. In Chapter 3 we did obtain such a static solution for homogeneous and 
isotropic dust with the use of the A-term (see §3.3), namely, the Einstein universe 
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with A = +1. With a suitable scaling of the r coordinate we can express (8.79) in the 
form (3.18). Notice. however. that, unlike the Einstein universe. this Dirac universe 
does exhibit the phenomenon of a redshift of galaxies. For redshift measurements 
involve comparisons of the rates at which atomic clocks run in the emitting and 
receiving galaxies; and for such comparisons the line element (8.76) instead of 
(8.79) must be used. 

For additive creation the situation is more complicated. In the case of multiplica- 
tive creation the gravitational mass of an astronomical object was held constant in 
the gravitational units in spite of creation of new particles, by letting the masses of 
particles decrease with time. In the case of additive creation the masses of particles 
remain constant even though their number increases (see (8.65)). Dirac was there- 
fore faced with an apparent non-conservation of energy. To conserve energy Dirac 
proposed that, together with particles of positive mass, an equal number of particles 
of negative mass is also created. The negative mass distribution is homogeneous 
and remains undetectable by standard astronomical observations. In a completely 
homogeneous situation the positive and negative mass distributions compensate 
gravitationally to produce flat Minkowski spacetime. The formation of stars and 
galaxies by the accumulation of particles of positive mass in the actual universe is a 
result of small departures from this completely homogeneous situation. 

It is worth pointing out that, when Dirac first proposed a cosmological model 
based on the LNH between 1937 and 1938. he assumed no creation of matter. In 
this model the number of particles per unit coordinate volume was constant, as in 
standard cosmologies. Hence the number of particles per unit proper volume went 
as S~fand. since the proper volume of the universe goes as (c/H)*, the number of 
particles in the universe denoted earlier by N would be 


s3(=)) x (Soe 


However. by the LNH we know that 
N xt. (8.80) 
Therefore we have 
DAs 
in) — constant: 
that is. 
1/3 


So Clima (8.81) 


Thus for no creation of particles S increases much more slowly with r. (Of course, 
this solution is ruled out if we apply the LNH to the function S, as we did in the 
beginning of this section.) 
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8.9.1 HN cosmology revisited 


Some of the ideas of Dirac are found ina version of HIN cosmology proposed by its 
authors between 1971 and 1972. In the HN cosmology we considered the cases in 
which Aq, Ap,..., the constants that denote the strength of the inertial interaction, 
are true constants. If, however, these constants vary with time, new cosmological 
models emerge. In these models the following properties hold: CL) there is creation of 
particles during all epochs im such a way that the LN Eas satished. (2) atone units 
G varies; whereas (3) in the gravitational units G is constant and masses of particles 
vary. Thus this model is like the multiplicative creation model later proposed by 
Dirac. although its motivation and quantitative details were different, We briefly 
illustrate how this model works. 
Consider a homogeneous and isotropic Minkowski universe given by 


dsg, = dt? — dr? — r?(d6? 4 sin? 6 dg’), (8.82) 


where we have put c = 1 for convenience. Let n(t) be the number density of par- 
ticles and 7.(7) the time-varying inertial coupling constant of (8.34). The functions 
n(t) and A(t) vary in such a way as to compensate for each other’s effect; that is, to 
maintain 


An = constant. (8.83) 


Thus the mass function m(r) is the same as if we had a universe of uniform number 
density of particles n = constant and fixed A. As in (8.55) we then get 


2 


TEEN OSE ~. (8.84) 
Since Gm? = constant, we get the gravitational constant in the Minkowski frame- 
work as 

Gace *. (8.85) 


The mass of a typical particle is not, however, m(t) but Am(t). To determine it we 
need to know A(t). Hoyle and the author determined /(z) from the requirement that 
the universe is a perfect absorber lo clecthomagneue radiation along the future light 
cone in the sense described in §8.5.1 so that the electromagnetic signals propagate 
via the retarded solutions in this universe. 

This requirement fixes A(t) « t~! and n(t) x T. It is then verified that the LNH 
is incorporated by the fact that the dimensionless number 


Peony = constant = O(1). (8.86) 
A conformal transformation 
ds— = Qe dsy, QM xT’, (8.87) 


then takes us to the gravitational framework in which Gg = constant. Also. the 
gravitational mass of an astronomical body remains constant. Thus, as in Dirac’s 


304 


te) 


i) 


8 Alternative cosmologies 


multiplicative-creation theory, the local Solar-System tests give the same answer as 
in relativity. 

To transform to the atomic framework we need another conformal transforma- 
tion: 


oye OO Vin OS OCr: (8.88) 
Writing t o« t~ means that the line element now becomes 

ds, = dt? — 2Hot[dr? + r?(d6* + sin? 6 d¢”)). (8.89) 
In this framework the gravitational constant varies as 

Ghee. (8.90) 


There is therefore considerable similarity between this theory and the model pro- 
posed by Dirac a few years later. 


8.10 Concluding remarks 


This brings us to the end of our brief excursion through some of the better-known 
parts of alternative cosmologies. Our survey is by no means exhaustive. We have not 
discussed such important models as the matter—antimatter symmetric cosmology of 
Alfven and Klein, the Einstein—Cartan cosmologies and Milne’s kinematical relativ- 
ity; nor have we discussed such unusual ideas as Segal’s chronometric cosmology 
and McCrea’s notion of cosmological uncertainty. 

Our purpose here was to summarize a few non-standard cosmologies, which 
begin with basic philosophical ideas quite different from general relativity, viz., 
Mach’s principle and the large-numbers hypothesis. In the next chapter we will 
consider other motivations related to the creation of matter that have led to new cos- 
mological models. Thereafter we will turn to a very important part of the exercise, 
that of testing theories against observations. 


Exercises 


| Discuss how inertial forces arise in Newtonian dynamics. A stone tied to a string is 
whirled around in a circle. How can the motion of the stone be understood in terms of 
inertial forces? 


2 What observation led Mach to formulate his famous principle? 


3 Why is it unsatisfactory to conclude from mf = 0 for a particle in an otherwise empty 


universe that f = 0? Interpret any other conclusion that could be drawn from the above 
equation. 


G 


nN 


If 


c— 


Exercises 


Set up the problem corresponding to that described in Exercise 3 in general relativity, 
namely, the case of a test particle moving in an empty universe. Does this theory 
provide a satisfactory solution to the problem? 


Construct a mass unit from the fundamental constants c, h and G that could be used as 
a standard to decide whether masses of particles change with the epoch. Under what 
circumstances can we assert that G is changing with the epoch? 


Give the qualitative argument of Brans and Dicke leading to the conclusion that G~! 
satisfies a scalar wave equation with sources in matter. 


Derive the field equations of Brans—Dicke theory from an action principle. Why is the 
theory called a scalar-tensor theory? 


Show that, in the approximation w >> 1, the wave equation satisfied by @ gives a 
solution 


| 
@ = constant + o(=). 


(0) 


Interpreting the constant as proportional to G~!, show that the Brans—Dicke field 
equations take the form 


In Newtonian gravity an oblate Sun will generate a gravitational potential 


[1 -4(B) recon] 
o= 1-4 P>(cos 0) |, 


r r 


where J is the quadrupole-moment parameter and P> is the second Legendre polyno- 
mial. Show that the orbit of a planet precesses because of the above gravitational effect 
at the rate 37 ie where / is the semi latus rectum of the orbit. Estimate the rate 
of precession for Mercury for J = 2.5 x 10>. What significance does this calculation 
have for the Brans—Dicke theory? 


Discuss the Solar-System tests of the Brans—Dicke theory. 


Calculate the age of a Brans—Dicke universe for the simplest case C = 0, p = 0 and 
k = 0. Does this model have a greater or a smaller age than that in the corresponding 
relativistic model? 


Show that, for a radiation universe in Brans—Dicke cosmology with C = 0, we have 
S x t'/? and ¢ = constant. Comment on why in Brans—Dicke cosmology this case 
gives exactly the same answer as relativistic cosmology. 


Show that the inequality (8.21) is satisfied for a dust universe as well as for a radiation 
universe in Brans—Dicke cosmology with C + 0. 
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Derive the behaviours of S and @ as functions of ft in the early ¢-dominated Brans— 
Dicke universe. 


Discuss primordial nucleosynthesis in the Brans—Dicke cosmology. 


The Brans—Dicke theory can be re-expressed as a theory in which G = constant but the 
masses of particles change with the epoch. Show that this is achieved by a conformal 
transformation 


LY) = 
ik = ait @ = constant. 
D 


The field equations then become (in the new metric) 
Rik — 58inR = —KTix. 
where « is constant. Although these look like Einstein’s equations, the T;, contain 
and its derivatives. Show from the new field equations that 
8G 


nh — 
? Qn ean 


with G = constant. This form of the theory was obtained by Dicke in 1962. The masses 
of particles in this version vary as 


m=m,}/—, m = constant. 


Show that, in a d-dominated Brans—Dicke cosmology, it is possible to have an increas- 
ing gravitational constant at an epoch ¢ provided that 


Wea 
[te - 30989 ar < -2/ oe Je 
0 87 


Illustrate the difference between a field theory qualitatively and an action-at-a-distance 
theory by an example from electrodynamics. 


Verify that, in Minkowski spacetime, the electromagnetic Green function has the sim- 
ple form 


: 1 
Gig = —S(S*) nik, 
An 


where s* is the invariant square of the distance between the two world points at which 
Gi, is defined. 
Use the Green function of Exercise 19 to derive the potential for a static electric charge. 


Show how the definition of mass in the HN theory satisfies Mach’s principle. 


Show by a time transformation that Robertson—Walker spacetime with k = 0 is con- 
formal to flat (Minkowski) spacetime. 
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Exercises 


£35) 
Sy 


Show, with the help of the following series of transformations, that the k = 4] 
Robertson—Walker spacetime is conformally flat: 


t 
Sines T= | ue c= 1, 
S(ut) 
§=3(T+R), n=1(T-R), 


P= $(tané + tann), j= $(tané — tann). 


What are the corresponding series of transformations to show that the k = —1 Robertson- 
Walker models are also conformally flat? 


Show that the following tensor is conformally invariant: 
ho _ ph lL, Ap. hp... . pl } ] h h 
Cijg = Rie as (8; STs &}. Rij + Sik Re = gijR,) at 5 R(g; Bij — 8; Bik). 
This tensor is known as the Weyl conformal curvature tensor. 
Show that a null geodesic is invariant under conformal transformations. 


Explain why conformal invariance should play an important role in action-at-a-distance 
theories. 


Show that Maxwell’s equations remain unchanged under a conformal transformation 
provided that the potential and the field transform as 


Ai = Ai +i, yw a suitable scalar, 


Fix = Fix. 
Verify by direct substitution that G(A, B) defined by (8.39) does satisfy the conformal 
transform of the wave equation (8.40). 


Use the conformal flatness of the Einstein—de Sitter model to calculate the explicit form 
of G(A, B) in that universe. 


Suppose that a symmetric Green function G(A, B) satisfies the wave equation 


ly GX, B) = (=eCx)) 640%. 8). 


Show that a small variation of the metric tensor in a region V produces a small variation 
of G(A, B) given by 


5G(A, B) =|) 5(./=¢2"")G* (A, X) ;G"(X, B); d*x. 
VY 


(Note that A and B need not lie in V.) 
Show that the action (8.49) leads to the field equations (8.48). 


Compare the degree of underdeterminacy of the gravitational equations of the HN 
theory with that of general relativity. 
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Show that any conformally invariant action leads to an energy tensor of vanishing trace. 
Discuss the aspects in which the HN theory of gravity differs from general relativity. 


Construct dimensionless constants from (a) e,f and c, (b) G,mp,f and c and (c) 
G, mp, c and Ho. 


Which of the dimensionless constants of Exercise 35 are very large or very small? 


Compute N exactly for the closed Friedmann model with hg = 1 and go = 1. Show 
that N is constant for all epochs. Can this result be reconciled with the LNH? 


Find the relation connecting the three large numbers in (8.60), (8.61) and (8.62). 


Deduce from the LNH that the gravitational constant must decrease with the epoch at 
arate such that G/G is of the order of Hubble’s constant. 


Give the arguments that led Dirac to postulate particle creation in the universe. 


Show that, in gravitational units, multiplicative creation demands that masses of parti- 
cles decrease with time f as t~7. 


In what way does the difference between additive and multiplicative creation show up 
in the long-term evolution of planetary orbits? How are the orbital angular speeds of 
the planets affected by the variation of G? 


Give the arguments based on the LNH that lead to the conclusion that the scale factor 
of the expanding universe can be proportional only to the cosmic time. Comment on 
the plausibility of these arguments and compare them with Bondi and Gold’s derivation 
of the steady-state line element on the basis of the perfect cosmological principle. 


Derive the formula for the redshift in the Dirac universe with multiplicative creation. 
Explain how this redshift arises even though the gravitational metric is static. 


Plot the atomic time fa against the gravitational time fg for the Dirac universe with mul- 
tiplicative creation. Show that, although the Einstein-like universe in the gravitational 
metric has tg going to —oo, the atomic time goes only as far back as ta = 0. 


Compare and contrast Dirac’s cosmological ideas on creation of negative as well as 
positive mass with his ideas about vacuum as a sea of undetectable negative-energy 
electrons. 


Show that, in the Dirac cosmology with no creation of particles, the gravitational 
constant decreases as 


G/G = —-3H. 


Estimate this rate in terms of the present-day estimate of the Hubble constant. How is 
this rate modified in the Dirac models with particle creation? 


Cosmologies with creation of matter 


9.1 Introduction 


We continue our discussion of alternative cosmologies, this time using the creation 
of matter as the main motivating concept. Given that we see a universe containing 
matter (and radiation). we should be asking the question: where did it all come from? 
In the standard big-bang cosmology. the answer is evaded: we are given the initial 
instant as a singular state of the big bang. We are not able to push our analysis 
beyond this epoch further into the past, since all mathematics breaks down at the 
singularity and no extrapolation of known physics is applicable. The best one can 
say is that the matter somehow came into existence at t = 0 and that too with 
infinite density and infinite energy. If at all, we may extrapolate our known physics 
arbitrarily close to this instant, but keeping t > 0 all the time. 

This process has its built-in contradictions. For example, the action principle, 
which uses the Hilbert action (2.103), added to the action (2.80) to work out the 
equations of general relativity, assumes that the volume V is arbitrarily chosen. 
This is how the Einstein equations are derived. Nevertheless, when we solve those 
equations and derive the standard Friedmann models, we are led to the singular be- 
ginning. To preserve the assumptions of the variational principle, therefore. we have 
to exclude the singular epoch from any volume Y chosen in the variational exercise. 
Thus we are arriving at a self-contradiction in which our conclusion disallows the 
assumption on which it was based. 

Can we alter the basic framework of the big-bang cosmology so as to do away 
with the singular epoch of creation and make a beginning in our understanding of 
the primary phenomenon of the creation of matter and energy in the universe? We 
will now consider models that attempt this ambitious exercise. 


SF 
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9.2 The steady-state theory 


In 1948, around the same time that George Gamow was initiating detailed stud- 
ies of the physical properties of the universe close to the big-bang epoch, three 
astronomers proposed an entirely new approach to cosmology. This model, now 
famous (or notorious!) as the steady-state model, does not have a singular big-bang- 
type epoch; indeed, it does not have either a beginning or an end on the cosmic 
time axis. The cosmological scene was considerably enlivened for two decades after 
the inception of the steady-state model by observers trying to shoot this rival model 
down. What was the motivation that led Hermann Bondi, Thomas Gold and Fred 
Hoyle (see Figure 9.1) to propose the steady-state cosmology? 

First of all, in 1948 the measured value of tT) = Hy ! was only ~1.8 x 10° years. 
Consequently the age of a standard Friedmann model could not exceed tj) — a value 
lower than even the geological age of the Earth! Thus there was a prima facie case 
for doubting the conclusion that the universe began ~1—1.8 billion years ago. 

The second reason has already been stated in the introduction above, namely 
the unsatisfactory nature of the ‘beginning’ of the universe in a singular event. 
Moreover, one may pose another philosophical question. 

Have we any guarantee, when we study the past history of the universe, that the 
physical laws that we use here and now have always remained the same? We could 
have assumed this to be the case had the universe itself not changed considerably in 
the course of time. This, however, was not the case for the Friedmann universes. A 
typical standard model changes considerably in its physical content and properties 
from soon after t = 0 to the present day (see Chapters 5-7). So the assumption 
that the laws of physics have remained unchanged throughout the history of the 
standard models is more an article of faith than a verifiable fact. If they have not, 
then the ‘guesses’ and ‘extrapolations’ used to talk about the very early universe 
remain unverifiable hypotheses. 

Today, as we shall see in Chapter 10, the age problem is still with us, although 
not in such a severe form as the low value of to in 1948 implied. The questions of 
singularity and creation of matter still remain with the standard models: the work 
discussed in Chapter 6 does not tell us what happened at t = 0. Although one may 


Figure 9.1 T. Gold (1920-), 
H. Bondi (1919-) and 

F. Hoyle (1915-2001). 
Courtesy Fred Hoyle. 


9.2 The steady-state theory 


argue that quantum gravity may ultimately resolve the issues related to the big-bang 
singularity, the progress to date on that front has not been very satisfactory. 


Hoyle’s approach to the steady-state theory was designed to attack the problem of 


the primary creation of matter. His colleagues Bondi and Gold, however, considered 
the assumption of constancy of physical laws as of paramount importance, since it 
pertains to the very basics of cosmology. 


9.2.1 The perfect cosmological principle 


Bondi and Gold argued that the cosmological principle (see Chapter 3) goes some 
way towards ensuring that the locally discovered laws of physics have universal 
validity; but it does not go far enough. This principle tells us that, at any given 
cosmic time f, all fundamental observers see the same large-scale features of the 
universe. Thus we are justified in assuming that there is no spatial variation in the 
basic physical laws at any given cosmic time. However, there is no justification from 
the cosmological principle to assume that the laws remain unchanged with time. 

To provide such a justification Bondi and Gold strengthened and elevated the 
cosmological principle to what they called the perfect cosmological principle (PCP). 
The PCP states that, in addition to the symmetries implicit in the cosmological prin- 
ciple. the universe on the large scale is unchanging with time. Thus the geometrical 
and physical properties of the hypersurfaces t = constant do not change with f. 

It is important to emphasize the qualification ‘on the large scale’. On a small 
enough scale the observed part of the universe will change. For example, stars 
in a galaxy will grow older, a small cluster of galaxies will evolve in shape and 
composition with time. and so on. However. according to the PCP the statistical 
properties of the large-scale features of the universe do not change. 

For example, Hubble’s constant should remain the same whether it is measured 
now or at any time past or present, since its accurate measurement involves the rate 
of expansion of the universe. This being a property of the large-scale structure of the 
universe, the constancy of H tells us immediately that 


H = S/S = constant = Ho, i.e., S = exp(Hof). (9.1) 


Furthermore, the curvature of a tf = constant hypersurface is given by k/S”. This 
could in principle be measured at different times and found to be changing unless 
k = 0. (See Exercise 4 for another argument leading to k = 0.) Thus the PCP leads 
us to the unique line element 


ds* = c* dt? — e740" (dr? +. ?(d0? + sin? 6 dd?)]. (2) 


Notice that we have arrived at the line element of the steady-state universe with- 
out having to solve any field equations, as we had to do to determine S(t) and k in 
standard cosmology. Bondi and Gold cited this result as an example of the deductive 
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power of the PCP. Two other examples of deductions from this principle are given. 
Recall also, that this line element is the same as that obtained by de Sitter for his 
model in 1917 (Chapter 3). 


Expansion of the universe 


The line element (9.2) is completely characterized by Ho. It is, however, possible 
to have Hy = 0, Ho < 0, or Ho > 0, all of which are consistent with the PCP. To 
resolve this issue, we take account of the local thermodynamic conditions to deduce 
that Ho > 0, for our observations show that the universe in our local neighbourhood 
is far from being in a state of thermodynamic equilibrium. Stars radiate: regions of 
high and low temperatures exist within the Galaxy and outside it. If Hp = 0 we 
would have a static, infinitely old Euclidean universe. Such a universe should have 
reached a thermodynamic equilibrium by now, as implied by the Olbers paradox 
(see Chapter 4). If Hp < 0 we would have a contracting universe in which radiation 
from distant objects would be blueshifted. Such radiation would lead to an infinite 
radiation background even worse than that indicated by the calculations of Olbers. 
Thus our local observations preclude Ho < 0, leaving the case Ho > O, which 
is consistent with the finite and low night-sky background (see Exercise 7). Hence 
the universe must expand: a conclusion arrived at with the help of the PCP without 
looking at the spectra of any nearby galaxies! 


Creation of matter 


It is easily seen that a proper 3-volume V bounded by fixed (r, 6, 6) coordinates 
increases with time as 


V x exp(3Aof), 
V/V =3Ho. (9.3) 


By the steady-state hypothesis the density of the universe must remain constant at 
p = po. Hence the amount of matter within V must increase in mass M = Vpo as 


M = 3HoVpo. 
In other words, 

J = 3p 05 (9.4) 
denotes the rate of creation of matter per unit volume. If we use cgs units we get 


J=2~x 10-86 (2) i§ gem ce. (9.5) 


where pe. and ho have been defined in Chapters 3 and 4. 


9.2 The steady-state theory 


The small value of J shows that there is a very slow but continuous creation of 
matter going on, in contrast to the one-time infinite and explosive creation at t = 0 
of the standard models. 

Attractive though the above deductive approach is, it has its limitations. For 
example, we do not have a quantitative relation connecting Ho to, say, the mean 
density po as we have in the Friedmann cosmologies. Neither do we have any 
physical theory for such an important phenomenon as the continuous creation of 
matter. Is the sacrosanct law of conservation of matter and energy being violated in 
the process of creation of matter? Bondi and Gold appreciated the fact that questions 
like these could be answered through a dynamical theory rather than from their 
deductive approach. However, they felt that the PCP together with local observations 
already determines the large-scale properties of the universe in a form that can be 
tested by observations (see §9.3). Therefore they attached greater importance to 
the empirical approach of testing the PCP by observations than to formulating a 
dynamical theory that might determine Ho, p9 and so on quantitatively. 


9.2.2 A field theory for creation 


Fred Hoyle, on the other hand, took the opposite view. He looked for a field- 
theoretical process that could account for the phenomenon of primary creation of 
matter. His 1948 paper had included a modification of the Einstein field equations of 
general relativity in which the right-hand side contained an explicit energy momen- 
tum tensor for a scalar ‘creation field’. However, after several attempts at improving 
the framework, he finally adopted the formulation suggested by M. H. L. Pryce. 
This formulation, known as the C-field theory, was used extensively by Hoyle and 
the author in the early 1960s. The highlights of the C-field theory are given below. 


The action principle 


Like Hoyle’s original approach, the C-field theory also involves adding more terms 
to the standard Einstein—Hilbert action (see §§2.8 and 2.9) to represent the phe- 
nomenon of creation of matter. Using Occam’s razor, the additional field to be 
introduced is a scalar field with zero mass and zero charge. We denote this field 
by C and its derivative with respect to the spacetime coordinate x' by C;. The action 
is then given by 


3 
c 4 SS 
= R./-2ed'x — mac |} ds 
A <a | ig ~ a i a 


a af faciv=eds+ > fc da’. (9.6) 
a 


Instead of the electromagnetic terms (which might be present if we had charged 
particles), we have in (9.6) the C-field terms. To appreciate the difference between 
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the two interactions, note that the last term of (9.6) is path-independent. If we 
consider the world line of particle a between the end points A; and Az, we have 


A 
/ “Cail = CA) — CRAY. (9.7) 
Ai 

Normally such path-independent terms do not contribute to any physics derivable 
from the action principle. So why include such a term? The answer to this question 
lies in the notion of ‘broken’ world lines. A theory that discusses creation (or 
annihilation) of matter per se must have world lines with finite beginnings or ends 
(or both). The C-field interaction term picks out precisely these end points of particle 
world lines. If we vary the world line of a and consider the change in the action A 
in a volume containing the point A; where the world line begins (see Figure 9.2), 
we get at A; (which is now varied) 


Pi 
Mac — gik — Cy = 0. (9.8) 
ds 


A Figure 9.2 The world line 
of a begins at Ay and ends at 
A». If we consider variations 
in the shaded region, the 
point A, shifts by Sa’. This 
shift produces a change in 
the C-field interaction term 
by an amount 5C = C; da’. 
The change in the inertial 
part of the action similarly 
makes a contribution at A, 
of p” 5a', where Bo is 
the 4-momentum of the 
particle a. The result (9.8) 
follows by equating the nett 
contribution of 5A at Aj to 
zero. 


9.2 The steady-state theory 


This relation tells us that overall energy and momentum are conserved at the point 
of creation, The 4-momentum of the created particle is compensated by the 4- 
momentum of the C-field. Clearly, to achieve this balance the C-field must have 
negative energy. We will return to this point later. We also note that, since the 
interaction term is path-independent, the equation of motion of a is still that of a 
geodesic: 


a & ir da*® da! 0 
a\ ae tli gy as, ) =? (9.9) 


¢ 


The constant f in the action (9.6) is a coupling constant. The variation of C gives 
the source equation in the form 


Gt cf 7, (9.10) 


where 7 is the number of nett creation events per unit proper 4-volume. In calculat- 
ing 7 we attach a + sign to the points like Ay where a world line begins and a — sign 
to the points like A> where a world line ends. Again we see in (9.10) the relationship 
between the C-field and the creation/annihilation events. 

Finally, the variation of g;, leads to the modified Einstein field equations 


; | 8rG /,_; 
p= eR Se + Tih), (9.11) 


2 
where Te is the matter tensor as in the earlier chapters while 
Len GG a CG), (9.12) 


Again we note that oe < 0 for f > 0. Thus the C-field has a negative energy 
density that produces a repulsive gravitational effect. It is this repulsive force that 
drives the expansion of the universe. The above effect may resolve one difficulty 
usually associated with the quantum theory of negative energy fields. Because such 
fields have no lowest energy state, they normally do not form stable systems. A 
cascading into lower and lower energy states would inevitably occur if we perturb 
the field in a given state of negative energy. However, this conclusion is altered if we 
include the feedback of (9.12) on spacetime geometry through (9.11). This feedback 
results in the expansion of space and in the lowering of the magnitude of field energy. 


These two effects tend to work in opposite directions and help stabilize the system. 


Cosmological equations 


Using the Robertson—Walker line element and the assumption that a typical particle 
created by the C-field has mass m, we get the following equations out of (9.8)- 


(m2): 
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C =me’, (9.13) 
mf(é +320) = (0 + 5h )e (9.14) 
5 S 
SS? kee 4nGF 7) 
= = = Ghar Oe 
5 a S2 c4 
Sek Ss 
= = 2s dl 
ce = 816 (> aie), (9.16) 


It is easy to verify that the steady-state solution (9.2) follows from these equations 
for 


7 _ Hot sh = 3H = A! 

a—ulk S=e% P= 20 = ioe (9.17) 
Notice that both Hp and po are given in terms of the elementary creation process; 
that is, in terms of the coupling constant f and the mass of the particle created. Thus 
the Hoyle approach provides the quantitative information lacking in the deductive 
approach of the PCP. 

A first order perturbation of the above equations and of the solution (9.2) also tells 
us that the solution is stable (see Exercise 20). Indeed, a stability analysis brings out 
the key role played by (9.8). This tells us that the created particles have their world 
lines along the normals to the surfaces C = constant. Hoyle has argued that such a 
result gives a physical justification for the Wey! postulate: it tells us why the world 
lines of the fundamental observers are orthogonal to a special family of spacelike 
hypersurfaces. In the C-field cosmology these hypersurfaces are not just abstract 
notions but are seen to have a physical basis. 


Explosive creation 


Although the C-field was introduced primarily to account for the continuous cre- 
ation of matter, the author showed in 1973 that it also describes explosive creation 
of matter such as is required in the big-bang cosmology. We illustrate below how 
this is achieved for the case k = 0. 

In equations (9.13)-(9.16), we make use of the idea that all matter is created only 
in an explosive process at ¢ = 0. Then the right-hand side of (9.14) is like a delta 
function 5(t), leading to the solution 


Ce re A = constant. 
Notice that this solution is inconsistent with (9.13) except for one epoch, t = 0. 
This is hardly surprising, since we have assumed that there is no creation of matter 
subsequent to ¢ = 0. Thus the creation condition (9.8) is not satisfied at t > 0. 
Substituting for C in (9.16), we can integrate for S$ and obtain a solution 


9.3 Observable parameters of the steady-state cosmology 


0 


DN 
Sai 
S(t) x (: ad | (9.18) 


where fo and f; are constants related to the initial conditions at t = 0 (see Exercise 
22). 

The scale factor given by (9.18) behaves like that for the standard Einstein—de Sit- 
ter model for tf >> fo, t). In the C-field model not only is the spacetime singularity 
at t = 0 averted but also we see the present matter as arising from a primordial 
explosion that conserves energy and momentum. 

This conservation of energy and momentum must follow quite generally, for any 
C-field model, since the governing equations are derived from an action principle. 
Hence criticism based on the unexplained origin of new matter, which could validly 
be applied to the explosive creation of the standard cosmology or to the continuous 
creation in the Bondi—Gold version of the steady-state model, does not apply to the 
C-field cosmology. 

In physical terms the creation is explained by a process of interchange of energy 
and momentum between the negative-energy C-field and the matter. The divergence 
of (9.11) gives the mathematical formula for conservation of energy: 


Tim)k =a Theo (9.19) 


It is easy to verify that the idea would not work for a positive energy field (see 
Exercise 23). 


93 Observable parameters of the steady-state cosmology 


Leaving aside the dynamics of the model, we now come to some of the observable 
features of the steady-state theory. Here we deal essentially with the line element 
(9.2) and the geometrical properties deducible from it. Indeed. as Bondi and Gold 
emphasized in their original paper, the steady-state model makes precise predictions 
and is therefore vulnerable to observational disproof, in contrast to the big-bang 
models, which can always be sustained with time-dependent parameters. (This 
comment will become clearer in Chapters 10 and |} when we discuss observational 
cosmology.) 

Since we have gone through calculations of these observable features at great 
length in Chapters 3 and 4, we will be brief here and simply quote the results. 


The redshift 
The redshift of a galaxy G, at (7), 61, 6) emitting light at f; that is received by the 
observer O at r = 0 at the present epoch fo is given by 


zy = efoto“) _ | — ee (9.20) 
‘ 
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The luminosity distance 


This is given for the above galaxy by 


Cc 


ih = zj1+2}). (9.21 
1 aol ee ) 


Equation (9.21) is the Hubble law for steady state cosmology. From (9.1) we also 
see that the deceleration parameter go for this cosmology has the value —1. 


The event horizon 


If we look for signals beamed towards us by observers in the present epoch to, we 
will receive signals in some finite future epoch t > fo, provided that their proper 
metric distance rS(tg) is less than c/ Hp, which is therefore the radius of the event 
horizon of the steady-state universe. It may be verified that this model does not have 
a particle horizon. 


Angular size 


The angle A@ (<1) subtended at O by an astronomical source of projected linear 
size d and redshift z is given by 


H I+ 
ad = Ba( zs ) (9.22) 


a - 


~ 


Thus the angular size tends to a finite minimum as z > oo. 


Flux density 


The formula (3.57) becomes in this case 


L 
Fooy = ——— 3", (9.23) 
in() 2(1 +2) 
Ho 
Whereas for (3.56) we get 
Mod} l+z 
CN ee ee (9.24) 


GaN 35 
in(= | eeGlice se) 
Ay 


Number count 


In the notation of §3.11 the number of sources with redshift less than z is given by 


3 <8 | 
ay 3z7 + 2z 
NG) S4ant =) (nd ee) 
(x) (in 1: saat) (9.25) 


9.4 Physical and astrophysical considerations 


The age distribution of galaxies 


New galaxies are always being formed in the Steady-state universe. Since the uni- 
verse expands, the galaxies, once they have formed, move away frem each other, 
Thus the older a population of galaxies the more sparse its distribution, Since 
the volume bounded by galaxies increases with time as exp(3 Hot), we have the 
following simple result for the age—density relation of galaxies: 


O(t) «x eS Hot, (9.26) 


where Q(t) dt is the proper number density of galaxies with ages in the range tT, T+ 
dr. The average age is therefore (3Ho)~!. 


94 Physical and astrophysical considerations 


This section briefly outlines some of the ideas proposed from time to time in the 
context of the steady-state theory to discuss such problems as the nature of created 
particles, the formation of galaxies and the origin of the microwave background 
radiation. Some of these concepts might still be relevant even if the original steady- 
state cosmological picture does not survive today. 


94.1 The hot universe 


In 1958 Gold and Hoyle proposed the hypothesis that the created matter was in 
the form of neutrons. The creation of neutrons does not violate any standard con- 
servation laws of particle physics except the constancy of the number of baryons. 
Although this was considered an objection in 1958, today the number of baryons is 
no longer regarded as invariant. Indeed, in Chapter 6 we saw how scenarios based 
on non-conservation of baryons are being proposed in the context of the very early 
universe to account for the observed number of baryons in the universe. 

In the Gold—-Hoyle picture the created neutron undergoes a B-decay: 


n>pt+e +v. (9.27) 


The conservation of energy and momentum results in the electron taking up most 
ot the kinetic energy and thereby acquiring a high kinetic temperature of ~10? K 
(see Exercise 29). Gold and Hoyle argued that such a high temperature produced 
inhomogeneously would lead to the working of heat engines between the hot and 
cold regions, which provide pressure gradients that result in the formation of con- 


densations of size >50 Mpc (see Exercise 30). As we have already seen in Chapter 


7, pure gravitational forces are not able to provide a satisfactory picture of galaxy 
formation. The temperature gradients set up in the hot universe of Gold and Hoyle 


help in this process. 
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The resulting system, however, is not a single galaxy, but a supercluster of 
galaxies containing ~10°-10* members. Such large-scale inhomogeneities in the 
distribution of galaxies were referred to in Chapter 1. Inhomogeneities on such a 
large scale >50 Mpc caution us against applying the cosmological principle too 
rigorously. For example, the formula (9.26) for the age distribution of galaxies will 
hold over a region considerably larger than 50 Mpc in such a model. If we are in a 
particular supercluster, we expect to see a preponderance of galaxies of ages similar 
to that of ours in our neighbourhood out to say 20 or 30 Mpc. Thus it will not be 
surprising if our local sample yields an average age much larger than the universal 
average of (3Ho)! ~ 3 x 10°h,' years. 

Although newly created electrons have a kinetic temperature of ~10° K, the 
temperature tends to drop because of expansion. The average temperature is three 
fifths of this value, that is, around 6 x 10° K. It was suggested by Hoyle in 1963 that 
such a hot intergalactic medium would generate the observed X-ray background. 
However, quantitative estimates by R. J. Gould soon showed that the expected X-ray 
background in the hot universe would be considerably higher than what is actually 
observed, thus making the hot universe untenable. The present-day background 
measurements do not rule out such a hot universe for ho ~ 0.5. Astrophysicists 
are, however, inclined to look for other explanations for the origin of the X-ray 
background. 

Although it is now discredited, the hot universe model was the first exercise in 
linking particle physics (neutron decay) to the formation of large-scale structures in 
the universe. 


942 The bubble universe 


In 1966 Hoyle and the author discussed the effect of raising the coupling constant f 
by ~1079. As the formulae (9.17) show, we would then have a steady-state universe 
of very large density (p09 ~ 1078 g cm) and very short time scale Ce ait 
year!). If in such a dense universe creation is switched off in a local region, that is, 
if we locally have a phase transition from the creative to the non-creative mode, 


0, (9.28) 


then this local region will expand according to (9.18). Being less dense than the 
surroundings, such a region will simulate an air bubble in water. The reader may look 
back to Chapter 6 and discover the similarity between this model and the inflationary 
model that came into fashion 15 years later. 

According to this model, this bubble is all that we see with our surveys of 
galaxies, quasars and so on. Hence our observations tell us more about this unsteady 
perturbation than about the ambient steady-state universe. There are, however, ob- 
servable effects that give indications of the high value of f. For example, these 
authors showed that particle creation is enhanced near already existing massive 
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objects and that the resulting energy spectrum of the particles would simulate that 


of high-energy cosmic rays. The actual energy density of cosmic rays requires the 
high value of f chosen here. 


94.3 The origin of elements and the microwave 
background 


Between 1964 and 1965 the steady-state model received two near-fatal blows. Both 
came from considerations of issues of the early universe, (1) the abundances of light 
nuclei and (ii) the discovery of the microwave background. We will discuss them 
briefly in that order. 

As we discussed in Chapter 5, Gamow’s ideas on primordial nucleosynthesis 
had turned out to work for light nuclei only, producing mainly helium and small 
quantities of deuterium and a few other light nuclei. For the majority of elements, 
Stars provided the right setting for successive nucleosynthesis. This had led most 
astronomers in the 1950s to believe that stellar nucleosynthesis was the key process 
for all elements, since even helium was seen to be produced in stars. However, 
it was slowly realized that the observed abundance of helium in several parts of 
the Galaxy is considerably higher than that generated in the stars. This in turn 
led astronomers back to Gamow’s ideas once again (see Exercise 34). Apart from 
helium, the discovery of deuterium made the primordial version more credible since 
there was no known process for making even tiny quantities of deuterium in stars. 
So the steady-state theory, which had no early hot era to make such light nuclei, 
faced difficulties in explaining their observed abundances. 

The case for the hot big bang became even stronger with the discovery of the 
microwave background in 1965. The steady-state model had no natural process to 
maintain a radiation background at ~3 K and it never quite recovered from these two 
blows. Nevertheless, the model made a comeback in a modified form in the 1990s 
and we describe its main features next. 


95 The quasi-steady-state cosmology 


In 1993, Fred Hoyle, Geoffrey Burbidge and the author (HBN hereafter) proposed 
a new cosmology, which drew considerably on the earlier steady-state cosmology, 
but also allowed the possibility of evolution on shorter time scales. This cosmology. 
known as the quasi-steady-state cosmology, or the QSSC, arises from the considera- 
tions of the Hoyle—Narlikar theory described in Chapter 8. We begin our discussions 
with a general comment. 

General relativity is known to give an accurate description of gravitational 
phenomena in the limit of weak gravitational fields. We have seen in Chapter 2 
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its various successes on the observational front. However, there is no evidence, 
either experimental or observational, to show the precise quantitative correctness 
of general relativity for strong gravitational fields. As we have already seen, the 
big-bang cosmology is engaged in working from assumed initial conditions along 
with sweeping extrapolations in the domain of gravitation and high-energy physics. 
for which there is no clear evidence. In considering any alternative to it, therefore, 
it is desirable to identify any conceptual shortcomings of the standard approach and 
find ways of avoiding them. HBN start from what they consider to be a major defect 
of general relativity, namely that, unlike the rest of physics, it is not scale invariant. 

We are well used to physical results being independent of the units in which 
quantities are expressed. This is because results are always dimensionless numbers. 
This usual situation is for units that stay the same at every point X in spacetime. 
However, should anything in physics be altered if units were changed differently 
at different points in spacetime? Using the Compton wavelength of some specified 
particle as the length unit and noting that c = | requires the time and space units to 
be the same, this question can be discussed by a general change of the length scale 
achieved by transforming from 


ds* = gj, dx! dx* (929) 
to 
ds*? = Q(x) gj, dx'dx*. (9.30) 


We briefly discussed this transformation, known as conformal transformation, in 
Chapter 8. In such a transformation the spacetime coordinates of points X on the 
path of a particle stay fixed. It is the proper distance between adjacent points that 
changes according to the choice of the twice-differentiable scalar function Q(X). 
Experiments confined to a locality over which Q does not change appreciably 
will evidently be unaffected. It is possible, however, for events in one locality to 
be related to distant localities through the propagation of some field, for example 
the electromagnetic field. The possibility that physics will be unaffected by Q(X) 
even for observations related to widely separated localities is suggested by the 
circumstance that light cones are not affected by the transformation (9.30), provided 
that Q is restricted to the so-called conformal condition Q 4 0. Indeed, Maxwell’s 
equations are invariant with respect to (9.30), with the electromagnetic field tensor 
unchanged, 


FR = Fix, (9.31) 


and with A; = A; followed by a suitable gauge transformation leaving the wave 
equation for the 4-potential also invariant. Such an invariance is called conformal 
Invariance, 

Since the coordinate positions of particles remain unchanged, the number of par- 
ticles counted in a specified three-dimensional coordinate volume must be unaltered. 
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despite the proper three-dimensional volume being changed by 3. Because tyr|? 
measures particle probabilities per unit proper 3-volume, the wave function yy in 


quantum mechanics is therefore required to transform Irom y to w* according to 
* _ o-3/2 
7 = 2 wv. (Cr sys) 


Moreover, the spatial coordinate distance between two particles remains unchanged 
whereas the proper distance is altered by &. Since the Compton wavelength m~! of 
some standard particle measures the latter, it is necessary for m to transform to m* 
according to 


m* = Q7!'m, (9,33) 


The number of Compton wavelengths separating two particles then remains the 
same. This inference can be tested strictly by considering the behaviour of the Dirac 
equation 


arett) 
iy! av +m =0 (9.34) 
Ox 
under the transformations (9.30), (9.32) and (9.33). To this end it is necessary first 
to generalize (9.34) to Riemannian space, writing 


iy‘ Wr tm =0 (9,35) 


in place of (9.34), with non-Euclidean terms entering into the covariant derivative of 
the spinor field yw. ( We have not touched upon spinor fields in this book: however. 
we can define covariant differentiation of spinors along the lines of vectors discussed 
in Chapter 2.) A demonstration of the conformal invariance of the Dirac equation, 
i.e., the transformation of (9.35) to 


iy* y% +m*y* =0, (9.36) 


can then be given. 

With quantum mechanics invariant with respect to (9.30) and subject to (9.33) 
and (9.34), and with the electromagnetic field also conformally invariant, so is 
quantum electrodynamics. More recent developments in physics concerned with 
abstract particle spaces are also considered to be scale-invariant. So why should 
gravitation be the only aspect of physics that is not? HBN felt that the first step 
towards a better understanding of cosmology is to remedy this deficiency and for 
this purpose they found that the formalism of the Hoyle-Narlikar theory of gravity 
described in the previous chapter was admirably suited. We will therefore restate the 
formalism with the QSSC in mind. 
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We begin by finding an action A that is unaffected in its value by a scale transfor- 
mation. For a set of particles a, b,... of masses mg, mp, ... the form of the action 


-)> / ma(A) dsa, (9.37) 


where the possibility of the masses of particles varying with the position in space- 
time requires the mass m,(A) of particle a to vary with the point A on its path; and 
similarly for the other particles. 

With ds? = Qdsg and m; = Q7'm, it is clear that (9.37) is invariant with 
respect to a conformal (scale) transformation. We have already seen in the previous 
chapter that the scalar curvature transforms as 


1S 


RO -(R 608 11) (9.38) 


and it is equally clear that the usual Hilbert term that leads to the Einstein tensor 
is not conformally invariant. This is why the equations of general relativity are not 
conformally invariant. Since one can already remark that, in the action functional 
for general relativity, we have a strange combination of physical and geometrical 
quantities, it is surely here that a change must be made. Investigation shows that 
an attempt to replace the usual Hilbert term by some other geometrical quantity 
does not succeed, leaving (9.37) as seemingly the only possibility, a possibility that 
is startling in its simplicity. The gravitational equations are to be obtained in the 
usual way, by making a slight change of the metric tensor, gi, — gik + dgix, ina 
general four-dimensional volume with 59;, = 0 on the boundary of the volume. The 
outcome can be written in the form 


1 
A= —5 ihe + (2)] gin /—2 d*x, (9.39) 


where the energy momentum tensor 7‘* has its usual form, 


64(X, A) da’ da‘ 
rik(x [> aA - | 
Se en cue io 


and (?) is a tensor whose form is determined by the properties of the masses of the 
particles, namely by the variations of mg(X), m,(X), ... with respect to the position 


in spacetime. The gravitational equations following from the principle of stationary 
action, 5A = 0 for all 52;;, are simply 


ese 0: (9.41) 
Now choose a ‘mass field’ M(X) to satisfy 
64(X, A) 
V—8(A) 


Equation (9.42) has both advanced and retarded solutions. We particularize an ad- 
vanced solution M*Y(X) and a retarded solution M™'(X) in the following way. 


| 
Wraviesee ZRM(X) = 2 i dsq. (9.42) 
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M™'(X) is to be the so-called fundamental solution in the flat spacetime limit, 
This removes from M''(X) the ambiguity that would obviously arise from the 
homogeneous wave equation, The corresponding ambiguity for M7“ (X) is removed 
by the physical requirement that fields without sources are to be zero. Since 


rMady _ MM] ai -R[ Mad = Mt} = 0, (9.43) 


the immediate consequence of this boundary condition is that M24’ — pv bene 
without sources, must be zero, so that 


M**(X) = M™*(X) = M(X), (9.44) 
say. The gravitational equations are now obtained by putting 
mag(A) = M(A), p(B) =i)... (9.45) 


The tensor (?) can then be determined and it can also be shown that, in a conformal 
transformation, the mass field M(X) transforms as in (9.33), 


M*(X) = Q7'(X)M(X), (9.46) 
a result that follows from the form of the wave equation (9.43) (for details of 


the derivation, see the book by Hoyle and Narlikar (1974, p. 111) listed in the 
bibliography): 


K (Riz — 5 gic R) = —Ti, + M; My —- 5 ging?! MyM, + Six K — Kix, 
(9.47) 
where 
K =iM?. (9.48) 


These gravitational equations are scale invariant. It may seem curious that, from 
a simpler beginning than the usual Einstein—Hilbert action, the outcome is more 
complicated; but this seems to be a characteristic of physical laws: they become 
simpler and more elegant in their initial global statement but more complicated in 
their detailed and specific consequences. However, the conformal invariance of the 
theory comes to our rescue. For, make the scale change 


Q(X) = M(X)/mo, (9.49) 


where #1) is a constant with the dimensionality of M(X). After the scale change. 
the particle masses simply become mg everywhere and, in terms of transformed 


alsa) 
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masses. the derivative terms drop out of the gravitational equations. Then, defining 
the gravitational constant G by 


3 


(oS (9.50) 
4mo 
the equations (9.47) take the form of general relativity: 
Rik — 59ik R = —80 GT;x. (9.51) 


It now becomes clear why the equations of general relativity are not scale-invariant. 
These are the special form to which the scale-invariant equations (9.47) reduce with 
respect to a particular scale, namely that in which masses of particles are everywhere 
the same. 


96 Planck particles 


It is easily seen from the wave equation (9.47) that M(X) has dimensionality 
(length)! and so has mo. Units are frequently used in particle physics for which 
both the speed of light c and Planck’s constant fi are unity and in these units mass 
has dimensionality (length)~!. If we suppose that these units apply to the above 
discussion, then, from (9.50), 


mo = [3/(47G)]'/?, (9.52) 


which, with c = f = 1, is the mass of the Planck particle. This suggests that, 
in a gravitational theory without other physical interactions, the particles must be 
of mass (9.52), which in ordinary practical units is about 107> g, the empirically 
determined value of G being used. 

Let mp be the mass of the particles with respect to some practical unit and 
consider practical units also for time and length, so that neither c nor fi is unity. 
Then we have 


mo = mpc/h. (9.53) 


The gravitational equations (9.51) are 


ye, nee . f $4(X, A) da’ da* 
aiia( Rl = = x) == Dw f af poe GUS yc (9.54) 
6 Zz = /—g (A) dsq dsq 

The right-hand side is the energy momentum tensor for particles a, b,.... Using 


(9.53) to replace mo by mp we get 


- i i k 
RIK — ~ ike — aoe ave f ee ds... (55) 
2 Cinta V¥—8(A) dsq dsq 


9.7 The cosmological constant 


Identifying 87 G/c? with 6h /(mpc*), these are the equations of general relativity, 
Les tor 


3he \' 
mp = (=) c (9.56) 


When the empirically determined value of G is used in (9.56) this is the mass of 
the Planck particle, the value 1.06 x 10 5 & quoted above. We will shortly see that 
the Planck particle plays a key role in the QSSC. as the basic particle to be created. 
However, before we come to that aspect of the theory, we wish to have a second look 
at the possibility of having a cosmological constant in this cosmology. 


97 The cosmological constant 


Recall that, in the previous chapter, we had concluded that. if the driving wave 
equation for inertia is linear, then the above formulation leads to Einstein’s equa- 
tions without the cosmological constant. We now show that. if the assumption of 
linearity is dropped, then a cosmological constant is naturally allowed by the theory. 
Moreover, its magnitude is determined by the large-scale structure of the universe. 

Writing M‘(X), M)(X),... as the mass fields produced by the individual 
Planck particles a, b,..., the total mass field 


M(X) = = MX) (9.57) 


satisfies the wave equation (9.42) when M@, M_.. satisfy 


64(X, A) 
/—8 (A) 


Scale invariance throughout requires all the mass fields to transform as 


l 
OM + a RM = dsa,.+- (9.58) 


M*® — MM! (9.59) 


with respect to the scale change 2, when both the left- and the right-hand side of 
every wave equation transform to its starred form multiplied by Q7?; i.e., the left- 
hand side of (9.58) goes to (1 M* + 2R*M*)Q~3 and the right-hand side to 


64(X, A) * 
Te ce 


Then the factor 2~* cancels out to give the appropriate invariant equation. This can- 
cellation is evidently unaffected if, instead of (9.58) for the wave equation satistied 


Q3 


by M°, we have 
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64(X, A) 
J/—g@(A) 


Since the cube term transforms to M*@” Q-3 with respect to 2, changing (9.58) to 
(9.60) preserves scale invariance in what appears to be its widest form. Since in other 
respects the laws of physics always seem to take on the widest ranging properties 
that are consistent with the relevant forms of invariance, we might think it should 
also be so here, in which case (9.60) rather than (9.58) is the correct wave equation 
for M™: and similarly for M), ..., the mass fields of the other Planck particles. 

However, this departure from linearity in the wave equations for the individual 
particles prevents a similar equation being obtained for M = )°, M‘®’. Neverthe- 
less, the addition of the individual equations can be considered in a homogeneous 
universe to lead to an approximate wave equation for M of the form 


OM® 4 : RM + Mo = dsq. (9.60) 


1 54(X, A) 

OM+—-RM+AM? = [Sa (9.61) 
6 Ze —g(A) 

A=N7~, (9.62) 


where N is the effective number of particles contributing to the sum )~, M‘. The 
latter can be considered to be determined by an Olbers-like cut-off, contributed by 
the portion of the universe surrounding the point X in M(X) to a redshift of the 
order of unity. In the observed universe this total mass is ~10°*Mo, sufficient for 
~2 x 10 Planck particles. With this value for N 


SO Ne (9.63) 


The next step is to notice that the wave equation (9.60) would be obtained in usual 
field theory from 5.A = 0 for a scalar function M + M + 5M when it is applied to 


1 > il 5 fe 
A= - Al (mime = SRM?) /=galr + yh fw =e d*x 
-> f SSS ucoas (9.64) 
a V = 024) . 


In the scale in which M is mp everywhere the derivative term in (9.64) vanishes and, 
since G = 3/(4mm>) the term in R is the same as in the Hilbert term, as are also 
the line integrals; requiring the remaining term to be the same gives 


A= —3Ams. (9.65) 


Thus we have obtained not only a cosmological constant but also its magnitude, 
something that lies beyond the scope of the usual theory. With 2.5 x 107!*! for A as 
in (9.63) and with mp the inverse of the Compton wavelength of the Planck particle, 
~3 x 10°? cm7!, (9.65) gives 
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A —2 x 107° om-?. (9.66) 


agreeing closely with the magnitude that has Previously been assumed for A. In the 
classical big-bang cosmology there is no dynamical theory to relate the magnitude of 
4 to the density or other physical properties of matter. For observational consistency 
it is assumed that A today is of the order of (9.66). The sign of the cosmological 
constant derived here is, however, negative. As we shall see shortly, this important 
difference is responsible for producing bounded oscillations. Although, in standard 
cosmology, 4 is taken to be positive, we will see in later chapters that, within the 
framework of the cosmology discussed here, a negative 4 is not inconsistent with 
observations. 

A dynamical derivation of 4 within the standard cosmology is possible if one 
goes into the very early inflationary epochs. However, the values of A deduced from 
those calculations are embarrassingly large. being 10!"S—10!2" times the value given 
by (9.66). The problem then becomes that of how to reduce 2 from such high values 
to the range acceptable at present. In contrast, the present derivation leads to the 
acceptable range of values with very few theoretical assumptions. Also, we have the 
satisfaction of seeing its smallness related to the large number N. 

Planck particles are subject to rapid decay, when their mass couplings are re- 
placed by those of more stable secondaries. Provided that the secondaries interact 
together in the same way in the cube terms as the Planck particles from which they 
are derived, the result (9.66) continues to hold. 
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We now come to the basic difference of the QSSC from standard cosmology, namely 
the possibility of creation of new matter from time to time. As we will see, the action 
principle allows this possibility simply by the assumption that the particle world 
lines are not endless. Thus a world line may begin at a finite point in spacetime 
Apo and end at another finite point in spacetime A. This means that a particle was 
created and then, after a finite lifetime, annihilated. Can the theory describe the 
dynamics of this ‘creation/annihilation’ process through the same action principle? 
The answer is ‘yes’. As we saw earlier, the characteristic mass of a particle that is 
built out of the fundamental constants c,f and G is the Planck mass. So we will 
assume that the typical particle to be created in this primary process is the Planck 
particle. 

A typical Planck particle a exists from Ag to Ag + 5 Ap, in the neighbourhood of 
which it decays into n stable secondaries, n ~ 6 x 10!8, denoted 15nd hie aN 2s 
Each such secondary contributes a mass field mi” )(X), say, which is the fundamen- 
tal solution of the wave equation 
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1 ea | / 64(X, A) 
(@r) 4 = (ay) Zi lp) me ea alr (9.67) 
+—-Rm +n“m 3 
ee: n J Ag+6Ao V—8(A) 


while the brief existence of a contributes c (X), say, which satisfies 


1 3 Agr OA0 h(x, A) 
(a) Re a ce = / cd ie OAT (9.68) 
ieee 6 m BTS) 
Summing c with respect toa, b,... gives 
= cs, . (9.69) 


a 


the contribution to the total mass M(X) from the Planck particles during their brief 
existence, while 


n 
a Oo (9.70) 
a PSI 
gives the contribution of the stable particles. 
Although c(X) makes a contribution to the total mass function 


M(X) = c(X) + m(X) (O71) 


that is generally small relative to M(X), there is the difference that, whereas m(X) is 
an essentially smooth field, c(X) contains small exceedingly rapid fluctuations and 
so can contribute significantly to the derivatives of c(X). The contribution to c(X) 
from Planck particles a, for example, is largely contained between two light cones, 
one from Ao, the other from Ag + 5Ag. Along a timelike line cutting these two 
cones the contribution to c(X) rises from zero as the line crosses the light cone from 
Ao, attains some maximum value and then falls back effectively to zero as the line 
crosses the second light cone from Ag+6 Ao. The time derivative of c\) (X) therefore 
involves the reciprocal of the difference in time between the two light cones. This 
reciprocal cancels out the short duration of the source term on the right-hand side 
of (9.68). The factor in question is of the order of the decay time t of the Planck 
particles, ~10-*8 s. No matter how small t may be, the reduction in the source 
strength of c'“) (X) is recovered in the derivatives of c“)(X), which therefore cannot 
be omitted from the gravitational equations (see Figure 9.3). 

The derivatives of c (X), c(X), ... can equally well be negative as positive, 
so that, in averaging over many Planck particles, linear terms in the derivatives do 
disappear. Omitting for the moment the cosmological constant, it is therefore not 
hard to show that, after such an averaging, the gravitational equations become 


| 6 1 i 
Rig 5 Bik R = = [-™ + 6 (bik Om? — m2.) an (mim — umn ) 


ae ; | u 9.72 
3 Ci Ck g oikele . (O72) 
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Since the same wave equation is being used for c(X) as for m(X), the theory 
remains scale-invariant. One can therefore introduce a scale change that reduces 
M(X) = m(X) + ¢(X) toa constant, or one that reduces m(X) toa constant. Only 
that which reduces m(X) to a constant. viz. 


Q2 = m(X)/mp, (9.73) 


has the virtue of not introducing small very rapidly varying ripples into the metric 
tensor. Although they are small in amplitude, such ripples produce non- negligible 
contributions to the derivatives of the metric tensor, causing difficulties in the eval- 
uation of the Riemann tensor. so they are better avoided. Simplifying with (9, Hoa] 
does not bring in this difficulty, which is why Separating out the main smooth 
part of M/(X) in (9.72) now proves an advantage. with the gravitational equations 
simplifying to 


SG = mp a constant, (9.74) 
Mp 
Rix — 3814 R = —80GITix — 2 (cice — dgigeie!)), (9.75) 
ay Ae A A , ' 4 —_ Figure 9.3 A Planck 
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Using the metric (3.45) with k = 0, the dynamical equations for the scale factor S(t) 
are 


5 ; 
2S oa _ An G2. (9.76) 
Sua Se 3 

352 _ ils 

3 = sxG(0 = 2), (9.77) 


with p the average particle mass density and ¢? being the average value of c*, the 
average value of terms linear in c and ¢ being zero. It is easily shown from the above 
that 


cc 3(— +28). (9.78) 
at S 2X08 S 

If at a particular time there is no creation of matter then at that time the left-hand 
side of (9.78) is zero with 6 co S~>. With the right-hand side also zero at that 
time, é2 « S~4. The sign of the é2 term in (9.77) is that of a negative pressure, 
a characteristic of the fields introduced into inflationary cosmological models. The 
concept of Planck particles forces the appearance of a negative pressure. In etfect the 
positive energy of created particles is compensated for by the sign of the ¢? terms, 
which in (9.76) increases S/S and so causes the universe to expand. One can say 
that the universe expands because of the creation of matter. The two are connected 
because the divergence of the right-hand side of the gravitational equations (9.75) is 
zero. 

As would be expected from this property of conservation, the sign of the ¢? term 
in (9.77) is that of a negative energy field. Such fields have generally been avoided 
in physics because in flat spacetime they would produce catastrophic instabilities 
— creation of matter with positive energy producing a negative-energy é2 term 
producing more matter, producing a still larger ¢? term, and so on. Here the effect is 
to produce expansion of local space through explosive outbursts from regions where 
any such instability takes hold, through the é2 term in (9.76) generating a sharp 
increase of §. The sites of the creation of matter are thus potentially explosive. The 
explosive expansion of space serves to control the process of creation and avoids the 
catastrophic cascading down the negative energy levels. 

The requirement is in agreement with observational astrophysics, which in re- 
spect of high-energy activity is all of explosive outbursts, as seen in the QSOs, the 
active galactic nuclei, etc. The profusion of sites where X-ray and y-ray activity is 
occurring are in the present theory sites where the creation of matter is currently 
taking place. 

Combining the above ideas on creation of matter with those relating to the 


cosmological constant described in $9.7, we now have the field equations in the 
form 


Rik — 58k R + Agix = —81 GTi — 2(cicz — dgixcre)). (9.79) 


9.8 The creation of matter 


It has been on (9.79) that the discussion of what has been called the quasi-steady- 
state cosmological model (QSSC) has been based. A connection with the C-field of 
the earlier steady-state cosmology can also be given. Writing 


CCX) = FeX), (9.80) 
where T is the decay lifetime of the Planck particle, the action contributed by Planck 
particles a,b,..., 

Agp+0Ag 


<5 i c(A) da, (9.81) 


can be approximated as 
mC (Ag) — Cig) —=-- (9.82) 


which form was used in the steady-state cosmology. 
Thus the equations (9.79) are replaced by 


Rik — 78ieR + Agix = —8G [Tix — f(CiCe — 1g:RC,C), (9.83) 


with the earlier coupling constant f defined as 


(We remind the reader that we have taken the speed of ightas G1) 

The question of why astrophysical observation suggests that the creation of mat- 
ter occurs in some places but not in others now arises. For creation to occur at the 
points Ag, Bo,... it is necessary classically that the action should not vary with 
respect to small changes in the positions in spacetime of these points. which was 
shown earlier to require 


Ci(Ao)C' (Ao) = Cj(Bo)C! (Bo) = ++ = m3. (9.85) 
More precisely, the field c(X) is required to be equal to mp at Ao, Bo,..., 
Cg) — (Bo) = +> = Mp. (9.86) 


(For equation (9.80) tells us that the connection between c and C is through the 
lifetime t of the Planck particle.) 

As already remarked above, this is in general not the case: in general the magni- 
tude of c(X) is much less than that of mp. However, close to the event horizon of 
a massive compact body C;(Ag)C! (Ao) is increased by a relativistic time dilatation 
factor, whereas mp Stays fixed. Figure 9.4 illustrates this. Hence, near enough to an 
event horizon the required conservation conditions can be satisfied, which has the 
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consequence that creation events occur only in compact regions, agreeing closely 
with the condensed regions of high excitation observed so widely in astrophysics. 

The theory would profit most from a quantum description of the individual 
process of creation. The difficulty, however, is that Planck particles are defined as 
those for which the Compton wavelength and the gravitational radius are essentially 
the same, which means that, unlike other quantum processes, flat spacetime cannot 
be used in the formulation of the theory. A gravitational disturbance is necessarily 
involved and the ideal location for triggering creation is that near a compact massive 
object. The C-field boson far away from a compact object might not be energetic 
enough to trigger the creation of a Planck particle. On falling into the strong gravita- 
tional field of a sufficiently compact object, however, the boson energy 1s multiplied 
by a dilatation factor, viz. (1 — /r)~'/? for a local Schwarzschild metric 


5 


l—yp/r 


Bosons then multiply up in a cascade, one makes two, two makes four, ..., as in 


(iri = — r*(d0* + sin* 6d’). (9.87) 


the discharge of a laser, with production of particles multiplying similarly and with 
negative-pressure effects ultimately blowing the system apart. Such an explosive 
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Figure 9.4 How the strength of the C-field rises near a collapsed massive object. 


9.9 Cosmological models 


event may be called a mini-bang, or a mini-creation event. Unlike the big bang, 
however, the dynamics of this phenomenon is well defined and non-singular. 
Although it is still qualitative. this View agrees well with the empirical facts 
of observational astrophysics, for we do see several explosive phenomena in the 
universe, such as jets from radio sources, bursts of y-rays, X-ray bursters, quasars 
and active galactic nuclei. Generally it is assumed that a black hole plays the lead 
role in such an event by somehow converting its huge gravitational energy into large 


kinetic energies of the ‘burst’ kind. In actuality, one does not see infalling matter 


that is the signature of a black hole. Rather, one sees outgoing matter and radiation, 
which agrees very well with the picture presented above. 


9.9 Cosmological models 


We write the field equations (9.83) for the Robertson—Walker line element and for 


matter in the form of dust, Whereupon they reduce to essentially two independent 
equations: 


S Sk 

ae : a = 3) +2nGfC2, (9.88) 
& ky 

a(S7 4k ei 

“~~ = 3A + 82Gp — 6nG fC, (9.89) 


where we have set the speed of light as c = | and the density of dust is given by p. 
From these equations we get the conservation law in the form of an identity: 


(5°03 + 82 Go — 6nGfC*)] = 387(30 + 2nGfC?). (9.90) 


This law incorporates ‘creative’ as well as ‘non-creative’ modes. We will discuss 
both, in that order. 


9.9.1 The creative mode 
This has 


TiK £0, (9.91) 
which, in terms of our simplified model becomes 
ere) £0), (9.92) 
ds 
For the case k = 0, we get a simple steady-state de Sitter-type solution with 


C=m, S = exp(t/P) (9,93) 


WwW 
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and from (9.88) and (9.89) we get 
| 21 Ge 


Q= fm’, 2 =e +i. (9.94) 
Since A < 0, we expect that 
21 Gp 1 
Ne ' — Al, (9.95) 
3 jee sa) 


but will defer the determination of P to after we have looked at the non-creative 
solutions. 

For the sake of completeness we may mention the cases k = +1, for which the 
scale factor is different, although the rest of the quantities remain the same. Thus we 
have 


S= cosh( 5), eit /e == Ile 
P 


5 = 5 sinh( 5), Pa ee ee (9.96) 


Both these are in fact variations on the de Sitter metric. In both cases timelike Killing 
vectors exist, corresponding to the ‘steady-state postulate’. However, we shall take 
the k = 0 case further. 

The rate of creation of matter is given by 


J =30/P. (9.97) 


As will be seen in the quasi-steady-state case, this rate of creation is an overall 
average made of a large number of small events. Furthermore, since the creation 
activity has ups and downs, we expect J to denote some sort of temporal average. 
This will become clearer after we consider the non-creative mode and then link it to 
the creative one. 


992 The non-creative mode 


In this case ie = 0 and we get a different set of solutions. The conservation of 
matter alone gives 


px 1/8, (9.98) 
while, for (9.98) and a constant A, (9.90) leads to 
Cols: (9.99) 
Therefore, equation (9.89) gives 
Slag age (9.100) 
S? Sse . 


where A and B are positive constants arising from the constants of proportionality 
in (9.98) and (9.99), 


9.9 Cosmological models 


We will next consider the solutions of (9.89) for the cases k = 0 and k = +1, 
taking the former first. 


9.9.3 Solutions for k = 0 
We now find that the exact solution of (9.89) in the case k = 0 is given by 

S = S{1 + ncos0(t)], (9.101) 
where 77 is a parameter and the function O(t) is given by 

poe —1(1 + c0s6) 164 4n cos 6 + n?(1 + cos? @)]. (9.102) 


Here, S$ is a constant and the parameter 7) satisfies the condition: |n| < 1. Thus the 
scale factor never becomes zero and the model oscillates between finite scale limits 


Smin = S(1 — 1) < S < 5(1 +n) = Sax. (9.103) 
The density of matter and the C-field energy density are given by 
a 3A (1 , 
p= oe ie) (9.104) 
+2 A 2 2 
ce = ee —-n)G+7°*), (9.105) 
while the period of oscillation is given by 
4 ae (1 + ncos 0) dO 
S48 oer 4n cos 6 + 77(1 + cos? 4)]!/2 
| 
= Fi. (9.106) 


The oscillatory solution can be approximated by a simpler sinusoidal solution with 
the same period: 


one 
$~1+ne0s(—*), (9.107) 


Thus the function 6(t) is approximately proportional to f. 

Figure 9.5 shows the typical exact oscillatory cycle which is approximated by 
the solution (9.107), adjusted to have the same period and amplitude. We find that 
the exact solution has flatter crests and narrower troughs than does the approximate 
solution, which otherwise simulates the former well. 


9.9.4 Solutions fork = +1 


In this case we have (9.100) given by 
A B 
2 2 
“=+1+1S*+ —-—, (9.108) 
S as a Cary 
where the plus sign corresponds to k = —1 and the minus sign to k = +1. 
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Figure 9.6 Typical scale factors for various parameters. The horizontal line denotes 
aistalle UNIVErseswitheoi— abn age (te ). For B S Bmax we get small oscillations 


in the scale factor ( ) and for B < Bmax we get large oscillations (——-). 


9.10 The quasi-steady-state solution 


The various dynamical possibilities for the 


scale factor are shown in Figure 9.6 by 
the curves for the right-hand side of (9. 108) 


as the parameters take different values. 
Notice that there is a special class of solutions in which the universe is static. Since 
the right-hand side of (9.108) must be non-negative, these curves tell us that the 
scale factor never becomes zero. Likewise. because of the negative cosmological 
constant, there is a finite upper bound on $. Hence the models all oscillate between 
finite radii. The generic solution is again of the hind given by (9.102) but with A(t) 
satisfying the equation: 


je | = A[6 + 4n cos 6 + 77(1 + cos? 6)] 
S2(1 + ncos6)2 (1 + ncos 6)? 


(9.109) 


In Figure 9.7 we show typical scale factors as functions of time for the cases k = 
0. 1. As expected, in the positive-curvature case the contracting phase is shorter 
and faster than it is for the zero- and negative-curvature cases. Also, the time period 
is shorter in the kK = +1 case that it is in the k = 0, —1 cases. 


910 The quasi-steady-state solution 
The quasi-steady-state cosmology is described by a combination of the creative and 


the non-creative modes. For this the general procedure to be followed is to look for 
a solution of the form 
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Figure 9.7 The influence of k on oscillations. The continuous line is the k = 0 case. 
the dashed line is for k = +1 and the dot—dashed line is for the k = —1 case. 
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S(t) = exo( 5 JU +ncos6(H)] (9.110) 


wherein P >> Q. Thus, over a period Q as given by (9.106), the universe is 
essentially in a non-creative mode. However, at regular instances separated by the 
period Q, it has injection of new matter at such a rate as to preserve an average rate 
of creation over period P given by J in (9.97). It is most likely that these epochs of 
creation are those of the minimum value of the scale factor during oscillation when 
the level of the C-field background is the highest (see Figure 9.8). Note that what 
appears as a cusp at a typical minimum in Figure 9.8 is in fact a continuous curve 
that turns around rapidly at $ = Smin. 

Suppose that creation of matter takes place at the minimum value of S = Spin and 
that N particles are created per unit volume with mass mo. Then the extra density 
added during this epoch in the creative mode is 


Ap = moN. (9.111) 


After one cycle the volume of the space expands by a factor exp(3Q/P) and, to 
restore the density to its original value we should have 


(o0 + Ap)e?2/P = p, ten Apip = 6Ork. (9.112) 


The C-field strength likewise takes a jump at creation and declines over the 
following cycle by the factor exp(—4Q/P). Thus the requirement of a ‘steady state’ 
from cycle to cycle tells us that the change in the strength of C* must be 

eee et Cre 

Ae = 2" (9.113) 

The above result is seen to be consistent with (9.112) when we take note of the 
conservation law (9.90). A little manipulation of this equation gives us 
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Figure 9.8 A curve showing the composite QSSC solution. The epochs of creation 
of matter are close to the minima of the oscillations of S. 


9.11 The astrophysical picture 


However, the right-hand side is the rate of creation of matter per unit volume. Since 
from (9.113) and (9.114) we have 


ie 5 ae (9.115) 


and from (9.94) and (9.93) we have p = fC?, we see that (9.1 15) can be deduced 
from (9.112) and (9.113). 

To summarize, we find that the composite solution properly reflects the quasi- 
steady-state character of the cosmology in that, although each cycle of duration 
Q is exactly a repeat of the preceding one, over a long time scale the universe 
expands with the de Sitter expansion factor exp(1/P). The two time scales P and Q 
of the model thus turn out to be related to the coupling constants and the parameters 
A. f.G and ») of the field equations. Further progress in the theoretical problem can 
be made after we understand the quantum theory of creation by the C-field. 

These solutions contain a sufficient number of arbitrary constants to assure us that 
they are generic. once we make the simplification that the universe obeys the Wey] 
postulate and the cosmological principle. The composite solution can be seen as an 
illustration of how a non-creative mode can be joined with the creative mode. There 
may be more possibilities of combining the two within the given framework. We 
have, however. followed the simplicity argument (also used in the standard big-bang 
cosmology) by limiting our present choice to the composite solution described here. 
HBN have used (9.110), or its approximation 


t 2nt 
= == 1] ae 9.116 
S(t) exp( 5) aa neos( 0 ) ( ) 


to work out the observable features of the QSSC, which we shall highlight next. 


911 The astrophysical picture 


Coming down from these mathematical solutions to physical interpretation, we can 
visualize the above model in terms of the following values of its parameters: 


P = 200, QO = 4.4 x 10!°years, n = 0.8, 
4 = —-0.3 x 107° cm7?, to = 0.70. (9.117) 


These parametric values are not uniquely chosen; they are rather indicative of the 
magnitudes that may describe the real universe. In later chapters to follow, we will 
look at the various observational tests that can be employed to place constraints on 
these values. It is only then that we will know whether the QSSC provides a realistic 
and viable alternative to the big bang. 

It is worth commenting, however, on a few issues of astrophysical nature. For 
example, the typical cycle has a lifetime long enough for most stars of masses 
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exceeding ~0.5—0.7Mo to have burnt out. Thus stars from previous cycles would be 
mostly extinct as radiators of energy. Their masses will continue, however, to exert a 
gravitational influence on visible matter. The so-called dark matter seen in the outer 
reaches of galaxies and within clusters may very well be these stellar remnants. 

To what extent does this interpretation tally with observations? Clearly, in the big- 
bang cosmology the time scales are not long enough to allow such an interpretation. 
Neither does that cosmology permit dark matter to be baryonic to such an extent. 
The constraints on baryonic dark matter in standard cosmology come from (i) the 
origin and abundance of deuterium and (ii) considerations of large-scale structure. 
In the QSSC, as we shall see in this chapter, these constraints are not relevant. We 
will discuss the origin of light nuclei next. 


9.12 The origin of the light nuclei 


We began the discussion of this cosmology with the creation of the Planck particle 
as the basic building block of matter. However, being unstable. the particle decays 
over times of the order of t ~ 6 x 10~** s. Decays into what? In terms of mass, its 
decay can eventually produce ~6 x 10!8 nucleons. However, such a decay cannot 
happen immediately. Considerations of degeneracy prevent such a dense packing. 
so that the resulting aggregate of secondaries is required to spread out initially as 
bosons. Only when a dimension of ~10~’ cm has been reached can a swarm of 
~2 x 10!° quarks appear. The situation in this respect is the same as that in the 
first moments of big-bang cosmology. Instead of the hot big bang we have a fireball 
around each Planck particle created. 

However, whereas in big-bang cosmology the early Planck particles are contigu- 
ous to each other, here they are well separated, each producing its own cluster of ex- 
panding secondaries. A further difference is that the Planck particles here consist of 
matter decaying largely into matter, so that the overwhelming conversion of energy 
into radiation that occurs in big-bang cosmology does not happen here. It happens 
in big-bang cosmology because of an essentially contradictory double assumption. 
First the decay products of the Planck particles are said to be balanced between 
matter and antimatter and then the balance is said to be not quite perfect, as if to 
say —1 does not quite balance +1. The surviving remnant of matter embedded in a 
greatly dominant radiation field produces the low mass density in a high-temperature 
radiation field which is the essential feature of the relation (5.69) of Chapter 5, 
which, with the preferred value of the parameter n, the value that is considered 
necessary for the synthesis of the light elements in big-bang cosmology, gives 


= Oe (9.118) 


The challenge here is to produce a synthesis of the light elements with a very 
much larger coefficient than 10°? in such a relationship. Energy lost into radiation 
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early in the expansion of a Planck fireball goes quickly into the dynamical expansion 
of the secondary particles. Without knowing this loss at all precisely, it can be taken 
simply to produce a speed of expansion of the order of c. Thus the time scale for 
the expansion to a dimension of 10~’-10~° cm is of the order of 10~!® s and the 
density of particles when large numbers of baryons are at last produced is in the 
range 10°°-10*° cm-3. 

The discussion begins, however, at a much higher density than this, during a 
quark phase with the density of quarks high enough, above 104% quarks cm~>, for 
degeneracy to force the six quark flavours to be represented nearly equally. However, 
as expansion continues and degeneracy becomes less relevant, the high masses of 
the top, bottom and charmed quarks become an increasing energy burden and it 
is considered that transitions to the up, down and strange quarks occur within the 
available time scale. Because we are outside known laboratory physics, however, 
this step is necessarily conjectural, notin principle but in the quantitative details of 
the time scale for the occurrence of the relevant transitions. 

The only electrons present are from pair production from y-rays and, because 
electrons have negligibly short mean free paths, charge neutrality must be main- 
tained among the quarks themselves. That is to say, an excess charge among the 
quarks cannot be balanced by electrons and, since any such excess must be small, 
again for energetic reasons, the strange quark cannot be dispensed with in the man- 
ner of the charmed, top and bottom quarks. To obtain charge neutrality, equal densi- 
ties of up, down and strange quarks with charges +4, -4 an —t, respectively, are 
needed. This has the effect, when baryons are eventually formed in their lowest en- 
ergy state through association of the quarks, of producing p, n, A, Sie Saeoe 
and &* almost equally. There is a little Q~ but this is effectively negligible. Hence, 
with n and p eventually combining into stable nuclei of 4He and with the other six 
baryons not forming stable nuclei — with them eventually decaying into protons — 
the ultimate mass ratio of *He to H is ~0.25. 

These later stages in the expansion of Planck fireballs can be calculated quanti- 
tatively, as was first done by Hoyle in 1992. A radiation field becomes established 
through the 75 MeV decay of D"” into A. Using this radiation field. it can be shown 
from detailed nuclear-reaction rates that only small fractions of the n and p remain 
uncombined into *He, giving a more precise mass ratio of 4He and H of between 
0.23 and 0.24. The relative abundances of the other light nuclei agree very well with 
the meteoritic values for the Solar System, as shown in Table 9.1. 

Our purpose here is to raise two points about these results. First, it is remarkable 
that such results can be obtained under conditions relating density, temperature and 
time scale greatly different from those in the big-bang cosmology - if the present 
discussion were illusory this would hardly be expected. The second is that, with 
(9.118) no longer necessary, there is no reason why the present-day cosmological 
density, ~10~? g~?, should not be entirely baryonic. Already in 1967 the need 
for (9.118) to be understood in basic physical terms was strongly emphasized by 
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Wagoner, Fowler and Hoyle when they reworked the earlier Gamow problem of 
primordial nucleosynthesis. However. this understanding has not as yet been forth- 
coming in that theory. 

The observation that *He/H is indeed about 0.23 by mass requires the observed 
matter to have emerged in the present theory from the decays of Planck particles and 
therefore to have been created at times in the past. Big-bang cosmology requires the 
same, with creation of particles occurring during the brief moments following the 
big bang. Here creation can be distributed in time, it can be an ongoing process. 


913 The microwave background 


In §9.4.3, in the context of the steady-state theory we had mentioned that simple 
considerations of the kind given in Exercise 34 suggest that the universe should 
have a radiation background with temperature close to 2.7 K. We now demonstrate 
this effect in the context of the QSSC. 


9.13.1 The temperature of the background 


Needed in this calculation is the present-day energy density of intergalactic starlight, 
which we regard as coming largely from dwarf stars, i.e. from old star populations, 
typically of spectral type K with a bolometric correction of about 0.75 mag. Thus 
the usual estimate of ~10~!*+ erg cm~? for the energy density in the visual spectrum 
becomes ~2 x 10~'4 erg cm~? for the total energy density of starlight. 

Averaging over large volumes, write ¢ for the rate of production of starlight per 
unit volume per unit time. With starlight coming from suitably old stars, the rate of 
production € can be considered approximately constant over the time scale Q, i.e., 
over an oscillatory cycle. We will use the approximate formula (9.116) for this com- 
putation. We will take 7 = 0.75 and to = 0.85@ to illustrate the calculation. These 
parametric Values are slightly different from those in (9.117). but the difference does 


Table 9.1 Ratios of abundances of light elements emerging from Planck fireballs 
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not significantly affect the outcome. Then, with the time ¢ in units of Q, the average 
production since the last oscillatory minimum is 


0.85 dt 
me tee (9.119) 


This is per unit coordinate volume, the factor 1/(1 + z) appearing in the integral 
because of the redshifting of every quantum. Setting (9.119) equal to the present-day 
total energy density of starlight, we determine ¢ via 


{ 1 + 0.75 cos(2zt) 
& 
95s 1+0.75 cos(27r to) 


ry 


dep. 107 |? (9.120) 
whence, after evaluating the integral, we have 
e=1.14x 1078 erg cem~> per unit time, (9.121) 


with unit time being Q. Thus the total production of starlight from the previous 


oscillatory minimum at t = —0.5 to that at t = 0.5 is 
0.5 dt : 
ef = 4.56 x 107)? erg em™?, (9.122) 
—0.5 l+z 


(9.121) being used for e. 

Now, the weakening in such a cycle of the energy density, Wmin say, at oscil- 
latory minima of the microwave background due to the factor exp(t/P) in S(t) is 
4QWnin/P and, to maintain the background from cycle to cycle at a steady level, 
the input (9.122) arising from the thermalization of starlight must just compensate 
for this loss rate. Thus the steady requirement for P/Q = 20 gives 


P 
Wein = 1.14x eS = 2.28 x 10°" ergcm™*. (9.123) 


Since (9.122) is with respect to coordinate volume, there is a weakening of the 
background energy density by the fourth power of $(0.5)/S(fo) between the last 
oscillatory minimum and the present time fo = 0.85, 1.e., by a factor 0.1734 to 


Woresent = 3.96 x 1071? erg em’. (9.124) 


The cosmological scale factor being adjusted to be unity at ¢ = fo, this is also the 
present-day energy density of the microwave background per unit proper volume. 
Dividing (9.124) by the radiation-density constant and then taking the fourth root. 
we obtain the present-day radiation temperature as 


Ty = 2.68 K, (9.125) 


which is very close to the observed value of 2.73 K. Considering the approximate 
nature of the estimates used for calculating the temperature, the agreement is striking 
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indeed. This is especially so when we recall that, in the standard ‘relic’ interpre- 
tation of this background. its present-day temperature cannot be estimated at all. 
Although Alpher and Hermann had a good guess at it by proposing 5 K. in their 
1948 paper, Gamow himself gave various estimates (all guesses) ranging from ~7 
to ~50 K! However, the crucial aspect of this result. still to be justified, is a process 
of thermalization that will convert the relic starlight into a thermal spectrum. 


9.13.2 Thermalization 


In the big-bang cosmology thermalization of primordial radiation took place in the 
very early epochs and generally through the scattering of photons by electrons. In the 
QSSC, free electrons are not available to carry out the thermalization. Instead one 
has to look to intergalactic dust of a special kind for this purpose. In the 1980s, Fred 
Hoyle and Chandra Wickramasinghe proposed whisker-shaped particles of metallic 
dust as the ideal agents for this job. Where can such dust grains arise? As it turns 
out, supernovae provide the ideal setting for this purpose. The mini-creation events 
of the QSSC can also act as sources. 

It is estimated that, in a typical type-II supernova of the kind SN 1987A, the 
total mass of iron produced is ~0.1Ma. The metal is produced in an iron-rich shell 
and cools down from a vapour state at an initial temperature of 10!9 K and density 
10° g cm~? to a state of temperature 10° K and density 10~'° g cm~?. During 
this period nuclei of elements of the iron group, especially Ni>°, would decay to 
Fe°® too and condensation of the iron vapour begins. Details of the growth process 
indicate that initial condensation is spherical to a size of 0.01 um radius. Thereafter 
radioactive decays of Co” define a dislocation axis along which subsequent whisker 
growth takes place. This growth is linear and exponential with respect to time, the 
length / at time ¢ being 


[=IyexpG /1), (9.126) 


where the characteristic time f; is given by the various parameters of the conden- 
sation process. In the steady state, therefore, the condensates will be whiskers of 
varying lengths with a length distribution given by 


n(l) dl = Bdl/l, an = ee B= constant: (9.127) 


n(/) di being the number density of whiskers of length between / and / + d/. The 
upper limit on their length arises from breakages of whiskers through collisions. 
Apart from iron, carbon produced in and ejected from the supernova also can appear 
in whisker shape. 

There 1s laboratory evidence for metallic vapours condensing into whiskers. The 
process of condensation results in growth of metal grains not in an isotropic form, 


but, because of the crystal defects, in a linear form. Thus whiskers rather than 
spherical balls of dust condense out. 


9.13 The microwave background 


Although some of the whiskers so produced may remain confined to the neigh- 
bourhood of the source, not all of them need do so and most may escape into the 
intergalactic space because of their high velocities acquired from the supernova 
shock wave. The estimated mean mass density of these whiskers may be as low 
as 107° g cm~>. They nevertheless may produce several observable effects. To 
understand them we need to look at their extinction properties. 

Typically an iron whisker may be a cylinder of cross-sectional radius 0.01 uum, 
and length in the range ~5—10 mm. Figure 9.9 shows the mass extinction coefficient 
for a population of such grains distributed according to the law given by (9.127) 
above. Notice the significant peak in the millimetre—centimetre range, which is 
supported by the observations outlined below. 


1. The Crab pulsar. The continuum spectrum of the Crab pulsar has a dip in the 
wavelength range 30 um to 30 cm, which can be best accounted for by the 
presence of whiskers originating in the Crab supernova and still remaining in 
the neighbourhood. Figure 9.10 shows this effect. 


2. The Galactic Centre. Since it is expected to be rich in supernovae, we expect 
the Galactic Centre to have a greater than normal density of whiskers. The 
C II and N II lines at wavelengths 157.7 and 205.3 um, respectively, exhibit a 
dip in the surveys carried out in the region of the Galactic Centre, a fact that 
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Figure 9.9 The mass extinction coefficient plotted against wavelength, for whiskers 
of various lengths expressed in micrometres. Notice that the predominant absorption 
is in the millimetre wavelengths, whereas it is negligible for radio waves. 
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is readily explained by invoking the presence of whiskers of lengths up to 
100 um. 


. Dust mass in high-redshift sources. Wickramasinghe and Ramadurai have 


shown that the requirement of dust mass needed to explain the observed high 
millimetre-wave fluxes in sources of high redshift comes down considerably 
(by a factor of ~10°) if the more efficient convertors of ambient radiation 
into these waves, viz. metallic whiskers are assumed to be present. The 
recent analyses of high-redshift dusty galaxies otherwise demand a very high 
proportion of dust mass, if it is assumed to be in the normal spherical form. 
The mass estimates come down by a large factor if whiskers are assumed to 
constitute the bulk of the dust. 
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Figure 9.10 This multi-wavelength spectrum of the Crab Pulsar shows that there is a 
dip in the millimetre range, which is indicative of an extinguishing agent in the 
vicinity. Metallic whiskers offer a natural explanation of this observation when we 
consider their mass absorption coefficient shown in Figure 9.9. 


9.13 The microwave background 


4. Spectra of radio quasars and active galactic nuclei, As in the case of the 
Crab pulsar, the spectra of radio sources and active galactic nuclei exhibit 
dips in the continuum, which are indicative of absorption, in the 
millimetre-wavelength region. This is most easily explained as the result of 
extinction by whiskers. 


5. Intergalactic absorption. As will be discussed in Chapter 12, the existence of 
intergalactic dust in the form of metallic whiskers appears to provide a good 
explanation for the observed magnitude—redshift relation of type-Ia 
supernovae at large redshifts. 


While iron whiskers are likely to be the dominant source of opacity in the 
microwave region, carbon whiskers considerably dominate at shorter wavelengths, 
for carbon is produced in greater quantities by stars and its efficiency is greater at 
shorter wavelengths. In the following argument we denote by the parameter x the 
ratio S(t)/Smin during a typical cycle. Thus, if the maximum redshift observable 
during this cycle today is 5, then x = 6 at present. 

The absorption coefficient for graphite whiskers is essentially constant for all 
wavelengths longer than ~1 jim, extending even to long radio wavelengths, and is 
10° cm* g~! for whiskers of diameter 0.01 tm and length ~1 mm. On the other 
hand, the absorption coefficient is about three times greater than this for ultraviolet 
radiation, ~3 x 10° cm? g~!, requiring an intergalactic density of ~10~34 g cm~3 
to produce appreciable absorption of ultraviolet light as the parameter + decreases 
below 6, as the minimum-scale epoch is approached in the contracting phase of 
each cycle. Thus an intergalactic density of ~10-* g cm7> at Zmax = 5 would 
rise to ~2 x 10-32 g cm~> at z = 0. Over a cosmological distance of 10°” cm 
for this epoch this would give optical depths of ~6 for ultraviolet light and ~1 for 
wavelengths longer than | um. 

The great bulk of the optical radiation in the form of starlight that is thermalized 
has thus been travelling for 10'! years in each contracting phase and for even 
longer in the case of microwaves. The radiation incident on a carbon whisker has 
mostly been in propagation through the last maximum phase of the oscillation. This 
includes all the microwave radiation existing before the present oscillation and all 
the starlight generated by galaxies during the first half of the current cycle, with the 
consequence that all such radiation is exceedingly uniform in its energy density. It 
is not necessary, however, that the carbon whiskers responsible for absorbing the 
starlight and re-emitting it as microwaves are uniformly distributed. The carbon 
whiskers can be lumpy on the scale of clusters of galaxies. This means that the 
conversion of starlight into microwaves will occur lumpily as the minimum of the 
oscillation is approached. 

Nevertheless, each carbon whisker, wherever it is situated, finds itself in a radi- 
ation bath of uniform energy density, a radiation bath of which the major fraction 
already consists of microwaves from previous cycles and the rest is mostly starlight 
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that has still to be converted into microwaves. Had the whole of the radiation been 
in microwaves, then the flatness of the absorption coefficient with respect to wave- 
length through the range longward of ~1 «um implies that the temperature attained 
by the particles would be simply the standard microwave temperature observed at 
present, which is ~2.73 K. However, because a fraction, say 10%, of the radiation 
is ultraviolet, blueshifted from the decreasing values of the parameter x, the stellar 
component has the higher value of the absorption coefficient discussed above. This 
forces up the temperature T, of the grains, to a value slightly higher than ~2.73 K, 
namely to 


T, ~ [0.9 + (3'/* x 0.1)]2.73 = 2.82 K, (9.128) 


the second term in the brackets being contributed by the absorption of the starlight. 
As the starlight is progressively absorbed with optical depth t, the factor 0.1 
in this equation is replaced by 0.1 exp(—t) and the factor 0.9 is replaced by 
1 — 0.1 exp(—t), so that the temperature of grains varies according to 


Til Oller Gl =) 2 73k (9.129) 


Thus, as the starlight begins to be absorbed, the temperature of whiskers goes about 
0.1 K higher and then falls back to 2.73 K as the starlight is progressively absorbed. 

Since the emissivity of the particles has no wavelength dependence, they simply 
emit a Planck distribution 1/{exp[hv/(kT)] — 1} at whatever value of Tz they may 
happen to have, according to the above equation giving temperatures that may range 
up to about 2.82 K. However, in general they do not produce the Planck intensity 
v?/{exp[hv/(kT)]—1}. When T is raised slightly to 2.82 K the intensity distribution 
is slightly diluted. 

So what is the outcome from this first absorption of the starlight? It is a uniform 
energy density of microwaves with a distribution approximately that of a blackbody 
at 2.73 K, but with some fluctuations in the details of the intensity curve, with those 
details having initially a somewhat uneven distribution to the extent that the carbon 
whiskers are distributed unevenly. 

Now, with the starlight absorbed and the temperature of the particles everywhere 
the same, further absorption and re-emission inevitably generates the strict Planck 
distribution for 2.73 K. Only a few further absorptions at the oscillatory minimum 
are sufficient for this last step. It can be done with carbon whiskers, as Narlikar, Ed- 
munds and Wickramasinghe suggested as long ago as 1975. However, the addition 
of even a small quantity of iron whiskers, with very high opacity at the centre of the 
microwave distribution, would make this final step even more decisive. 

The essential point is the one already emphasized, that expansion through an os- 
cillatory maximum produces mixing of radiation coming from very large distances, 
~107? cm, and it does so with the intergalactic density of particles low, permitting 
radiation to travel freely. 


9.13 The microwave background 


9.13.3 Anisotropy of the background 


The effect of t above. being lumpily distributed on the scale of clusters of galaxies, 
causes this process of a slight rise in temperature followed by a fall back to 2.73 K to 
be correspondingly lumpy. But what it does not do is make the total energy density 
of radiation lumpy at all. Once the energy density of radiation is uniform in total, 
this essential property is not changed by absorption and re-emission due to particles. 
Because of course each particle emits just as much energy as it absorbs — the total 
assembly of particles has itself only a negligible heat content — the particles do 
not store heat except in a very small amount. Thus, the first impression that a lumpy 
distribution of absorbers will produce a lumpy distribution of radiation is not correct. 

However, there will always be some radiation emitted by some local source, like 
a galaxy, that is capable of producing a small fluctuation in the energy density. 
Galaxies in which the light comes mostly from main-sequence dwarfs would have an 
absolute magnitude of about —21, that is to say an emission of about 10“4 erg s7!, 
A nearby galaxy. at a characteristic distance of about 3 Mpc, would contribute an 
energy density of ~3 x 107'* erg cm}, compared with a cosmological energy 
density of starlight of ~10~'4 erg cm?, ice., a local variation of the energy density 
amounting to one part in 3000. This leads to variability in the temperature of the 
thermalizing particles by one part in 12000, which, however, becomes negligible 
when one takes into account all the thermalizing particles reaching out to the Olbers 
limit. 

A more extreme case of fluctuation generated by local sources comes from 
rich clusters of galaxies. Thus, for a dust particle lying 3 Mpc away from a rich 
cluster of 1000 galaxies, the local modification of the cosmic field of starlight 
(10~'* erg cm~) is 1000 x 3 x 107!8 erg cm? = 3 x 107)5 erg cm7?. This 
is a fluctuation in the energy density of about 30%, which is capable of changing 
the temperatures of particles from 2.73 K by an amount that is 30% of the change 
calculated above, which was from 2.73 K to about 2.83 K. The change is thus by 
about 3 x 107? K. 

When the sky is examined on an angular scale such that beam widths are com- 
pared, one containing a rich cluster of galaxies and the other not, then we shall ex- 
pect to find a detectable variation in the effective background temperature. However. 
the amount of the variation will be by no means as large as the value of 3 x 107? K 
Just calculated. This is because the particles for which this variation applies must lie 
within about 3 Mpe of the cluster of galaxies and this purely local fluctuation has 
to be considered together with all the thermalizing particles along the line of sight 
out to the Olbers limit. The latter reduce the relative magnitude of the fluctuation 
by a factor of the order of 1000, to of the order of 3 x 10> K, or about 30 pK, in 
good general agreement with the observed fluctuations, as we shall see in the next 


chapter. 
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To summarize, therefore, unlike the situation in the big-bang cosmology. the fluc- 
tuations of the microwave background are nothing but minor deviations occasioned 
by spatial variations in the energy density of starlight due to the inhomogeneous 
distribution of galaxies. 

We have therefore deduced the energy of the microwave background, its spectrum 
and also the amplitude of its fluctuations. The QSSC therefore solves the problem 
which the steady-state theory failed to solve. However. there are other cosmolog- 
ical tests too and it will be interesting to see how the cosmology fares vis-a-vis 
the standard cosmology there. In the following two chapters we will take up the 
observational evidence of which any cosmological model must take cognizance. We 
will return to the QSSC in Chapter 12. 


9.14 Large-scale structure 


Unlike the big-bang cosmology, in which structures have to evolve out of primordial 
inhomogeneities that are put in by hand, here the problem is that of how to reproduce 
the structure in the present cycle from what existed in the previous ones. Since the 
mini-creation events play a pivotal role in this cosmology, it is expected that new 
nuclei of creation would grow out of matter ejected from them. 

Nevertheless, it is worth seeing first how the gravitational instability grows in 
this cosmology. In 1997, Banerjee and Narlikar adopted the following approach. 
The metric, the density and the C-field were perturbed and, by restricting to only 
first-order quantities, the changes in these perturbations were calculated in the 
background spacetime. Predictably, the density inhomogeneities grew during the 
contracting phase of an oscillation and were damped during the expanding phase. 
However, overall there was no significant instability in the solution. While this 
generates confidence in the robustness of the basic solution, it also forces one to look 
for non-gravitational effects to produce structure. The process of creation provides a 
possibility. In a recent attempt to understand how structures may grow and become 
distributed in space, the following numerical experiment suggested by Fred Hoyle 
was tried by Ali Nayeri, Sunu Engineer and the author. 

A large number of points (NV ~ 10°—10°) was distributed over a square area at 
random. Each point was made to produce a random neighbour within a specitied 
fraction x of the average interparticle distance of the original set. The area was then 
scaled to twice the original size, so that the density of particles remained the same. 
Then, trom the expanded area, a central portion corresponding to the original area 
was retained, the rest being thrown away. With this new square the experiment was 
repeated. 

Very soon, 1.e., after three or four iterations of the above procedure, clusters and 
voids began to appear in the picture and voids grew in size while the clustering 
became denser as the experiment was repeated. If the creation of the new neighbour 


9.14 Large-scale structure 


B around a typical point A was not entirely random, but linked to the previous history 
of creation of A, so that the direction AB was broadly aligned with the direction in 
which A had been ejected, then the filamentary structure grows together with voids. 
The latter alignment may be explained by assuming that the creation centre houses a 
spinning collapsed object (like a Kerr black hole): for then the created particles are 
preferentially ejected along the axis of spin. Pictures generated in this way are very 
suggestively similar to the observed large-scale structure. 

The experiment has been repeated in three dimensions and slices of two dimen- 
sions examined for structures. Again these look remarkably similar to the filaments 
and voids found in redshift surveys. To bring the experiment closer to the dynamics 
of the QSSC, the initial cube is expanded by a factor exp(Q/P) in each direction 
and only a fraction 


jo exp( 307 P)| (9.130) 


of the original set of points is allowed to produce new neighbours. Preliminary work 
by A. Nayeri shows that filaments and voids begin to appear after a few iterations. 
See Figure 9.11, for example. 

How does the clustering seen in simulations like that in Figure 9.11 compare 
with the observed one? An exercise to measure the two-point correlation function 


N=1000000, x=0.8, n=10, AZ=0.001 
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Figure 9.11 A simulation of large-scale structure in the QSSC, based on the 
creation of one generation of clusters in the vicinity of those of the previous 
generation, keeping aligned ejection from one generation to the next. Filaments and 
voids develop on going from one generation to next. The figure shows the result after 
ten iterations, for the parametric values given at the top. The points represent a 
distribution in a thin slice in the Z direction of a cubic distribution. 
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&, defined in Chapter 7, for observed simulations after successive iterations was 
undertaken. As shown in Figure 9.12, the €-r relationship quickly approaches the 
observed power-law spectrum with index —1.8. This therefore suggests that the 
present approach to structure formation, although it is simple in nature, could be 
close to reality. 


915 Concluding remarks 


The above ideas reflect efforts to understand the phenomenon of creation of matter 
within a well-defined physical framework. The steady-state theory of Bondi and 
Gold deduced that the creation of matter was an inevitable consequence of the 
perfect cosmological principle. Hoyle’s approach brought in the more familiar field 


| T T is J i —T T T 
LE SS 
cS 
r x ~ - 
* So 
ie Se 
i Psa Se | 
4 =.) 18 
r a = eict=7 
= SS ao = 
Ses lter=5 
te a N 
SN 
2 ae 
aN . 
a li SY 
4 lle Sy 
° \ RS 
ae IE k 
f i= : 
= AG 
+ oes: 


-2 =i =] -0.5 0 
log(r) 


Figure 9.12 A two-point correlation function for simulations of the kind shown in 
Figure 9.11 has a power-law-type distribution with index approaching —1.8 after a 
few iterations of the process of creation. The evolution of the index towards the ideal 


—1.8 slope line (shown by the continuous line) is shown as the process goes on for 
up to ten generations. 


9.15 Concluding remarks 


theory to explain the phenomenon within the framework of general relativity. The 
quasi-steady-state cosmology, on the other hand, starts with Mach’s principle and 


from the more general gravitational equations ‘descends’ to general relativity, but 


with a cosmological constant and a scalar tield signifying creation of matter. The 
QSSC essentially begins where the old steady-state theory left off, and can claim to 
have resolved some of the outstanding issues that troubled the former version. 

The immediate successes of the theory are the following. 


E 


The circumstance that G as determined by all the particles in the universe is 
necessarily positive requires gravitation to act as an attractive force. 
Aggregates of matter must tend to pull together. This is unlike general 
relativity, for which gravitation can equally well be centrifugal, with 
aggregates of matter always blowing apart, as follows if G in the action of 
general relativity is chosen to be negative. 


. In the cosmological case with homogeneity and isotropy, the pressure 


contributed by the C-field term in the gravitational equations is negative, 
explaining the expansion of the universe. Thus the expansion is not ascribed 
to a mysterious primordial process like the ‘big bang’. 


. Also in the cosmological case, the energy contribution of the C-field is 


negative, which ensures that, when the conditions for creation are satisfied, 
creation tends to cascade, with explosive consequences. 


. The magnitude of the constant A is shown to be of the order needed for 


cosmology. Unlike big-bang cosmology this is a deduction, rather than an 
assumption; and it results in an answer that is observationally of the right 
order of magnitude. The sign of A is, however, negative, i.e., opposite to that 
assumed usually. 


. In the typical QSSC model the universe has a long-term de Sitter-type 


expansion, superposed on short-term oscillations between finite minimum 
and maximum scale factors. Thus the solution represents a non-singular 
universe. 


. With newly created particles shown to be Planck particles, their decay 


provides a means for generating the light elements. 


. The microwave background is related directly to the relic starlight from 


previous cycles of the QSSC, its thermalization resulting in a blackbody 
distribution with temperature ~2.7 K. Unlike the big-bang cosmology, we 
have here an astrophysical explanation of why the present background has a 
temperature of this magnitude. 


. The presence of dark matter can be understood in terms of remnants of stars 


of previous cycles whose light appears as the microwave background. 
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9. The success of the toy model developed for structure formation via 


mini-creation events encourages further steps in that direction. 


This revised steady-state concept, which is being used now in a more effective 


way than in the old classical steady-state theory, shifts the cosmological problem 
to one in which the parameters on which calculations are based can be determined 
from astronomical observations. They are not guesses us in big-bang cosmology. In 
the remaining chapters we will subject the big-bang cosmology and also the QSSC 
to more rigorous observational scrutiny and compare how well they perform. 


Exercises 


l 


Discuss the considerations that led to the formulation of the steady-state cosmology. 
Are any of these considerations valid today? 


What is the perfect cosmological principle (PCP)? What shortcoming of the ordinary 
cosmological principle is it designed to remove? 


By considering various astronomical objects, arrive at a length scale over which you 
would expect the PCP to apply. What are the corresponding time scales over which you 
would expect the universe to obey this principle? 


Compute the scalar curvature R for the Robertson—Walker model. Use the PCP to 
demand that R is constant and show that this leads to S as a specific function of tf 
for k = 0, +1. Use the constancy of Hubble’s constant to deduce that k = 0. 


Show that the deceleration parameter for the steady state universe is equal to —1 for all 
epochs. 


Deduce from the PCP and the local observation of a departure from thermodynamic 
equilibrium that the steady-state universe must expand. 


Show that, if the steady-state universe has a proper number density n of sources each 
radiating with luminosity L, then the total intensity of light in a solid angle dQ of the 
sky is given by F dQ, where 


Estimate F by substituting characteristic values of L and n for galaxies and deduce 
that the night sky is quite dark. 


Discuss the validity of the following statement: ‘Of the various ways of resolving 
Olber’s paradox, the only way open to the steady-state model is that of the expansion 
of the universe’. 


Show that, according the the C-field cosmology, the rate of creation of matter needed 
to sustain the steady-state model is given by 


Q=4x Horses Fem s, 


If 


YH 


A, 


Exercises 


Using the result of Exercise 9, express the rate of creation in terms of solar masses per 
year per cubic megaparsec. 


Discuss the merits and limitations of the C-field cosmology. 


It is claimed that the steady-state theory is readily testable and therefore more prone to 
an observational disproof than is the standard big-bang cosmology. Give examples to 
Justify this claim. 


Compare and contrast the C-field and the electromagnetic field. 


Show with the example of the C-field that path-independent terms in the action can 
lead to non-trivial results. 


Show that, in the absence of any other forces, a particle created in the C-field cosmol- 
ogy follows a geodesic. 


Show that, in the C-field theory, overall energy and momentum are conserved when a 
particle is created. 


Derive the form of the energy momentum tensor of the C-field by considering the 
variation of g;, and setting the first-order variations of the action equal to zero. Show 
that 


ik i gah 
Tow = = {Ce 


( 


Evaluate this relation near the point in spacetime where a particle is created and deduce 
the law of conservation of the 4-momentum. 


Discuss the physical implications of the negativity of the C-field energy. 


Obtain the cosmological equations (9.13)-(9.16). Derive the general solution of these 
equations for the case k = 0. 


Consider a perturbation of the steady-state line element of the following form: 


ds? = Lik dx! dx*, x =ct, 


2Hot 
* 


goo = (1 + hoo), 80n = 0, Suv = —(duy =e huy)e 


where the /;, are general functions of spacetime coordinates. Furthermore, take the 
density and the flow vector as 


p= i, “= (170;0,0) ul. 


Treating 1, ui and hh, as small quantities of the first order, show that they decay with 
time as 
pl = Ae >for am Be fot | ui = nie oftol 


—2Hot —3Ayt —5Ho! 
hoo = 0, Ruy — Muy a= Buve c =F VYuve 2 Be Eyve 0 a 


The functions A, B, a’, @y,.-- , €u» depend on x". Prove that even the inhomogene- 
ity corresponding to @,,, becomes less and less important as the universe expands. 
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Deduce that the flow vector of created matter has zero spin. What implication does this 
result have for Mach’s principle? 


Deduce the solution (9.18) for the process of explosive creation. Relate the parameters 
of your solution to the amount of matter created in the universe. In particular, show that 


i =o 
and that the maximum density occurs at t = 0 and is given by f ae 


Consider a reservoir of energy € in a volume V that expands. Show that, if § > 0, 
expansion as well as conversion of energy to matter will reduce & to zero in a finite 
time. Show further that, if & < 0, this conclusion is drastically altered. 


Show that, in the steady-state cosmology, the redshift of a galaxy is proportional to its 
radial proper distance from us. 


Show that steady-state cosmology does not have a particle horizon, but that it does 
have an event horizon of proper radius c/ Ho. That is, show that a galaxy whose radial 
proper distance from us exceeds c/ Ho cannot ever communicate with us. 


Estimate the difference between the apparent bolometric magnitudes of a galaxy of 
redshift z = 1 computed according to the steady-state model and the Friedmann mode] 
with go = 1. 


A family of radio sources with the same luminosity and with an energy spectrum given 
by ~v~! as a function of frequency v are being counted in the steady-state universe. 
Show that the flux density S varies with the source redshift z as 


Secon lec = 


Calculate the slope dlog N/dlog S as a function of z, where N is given by (9.25). 
Tabulate this function for z = 107”, nm = 4, 3, 2, 1, 0. What do you conclude from this 
table? 


In a universe with the line element 
ds? = c* dt? — $*(t)[dr? + r7(d0? 4+ sin? 6 dd’)), 


Q(t,t)dt denotes the proper number density of galaxies during epoch ft with ages 
between t and t + drt. Suppose that (t) denotes the rate (per unit proper volume) at 
which new galaxies are being injected into the universe. Show that Q(t, T) satisfies the 
differential equation 

1OPd0 =e 5 


ag ge 
opm te ett: 


Deduce from this equation the age distribution of galaxies in the steady-state universe. 


Look up the rest-mass energies of the neutron and the proton in the table of constants 
at the end of this book. Assuming that ~20% of this difference in energy is acquired 


by the electron in a f-decay of the neutron, estimate the velocity and the kinetic 
temperature of the electron. 
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Exercises 


For a density of hydrogen atoms of 2 x 1075 cm=3 and a kinetic temperature of 10° K, 
estimate the velocity of sound. Equate this to the expansion velocity Hy) according to 
Hubble’s law and estimate the distance scale D of the irregularity that would develop 
in the Gold—Hoyle hot universe in which thermal pressures are pitted against the force 
of universal expansion. 


Compare the bubble universe with the inflationary models. 


Discuss the bubble universe. Do you see any similarity between the way the hot uni- 
verse generates spatial inhomogeneities and the way the bubble universe generates 
temporal unsteadiness? What happens to the PCP in these models? 


An expanding bubble may be considered as a cloud of gas moving radially outwards. 
In a uniform spherical bubble with mass M(r) within radius r the expansion is given 
by 


r? =2GM(r)/r. 


Suppose next that a supermassive object of mass j appears at the ongin when r = ro. 
Show that the cloud now expands to a maximum radius given by 


In the bubble-universe theory this idea serves as a basis for forming an elliptical galaxy 
as a Cloud of gas out to rmax that is gravitationally controlled by a supermassive object 
at the galactic nucleus. 


Assuming that our Galaxy has been radiating at the rate of 4 x 107 erg s~! for 3x 10!7 5 
and that this energy is derived from conversion of hydrogen into helium, estimate how 
much helium is formed in this way. (6 x 10!'® erg g~! is released when hydrogen is 
converted into helium.) Comment on this answer in relation to the primordial mass 
fraction of helium obtained in Chapter 5. 


Assuming that there is thermal radiation present today, with temperature 2.7 K, place a 
lower limit on the parameter B in equation (9.100) to guarantee a non-singular model. 


Determine the parametric values that ensure static solutions of the equation (9.100). To 
what extent is the condition 2 < 0 needed for such solutions? 


Why does the abundance of deuterium not restrict the density of baryons in the QSSC? 


Write down the expression for the angle subtended at the observer by a spherical cluster 
of radius R at z = Zmax in the QSSC. Relate this expression to the angular scale of 
anisotropy of the microwave background in the QSSC. 


Explain iy the QSSC does not have an Olbers type problem of darkness of the night 
sky. 


Show that the QSSC model has an event horizon, but no particle horizon. 
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Local observational tests of cosmological significance 


10.1 Introduction 


The discussions so far have largely been theoretical: it is high time that we related 
theories described so far to reality. This can be done through various observational 
checks on the predictions of the cosmological models. Recall that. in the very early 
days, the static universe of Einstein was disproved by Hubble’s observations of 
redshifts, observations that led eventually to the acceptance of the basic hypothesis 
that the universe is expanding. 

This example tells us about another aspect of the theory-versus-observation de- 
bate, that is sometimes forgotten. Hubble's observations ipso facto did not say that 
the universe is expanding. The factual part of the observations was that there is a neb- 
ular redshift that increases with apparent magnitude. Given this fact. we interpret the 
redshift as arising from the expansion of the universe, through equation (3.51), and 
likewise relate the apparent magnitude to distance through equations (3.55)-(3.58). 
Thus it is our interpretation of Hubble's observations through the expanding models 
that needs to be checked further by more sophisticated observations. For it may be 
that there are alternative interpretations of Hubble’s observations, such as the one 
described in Chapter 8 (see equation ($.57)) and at some stage the cosmologist may 
wish to check which of the two interpretations ts correet. Another interpretation, that 
we have not touched at all in this book, is that of the ‘tired’ photon. If the photon 
has a small rest mass and it loses energy through interaction with matter as it travels 
across the universe, it will be redshifted, with the redshift increasing with distance. 
How do we test this hypothesis? In short, the same basic data may find different 
interpretations in different theories, so it then becomes necessary to go further and 
think of more sophisticated tests to distinguish among the various interpretations. 
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We will go by Karl Popper’s view that a scientific theory can be disproved but 
never proved by any tests. If a test gives results significantly different from the 
predictions of a theory, then the theory stands disproved. However, if the test gives 
results as predicted by the theory then all we can say is that the theory is consistent 
with the results of the test. While being proved consistent will improve the credibility 
rating of the theory, it continues to remain on probation. 

In this chapter we will review those astronomical observations that attempt to 
determine the large-scale structure of the universe from relatively local surveys. 
These tests do not tell us directly about the large-scale geometrical structure of 
the universe, since they do not extend far enough. Nevertheless, we shall see how 
even local measurements indirectly place restrictions on what can be said about the 
distant parts of the universe. This may sound paradoxical, but it is a consequence of 
the symmetry assumptions made by most models of the universe, in particular the 
cosmological principle. 

While relating cosmological models to such observations we will mainly discuss 
the standard hot-big-bang cosmology. As described in the earlier chapters, these 
models can be classified in the following way. 


m Mark I: The dust-dominated Friedmann—Lemaitre model with k = 0 and 
A = 0. This ts also called the Einstein—de Sitter model since Einstein and 
de Sitter (1932) had jointly advocated it after the Hubble expansion of the 
universe became established. 


Mark Il: The same as Mark I plus the radiation-dominated expansion prior to 
teq. George Gamow had used this model for discussing primordial 
nucleosynthesis. 


m@ Mark III: The same as Mark II plus inflation that leads to 2, = 1. This 
became popular with the advent of inflation. 


# Mark IV: The same as Mark III plus inflation that leads to Q,, + Qa = 1. 
This was advocated when observational difficulties seemed to rule out Mark 
Ill. 


m Mark V: The Friedmann—Lemaitre model with k = —1 plus an early 
radiation-dominated phase but no inflation. This is sometimes called the 
low-density universe and was popular in the 1970s before inflation and dark 
matter, but has crept back into contention recently. 


We also discussed several alternative cosmologies. However, we will consider 
only one of them, namely the quasi-steady-state cosmology (QSSC) for a compari- 
son with the big-bang models, against the backdrop of observations. 

Briefly these tests are as follows: 


1. the measurement of Hubble’s constant, 


2. the anisotropy of large-scale velocity fields, 
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the distribution and density of matter in our neighbourhood, 
4. the age of the universe, 

5. the abundance of light nuclei, 

6. the evidence for antimatter and 

7. the microwave background. 


A survey of observational cosmology today reveals a number of issues on which 
there are disagreements among various observers and theoreticians. Sometimes the 
more important points of physical significance get buried under heaps of numerical 
data. In some cases new data have replaced old data, so that fresh interpretation 
becomes necessary. The approach adopted in this text emphasizes the significant 
issues that the observations are supposed to reveal rather than the many controversial 
numerical details. While every attempt is made to present ‘up-to-date’ data. newer 
observations than those discussed here are bound to arise in the course of time. We 
hope that whenever this happens the readers will be able to relate the arguments to 
new data and see how the conclusions are affected. 


10.2 The measurement of Hubble’s constant 


Modern cosmology began with Hubble’s observations, which were referred to in 
Chapter 1. Hubble obtained a value of ho ~ 5.3 from his original observations, 
whereas present-day observations suggest that /7g lies in the range 0.5 < /ig < 1. The 
reader may wonder not only at such a drastic change in /1g over the last six decades 
but also at the fact that, even today, there is considerable uncertainty about the true 
value of this important parameter of modern cosmology. This section attempts to 
clarify the situation. 

To begin with, let us recall that the Hubble constant Ho relates the redshift z of a 
nearby galaxy to its distance D from us: 


(G2 = Infyid)- (10.1) 


Therefore, if we measure z and D for a number of galaxies (as Hubble did), we 
should be able to estimate Hy. The observations measure z fairly accurately. The 
difficulties arise while one is estimating D. The large value obtained by Hubble was 
due to the fact that he grossly underestimated the distances from us of the galaxies 
in his survey. 

Figure 10.1 shows, for example, the original relation of Hubble alongside the plot 
of the same extragalactic objects with modern revised distance estimates. The reader 
may draw his own conclusion as to whether Hubble would have got a linear relation 
if he had had access to the revised data. 


10.2 The measurement of Hubble's constant 


How does an astronomer measure distances from us of galaxies? We will outline 
below the methods available to him, all of which follow the philosophy outlined by 
S. van den Bergh in 1975: ‘All determinations of the extragalactic distance scale 
are ultimately based on the assumption that recognizable types of distant objects 
are similar to nearby objects of the same type’. We will see how this philosophy 
operates in practice. 


10.2.1 The distance modulus 


Before we begin with specitic methods, it is useful to introduce the concept of a 
distance modulus, which is familiar to the stellar astronomer. Recall that, for an 
object of luminosity L at a distance D from us. the apparent and absolute magnitudes 
are defined by the formulae 


je 
m= —2.5 loo( (10.2) 


= } + constant, 
D° ) 


M = —2.5log L + constant. (10.3) 


The constant in (10.2) is fixed by assigning a given magnitude m = 0 to an object 
with L/(42 D?) = 2.52 x 107-5 erg cm” s—!. The constant in (10.3) is fixed by 
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Figure 10.1 The Hubble plot obtained by Hubble side by side with the modern plot 
with revised distances from us uf the same objects (by courtesy of A. Hewitt). 
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defining M as the apparent magnitude of an object if it were viewed from a distance 
of 10 pc. Hence, if D is measured in parsecs, (10.2) and (10.3) give 


m — M = 5108 Dyo — 5. (10.4) 


The stellar astronomer usually measures distances in parsecs. Hence the above re- 
lation is convenient to him. The cosmologist, on the other hand, measures distances 
in megaparsecs. For him the convenient form of (10.4) is therefore 


m — M =5log Dope + 25 = LL. (10.5) 


jt is called the distance modulus. 

If we substitute the Hubble relation (10.1) into (10.5) with the values Hp = 
100h9 km s~! Mpc7! and c = 2.997929 x 10° km s7!, we arrive at the following 
relation for the Hubble law: 


Slog hg = 42.38 + (M — m) + 5logz 
=e — feo 10g z (10.6) 


Example 


A galaxy with redshift 0.002 has a distance modulus ~30. The above relation 
can be used to compute fo. A simple calculation gives the Hubble constant as 
60 km s~! Mpc7!. 

It is necessary therefore to determine jx and z for a galaxy in order to estimate ho. 


10.2.2 Galactic extinction 


The above definitions, however, do not take into account an important correction 
arising from the fact that we are looking at any other galaxy through our own, 
Thus the flux of light from outside our Galaxy is liable to be partially reduced 
by absorption and scattering within our Galaxy. The extinction suffered by this 
light will depend on the column density; that is, on the distance travelled by the 
light through our Galaxy and the density of absorbing and scattering agents on 
the way. How much allowance should be made for this effect? Clearly, the true 
luminosity of the observed galaxy must be higher and its true absolute magnitude 
lower than the corresponding values estimated without taking this correction into 
account. Accordingly, if we wish to use the above formulae, the estimate of M must 
be reduced by an extinction function A. Alternatively, if we know the true value of 
M for a distant galaxy, then before calculating its distance modulus we must reduce 
its measured apparent magnitude by A. 

Observers are not unanimous on the value of A. A. Sandage and G. Tammann 
have used the following extinction law for blue magnitudes: 


10.2 The measurement of Hubble's constant 


A 0 for e| => 50°. 
= ; 10.7 
0.13({cosec b| — 1) for |b] < 50°, 
whereas G. de Vaucouleurs used a uniform cosecant law, 


a = 0.20(|cosec b| — 1) (10.8) 


for all galactic latitudes b. Figure 10.2 illustrates the galactic models underlying 
these formulae. Already, it is clear that different corrections for extinction are liable 
to lead to different answers for /io. 


10.2.3 Measurements of extragalactic distance 


The distances of planets and satellites within the Solar System are accurately mea- 
sured with the help of trigonometry and Kepler’s laws. The distances of stars up to 
~25—50 pe away can be measured with the help of trigonometric parallax. Going 
still further, a more reliable method is that based on the Hyades main sequence. A 
comparison of the main sequence of the Hyades cluster with the main sequences of 
more remote clusters in our Galaxy allows us to measure the distances from us of 
stars in these clusters. These methods, however, do not work beyond our Galaxy. 
New techniques are needed for measurements of extragalactic distances. We discuss 
some of them below. 


(a) Cepheid variables. Cepheid variables are members of a class of stars whose 
luminosities vary by about 10%, but with a great deal of regularity. One can associate 
a period P with each cycle of variation of a Cepheid variable. The first of these 
variable stars, the star known as 5 Cephei, was discovered as early as 1784 by John 
Goodricke. He was a deaf mute as a result of a fever contracted in infancy, but 
conquered his disabilities to become an observational astronomer. His discovery of 
1784 was followed by confirmation that the star varies in its intensity by as much 


Sandage—Tammann Figure 10.2 The Galaxy 
models assumed by (a) 
Sandage and Tamman and 
(b) de Vaucouleurs to 
compute the extinction of 
visual light from outside our 
Galaxy. In the former case 
the absence of a shaded 
region at high latitude 
describes the assumption 
See that there is no extinction for 
rn |b] > 50. 
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as a factor of two between maximum and minimum. Since then stars similar to this 
one came to be called Cepheid variables or simply Cepheids. Figure 10.3 shows 
how a Cepheid pulsates in size and intensity. Typically a star like 6 Cephei pulsates 
when there is an internal perturbation in its structure upsetting the balance between 
its hydrostatic pressure force and gravity. We will not go into details of the process 
here, except to state that, with the current understanding of stellar structure, it is 
possible to give an explanation not only for the pulsation of the star but also for 
the crucial property that makes the Cepheids so useful for extragalactic distance 
measurement. 

This property was discovered in 1912 by Henrietta Leavitt and represents a 
unique relationship between P and the average luminosity L of the star. Figure 10.4 
illustrates this relationship, which can be stated in the form: 


(a) 
YELLOW 
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Figure 10.3 A graph showing the oscillations in size, intensity and radial velocity of 
a Cepheid variable star. 
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(My) =a + blogig P, (10.9) 


where (My) is the average absolute magnitude of the Cepheid and the period of 
oscillation is measured in days. Again we will not go into the details of attempts to 
measure a and 6 accurately amidst several observational uncertainties. Pioneering 
work in this field was done by Ejnar Hertzsprung and Harlow Shapley. 

Because Cepheids are bright and variable, they can be detected in nearby galaxies 
with relative ease. Thus. if we detect a Cepheid in a galaxy and measure its period, 
we can accurately estimate its luminosity L and hence its absolute magnitude M. 
Then (10.5) gives its distance modulus and hence the distance modulus of the galaxy 
in which it is located. 

It was with the help of Cepheids that Hubble established the fact that galaxies 
exist outside our own. His early work leading to the discovery of the expansion 
of the universe was also based on Cepheids. This method takes us to distances of 
~10 Mpc; that is, to galaxies in our local neighbourhood. 

However, there was a pitfall that led Hubble to under-estimate distances grossly 
by this method! There are nvo types of Cepheids, one belonging to population-/ stars 
in the Galaxy and the other to population-II stars. The light curves and spectra of 
the two types differ and the former are about four times more luminous than the 
latter. This difference was noticed and pointed out by Walter Baade in 1952 and 


Absolute visual magnitude M 


Period (days) 


Figure 10.4 Average luminosity plotted on a logarithmic scale against period shows 
the idealized period—luminosity relation for Cepheid variables. The straight line 
illustrates the fact that their average luminosity increases with period, which allows 
us to calculate the luminosity of a distant Cepheid by measuring its period. Thus, a 
Cepheid with a period of 10 days will have absolute magnitude M = —4. Based on 
H. Arp, 1960, ‘Southern hemisphere photometry VIII: Cepheids in the Small 
Magellanic Cloud’, A.J. 65, p. 404. 


a 


376 


10 Local observational tests of cosmological significance 


this led to a downward revision of the value of Hubble’s constant. Even today there 
are differences among the estimates of « and b derived by various observers. For 
instance, Feast and Catchpole (1997) find a = —1.43 and b = —2.81, whereas 
Tanvir.(1997) finds a = 1.38 andib =—2.77. 

On the other hand, the use of the Hubble Space Telescope (HST) made available 
the possibility of seeing Cepheids in relatively more distant galaxies. Indeed, one 
of the key projects of the HST was to estimate the value of Ho to within 10% error 
bars. The principal investigators in this very large team were Wendy Freedman. 
Robert Kennicutt Jr and Richard Mould. The first step in their investigation was 
the use of Cepheids in the spiral galaxy M100 in the Virgo cluster (see Figures 
10.5 and 10.6). In 1994 they announced a result based on 20 Cepheids found in 
M100. Their value of Hubble’s constant was 80 + 17 km s~! Mpc~!. This value 
has subsequently come down to the range 70-80 km s~! Mpc, using the method 


involving Cepheids. 


(b) Brightest star. This method of measuring distances from us of distant galax- 
ies makes use of the assumption that, in similar spiral Sc galaxies of comparable 
juminosities, the brightest stars also have comparable luminosities. What are these 
stars? It can be shown that, when a star of relatively low mass is close to finishing 
its core hydrogen fuel, it begins fusing the hydrogen in the shell surrounding the 
helium core. As the shell increases in size the star’s luminosity increases and, in 
the Hertzsprung—Russell (HR) diagram, it begins to move up the giant branch (see 
Figure 10.7). The helium ash produced in the shell falls back onto the core, thus 
increasing its mass and size. When the mass of the core reaches the critical value of 


Figure 10.5 The spiral 
galaxy M100 in the Virgo 
cluster whose distance from 
us was measured under the 
Key Project of the HST, by 
using the Cepheids methods. 
Image by HST created with 
support from the Space 
Telescope Science Institute 
operated by the Association 
of Universities for Research 
in Astronomy. Reproduced 
with permission from 
AURA/STScl. 
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~0.4M., helium fusion starts rapidly. This phenomenon is called the helium flash. 
The large luminosity of the star lasts, however, only for a short time, whereafter the 
star becomes dimmer and moves back down the giant branch. Ultimately it moves 
along the horizontal branch in the HR diagram until its helium supply has been 
consumed. It is the tip of the giant branch that denotes the phase when the star is at 
its brightest. Since its luminosity comes from a helium shell of the critical mass. it 
is constant from star to star. This is the standard candle that the cosmologist uses for 
estimating distances. 

Since these are the brightest stars, they can be spotted in more distant galaxies, in 
which the Cepheids (being too faint) cannot be seen and also one need not wait for 
multiple exposures of images as required for Cepheids, so this method has distinct 
advantages. For example. Hubble found that the brightest stars in the galaxies M31 
and M33 are significantly brighter than the brightest Cepheids. Indeed, this method 
takes us as far as the centre of the Virgo cluster of galaxies; that is, to distances of 
~10—-15 Mpc, with observations from ground-based telescopes alone. 


(c) Planetary nebulae. Planetary nebulae (PN; see Figures 10.8—10.10) are formed 


‘Cepheid Variable in M100 
“Re | | HST-WFPC2 


Figure 10.6 The intensity of a Cepheid variable star detected in M100 by the HST. 
Notice the variation of intensity in different frames put together. Image by HST 
created with support from the Space Telescope Science Institute operated by the 
Association of Universities for Research in Astronomy. Reproduced with permission 
from AURA/STScl. 
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by gas shells ejected by stars from the outer parts of their envelopes, in the closing 
stages of their evolution. At this stage the star is a red giant whose envelope expands 
and becomes diffuse while the core contracts and gets hotter. So much so that at 
some stage it begins to emit ultraviolet photons, which ionize the emitted shell and 
make it shine. The stage of a planetary nebula is relatively transient, lasting no longer 
than about 25 000 years. It is estimated that there may be as many as 50 000 planetary 


Figure 10.7 The tip of the 
giant branch in this HR 
< diagram is shown, where the 
% an . : = = 
SN o TP luminosity of the star is 
. a maximum. 
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Figure 10.8 The planetary 
nebula M57, called the 
“Ring Nebula’. CCD picture 
by Nelson Caldwell. 
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nebulae in our Galaxy. Their luminosity function, that is. the number of PN in the 
absolute magnitude range (M, M + dM), is given by 


N(M) dM = No exp(0.307M){1 — exp[3(M* — M)\}dM, (10.10) 


where No ts a constant and M* is the absolute magnitude of the brightest. PN. 


Figure 10.9 The planetary 
nebula Abell 39. From the 
website 
http://www.noao.edu/ 
image_gallery/html/ 
im0636.html of 

WIY N/NOAO/NSF. 


Figure 10.10 The planetary 
nebula Abell 78. Courtesy of 
George Jacoby/ 
WIYN/NOAO/AURA/NSF. 
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Although one cannot identify any given type of planetary nebula as a standard 
candle, one can make use of the circumstance that the shape of the luminosity 


function seems to be the same in all galaxies. As shown in Figure 10.11, there is 


a cut-off in the luminosity function at a specific magnitude, which can serve as a 
standard candle. This can be determined by detecting enough planetary nebulae in 
the relatively flat part of the luminosity function. The absolute magnitude for this 
is around —4.5, which allows one to use this method for estimating distances up to 
about 20 Mpc. George Jacoby and his coworkers have estimated the distance from 
us of the centre of the Virgo cluster to be 15.1 + 0.9 Mpc. 


(da) H-II regions. H-II regions are large domains of ionized hydrogen. These are 
found not only in our Galaxy but also in others. The linear diameter of the largest 
H-II region, or. better still, the mean linear size of the three largest H-II regions. 
exhibits a strong variation with the luminosity and the luminosity class (see $1.3) 
of the parent galaxy. For dwarf galaxies this mean size is as low as 75 pc, whereas 
for supergiant galaxies the size goes up to 460 pc. By comparing the angular sizes 
of such H-II regions in remote and nearby galaxies of similar type. we can estimate 
the ratio of their distances from us. Then, if the distance for the nearby galaxy is 
known, the distance for the remote galaxy can be estimated. Note that this method, 
unlike the others mentioned so far, relies on the size rather than the luminosity of the 
distance indicator. With this type of distance indicator, one can extend the distance 
ladder to about 100 Mpc. 


(e) Type-II supernovae. A new technique based on type-II supernovae has recently 
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Figure 10.11 The luminosity function of planetary nebulae. See the cut-off at the 
bright end which serves as the luminosity of the standard candle. 
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shown promise of reliability and does not require many arbitrary assumptions. Basi- 
cally, this method involves determining the actual flux of light at various frequencies 
leaving the photosphere of the exploding star and it does not depend on other step- 
by-step methods of distance determination. The method consists of measurements 
of the rate of expansion of the photosphere of the supernova and makes use of a 
variant of the method used by W. Baade in 1926 for variable stars. 

If we approximate the photosphere (see Figure 10.12) by a blackbody of temper- 
ature 7 and radius R and suppose that its distance from us is D, then its angular size 
6 and the flux density f(v) at frequency v are given by 


@ 


| 


R/D, (10.11) 
R? 2rhv" 
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Ff (v) 
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(10.12) 


(here the redshift effects have been ignored). 
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Figure 10.12 The shaded region is the expanding envelope of scattering particles 
around the photosphere. The surfaces of constant velocity Vo of the particles in the 
envelope relative to the observer are shown (in idealized condition) as planes. In the 
plane on the left-hand side Vo is less than the photospheric velocity v, whereas in the 
plane on the right-hand side Vo > v. The switchover from Vg < v to Vo > v can be 
related to the extent of scattering produced by the particles in the envelope and is 
seen in the line profiles of the supernova in the form of varying levels of depletion. A 
study of the line profiles allows the astronomer to fix the value of v. 
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Thus we get from (10.11) and (10.12) 


1/2 
Ney USI)) 
ge | a DV (10.13) 


2nhv> 


Hence, if we measure f(v) and 7, we can get @. Furthermore, if we measure R, 
we get D from (10.11). Spectral scans of the continuum spectrum of the supernova 
give a good estimate of T. To measure R, R. P. Kirshner and J. Kwan suggested the 
following method. 

In this method we approximate the rate of expansion of the photosphere by a 
constant value v, so that, if the expansion started at tf = fo when the radius was 
R = Ro, the radius at subsequent times is given by 


= UE iin (10.14) 


(constancy of v is justified by the fact that the pressure in the interstellar medium 
is negligible and the expansion is nearly free). The photosphere is surrounded by a 
tenuous atmosphere whose atoms scatter the photospheric radiation. As explained in 
Figure 10.12, observations of the line profiles allows us to measure v, the velocity of 
expansion of the photosphere. This is because, in the expanding atmosphere, some 
scattering atoms are moving faster towards the observer and some slower than the 
rate at which the photosphere is moving towards him. Thus there is a small Doppler 
effect in the scattering process, which can be estimated from the absorption line 
profiles. 

The photospheric velocity v corresponds to that velocity at which the depletion 
of the continuum is maximum, if it 1s sharp and well defined. If it is not sharp but has 
a flat trough, then the red edge of the depletion trough represents the photospheric 
velocity. 

This process is claimed to be relatively unambiguous and free of the uncertainties 
surrounding other methods that broadly require ‘similar-looking’ objects to have 
‘equal’ physical parameters such as luminosity and size. However, the method re- 
quires a good series of supernova observations, which might not be readily available 
for the galaxy whose distance away from us we want to measure. 


(f) The Tully-Fisher relation: In 1977, R. B. Tully and J. R. Fisher found a good 
correlation between the luminosity of a spiral galaxy and its 21-cm line width, a 
correlation that does not depend on the type of galaxy. Thus, in principle, if we 
determine the 21-cm line profile of a remote spiral galaxy, we can estimate its 
luminosity. The connection between these two physical parameters may appear ad 
hoc to start with, but can be rationalized in the following way. 

The 21-cm line profile can acquire a width if the galaxy is rotating. If the angle 
of inclination of the plane of the galaxy to our line of sight is 7, and the maximum 
velocity of rotation of the galaxy is Vj), then the Doppler width of the line will be 
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2Vm Sini 


a : ; (10.15) 


Using the gravitational force of galactic mass M at a distance equal to the galactic 
radius R to generate the velocity of rotation V,, of a typical H-I region, we get 


2 
M =V2R/G. (10.16) 


Here we are identifying V,, with the flat-rotation curve for the galaxy (see Chapter 
1). Assuming that the mass-to-light ratio of the galaxy is k, which is the same for all 
galaxies of similar types, we get the luminosity of the galaxy as 


re 


iL = eee 
ee (10.17) 
We next assume that all galaxies of this class have the same surface brightness 


me LC /( R?), so that the above relations combine to give 


l 
= —— VV XV. 
pea" OV, (10.18) 
Next, using the relation (10.15), we get the following idealized Tully—Fisher 
relation: 


Mg = —10log Vm +b = —I0log( = a -) +b, (10.19) 


sini 


where Mg is the absolute magnitude of the galaxy and b is a constant. 
An empirically derived Tully—Fisher relation is written in the form 


Ma= =a log ( ) +b, (10.20) 


2 sini 
where a and b are constants determined from observations. 

There is a practical problem associated with this method. To avoid internal ab- 
sorption in the galaxy it should ideally be seen face-on. However, the line width 
is best determined for spirals viewed edge-on, for which the internal absorption in 
the galaxy is large. Thus the observer is forced to use those spirals that are viewed 
at an inclined angle and yet give a reasonably reliable line width. The distances of 
the M81 and MIO! groups have been estimated this way after using data on the 
nearer galaxies M31 and M33 for calibration. This method also takes us as far as 
~100 Mpc. 


(g) Faber—Jackson method and the fundamental plane. The Tully—Fisher method 
works for spirals that exhibit significant rotation. What about ellipticals? They do not 
rotate and also they contain very little gas, so clouds of neutral hydrogen would not 
be available there. In 1976, Sandra Faber and Robert Jackson found a method that 
works for ellipticals and is roughly analogous to the Tully—Fisher method for spirals. 
This consists of relating the luminosity L of the galaxy to the velocity dispersion o 
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found mainly in the central region of an elliptical galaxy. From the virial theorem, we 
know that, in dynamical equilibrium, there would be an approximate equipartition 
between the kinetic energy (7) of random motion and the gravitational potential 
energy (®), expressed by the relation 2T + © = 0. For a uniform distribution of 
total mass M and radius R, this will become 
2 _ GM 
eee: 
Using the same assumptions of a constant mass-to-light ratio as given by (10.17) 
and a constant average surface brightness as given by (10.18), we get 


LOZ) 


L = constant x o*. (MO 2) 


This is the Faber—Jackson relation. By measuring 0, one can deduce L and hence 
the distance away from us of the elliptical galaxy. 

However, application of this relation to clusters of galaxies revealed considerable 
scatter around the basic relation, suggesting that it may be missing some extra 
parameter. In 1987 George Djorgovski and Marc Davis showed that, instead of 
luminosity L, one should use nvo parameters: R.. the effective radius of the elliptical 
galaxy, and /,, the average surface brightness within that radius. In that case there is 
a tight relationship among a, Re and /., which can be written as a linear relation of 
their logarithms: 


log Re = 1.36loga — 0.85 log /.. Uno v26)) 


This linear relation describes a ‘plane’ on the logarithmic scale in the three- 
dimensional space of the above three quantities, a plane called the fundamental 
plane for the elliptical galaxies. By using this technique, one is therefore able to 
estimate R. for an elliptical galaxy and then, from its angular size, deduce its 
distance away from us. 

It is also possible to obtain a tighter version of the Faber—Jackson relation, by con- 
fining oneself to the central region of the elliptical galaxy. The group of astronomers 
titled the “Seven Samurai’, whom we will encounter in the next section. chose the 
region by limiting themselves to the part wherein the total average surface brightness 
expressed on the magnitude scale is 20.75™ per square arcsecond. Denoting the 
diameter of this (circular) region D,,, they found that there is a tight correlation 
between D,, ando. 


(h) Brightest cluster galaxy. Wf we consider the thousand-odd galaxies in the Virgo 
cluster, one galaxy, M87. stands out as being significantly brighter, more massive. 
larger than the rest. It is an elliptical galaxy. Allan Sandage noted that other, more 
distant, clusters of galaxies also contain similarly dominating elliptical galaxies. 
Under the assumption (supported by observations of nearby clusters) that such 
ellipticals have comparable Juminosities. we can estimate M and hence the distance 
modulus of clusters as remote as 1000 Mpc away. 
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(1) Type-la supernovae, Unlike the type-I supernovae, the type-la supernovae arise 
from white dwarfs. When a white dwarf in a binary having mass close to the 
Chandrasekhar limit accretes matter from its companion, it develops instability 
and explodes. A type-II supernova explodes to leave a remnant core: but type-la 
supernova completely destroys the star. Also. in the former, the bulk of the explosion 
energy is carried by neutrinos, whereas in the latter the optical component 1s much 
larger. That ts why type-la supernovae are much brighter at their peak than are other 
types. Figure 10.13 shows the typical light curve for such a supernova. Notice that 
the peak magnitude is close to Max = —19.5. 

Allan Sandage and his coworkers have carried out systematic studies of the peak 
magnitudes of these supernovae and made comparisons with the distance-measuring 
method using Cepheids. The peak magnitude has a small dispersion. For example. it 
may be of the order AMymax * 0.15. These values are to be taken as indicative only, 
since continuing improvement of estimates is currently going on. 

The type-la supernovae thus provide standard candles that take the distance mea- 
surements well past the 1OOO-Mpe mark. Their disadvantage is that these events are 
not all that common and so the database increases slowly. A further disadvantage is 
that the highly luminous phase does not last very long, as can be seen from Figure 
10.13. We shall return to these distance measurements when we discuss the Hubble 
relation at high redshifts in the following chapter. 
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Figure 10.13 The typical light curve of a type-Ia supernova. The peak luminosity 
can serve as a standard candle. 
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10.2.4 The Hubble constant 


The above account is admittedly sketchy and incomplete. For example, we 
have not described the surface-brightness-fluctuation method, the globular-cluster- 
luminosity-function method, the use of gravitational lensing, megamasers and the 
Sunyaev—Zel dovich effect. It is because each method has certain in-built assump- 
tions that may be error-prone that one cannot rely 100% on any particular method. 
Which is why astronomers these days like to cross check their estimates with respect 


to more than one method. 


Such methods were summarized in an ‘Eiffel Tower’ diagram by the late Gérard 
de Vaucouleurs, which is shown in Figure 10.14. Notice that, in many cases, the 
distances are determined in progression from one stage to the next. At each stage 
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Figure 10.14 The Eiffel 
Tower shown here describes 
how cosmological distances 
are measured in stages. The 
various levels used for 
calibration are shown 
starting from the nearest at 
the first level and leading to 
the furthest at the top. 
ZAMS stands for “‘zero-age 
main sequence’, which 
refers to the method of 
measuring distances using 
the Hyades main sequence 
mentioned in the text. Based 
on C. Balkowski and 

B. E. Westerlund. eds.. 
1977, Proceedings of the 
IAU/CNRS Colloquium, held 
in Paris, 6-9 September 
1976 (Paris: CNRS). 
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of the tower there ts scope for errors of calibration. For example, even a revision of 
the stellar distance scale, such as that of the Hyades main sequence in our Galaxy, 
will lead to revision of all subsequent scales. This happened, for example, when 
stellar distances measured by the Hipparcos satellite revised the earlier estimates 
downwards. Such systematic errors were present in Hubble’s original method and, 
when they were pooled together, they gave a value of ho > 5. For example, the 
Cepheid period—luminosity relation available to Hubble was incorrect. He also used 
too faint an absolute magnitude tor the brightest stars in other galaxies. From (10.6) 
we see that a high value of M will lead to a high value of ho. 

In all this discussion we have been tacitly assuming that, in the velocity—distance 
relation, it is the distance that causes problems, namely that the velocity—redshift re- 
lationship is fairly secure. This is not necessarily so! A major source of uncertainty, 
at least for nearby measurements, comes in distinguishing the ‘true’ Hubble flow 
from the peculiar motions caused by other relatively local inhomogeneities. In the 
following section we highlight this problem. 

For these reasons, it would be wise on the part of the cosmologist to be cautious 
about the exact value of Hubble’s constant. Sandage and Tamman prefer a value 
of Ao ~ 0.5, whereas de Vaucouleurs argued that ho ~ 0.1 and later the HST 
Key Project Group would go for the value ho ~ 0.75. In view of the prevailing 
uncertainties of various distance indicators, it is customary nowadays to say that ho 
lies between these two limits. We will take ho ~ 0.65 + 0.10, as is consistent with 
the bulk of present measurements. The holy grail of a well-determined Hubble’s 
constant is still some distance away. 
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We now look at possible pitfalls in the determination of v in the Hubble relation 
v = HoD, for the velocity implied in this relation is that ascribed to the expansion 
of the universe and should not contain any other components. Indeed, this would 
be the case if the Weyl postulate were strictly valid, which, in actuality, it is not. 
The galaxies do have other motions superposed on it. which are also included in the 
spectral shift that the observer measures. For example, the first measurement of a 
galactic spectral shift was performed in 1912 by Slipher and it was a blueshift. He 
concluded that the nebula M31 was approaching our Galaxy at a speed of around 
200 kms _!. A few nearby galaxies do exhibit blueshifts and these are explained 
by the so-called random or ‘peculiar’ motions of the galaxies superimposed on the 
‘Hubble flow’. These random motions are in general of the order of ~300 km oe 
and will therefore significantly modify the total velocity of a nearby galaxy, for 
which, with small D, the Hubble component will be small. Only when we go to 
distances well beyond, say, 50 Mpc should we expect the Hubble law to dominate 
the velocity field. 


387 


388 


10 Local observational tests of cosmological significance 


The simple picture of a homogeneous and isotropic universe based on the 
Robertson—Walker line element is now beginning to look oversimplified. especially 
with the discovery of large-scale velocities that appear superimposed on the Hubble 
flow. Since, as mentioned above, the Hubble flow is small in our ‘local’ neigh- 
bourhood, it tends to be swamped by these other velocities. It is an immensely 
complicated problem to untangle the two and pinpoint the causes of the non-Hubble 
velocities. Here we will give a bare outline of the situation on the theoretical and 
observational fronts, beginning with the latter. 

It was in the mid-seventies that work by V. C. Rubin, W. K. Ford and others gave 
a glimpse of the problem. The so-called Rubin—Ford effect showed that the Hubble 
constant is not isotropic when it is measured for the radical velocities of 184 Sc I 
and Se Il galaxies (I and II are the van den Bergh luminosity classes for spiral Sc 
galaxies with Sc I being the brightest class of galaxies.) The anisotropy was of the 
dipole type and could be accounted for by the assumption that our Galaxy is moving 
with a substantial velocity against the background of the galaxies. The velocity was 


(454 + 125) km s~! towards / = 163° + 15°, b=—-11° +14 
relative to the distant part of the sample and 
(474 + 164) km s~! towards 1 = 167° + 20°, lp ae PAD 


relative to the nearer part. This was the first indication that the Galaxy is not in the 
cosmological rest frame. 


10.3.1 The local distribution 


The Nearby Galaxies Atlas published by Tully and Fischer contains detailed maps 
of the distributions and speeds of galaxies in the relatively local region. These maps 
are helpful in constructing the topography of the nearby region. Figure 10.15 gives 
a schematic plot of the distribution over a cubic region around our Galaxy with each 
side of the cube measuring approximately a speed differential of 10000 km s7!. 
(That is, if Ho is the Hubble constant, the linear size is approximately Hp ' times 
this value. We may find it convenient to use speeds as distances in this way.) 

The shaded region of the cube is the galactic zone of avoidance which is perpen- 
dicular to the supergalactic plane (see Chapter |). One may consider the motions of 
these objects as made up of several components: 


1. the flow towards the Great Attractor (GA) located at a distance of 
~4200 km s~! from the Local Group (the GA is located approximately at 
1 = 309° and b = +18° (galactic coordinates); the two Centaurus clusters 


are, for example, falling into the GA with speeds of ~1000 km s~! (away 
from us)); 


2. the infall of matter towards the Virgo cluster; 


10.3 The anisotropy of local large-scale velocity fields 389 


3. the “Local Anomaly’ which appears to require a bulk velocity correction of 


i ‘ ee 
360 kms“ for a region extending from the Local Group out to distances of 
700 km s~!; and 


4. the Hubble flow. 


This multi-component model has several parameters that can be determined by 
the least-squares technique, by using the Tully—Fisher relation for spirals to measure 
their distances (see §10.2) and the redshifts for radial velocities. The model deter- 
mines velocities that are compared with the observed values and the differences 
are minimized by the least-squares method. This technique was first used in 1988 
by the ‘Seven Samurai’ D. Lynden-Bell, S. M. Faber, D. Burnstein, R. L. Davies. 
A. Dressler, R. Terlevich and G. Wegner. The broad conclusions are as follows. 

The GA is a large mass attracting matter towards it, causing a large-scale stream- 
ing motion in its direction, On a smaller and nearer scale, the Virgo cluster has neigh- 
bouring galaxies falling towards its centre, including the Local Group. However, the 
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Figure 10.15 A cubic volume containing some significant large-scale structures in 
our neighbourhood. Shown in the cube are GA, Great Attractor; V, Virgo cluster, 
UM, Ursa Major cluster; Cen, Centaurus; FE, Fornax—Eridanus; Cam, 
Camelopardalis; PP, Perseus—Pisces; PIT, Pavo-Induiis-Telescopium. Adapted from 
S. M. Faber and David Burstein: ‘Motions of galaxies in the neighbourhood of the 
Local Group’ in the proceedings of the Vatican Study Week on ‘Large-Scale Motions 
in the Universe’. eds. V. C. Rubin and G. V. Coyne, Princeton University Press, 
1988, p. 118. 
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Local Group has a further anomalous motion relative to the Virgocentric flow. It 
is perhaps too early to take all the numerical estimates of speeds and directions as 
very accurate. More observations in the future will certainly help in making these 
estimates more reliable. 

There has been, however, considerable discussion as to whether the GA exists 
at all. For example, D. A. Mathewson, V. L. Ford and M. Buchhorn measured the 
peculiar velocities of 1355 spiral galaxies in the southern sky and used the Tully— 
Fischer relation to estimate their distances trom us. They found no back-side infall 
into the GA region; rather they found a bulk flow of about 400 km s~! on scales 
of 100h6 Mpc. Since there is no visible concentration of mass in the GA region, 
considerable doubt was expressed about the existence of an attracting mass there. It 
may well be that, instead of a single large mass. the pull may have been exercised 
by several large clusters distributed in space in that direction. 

These issues will be resolved as we get a clearer picture of the universe through 
the large-redshift surveys that are currently under way or have just been completed. 
For example the Two Degree Field Survey in Australia and the Las Campanas 
Redshift Survey in Chile contain a few hundred thousand redshifts. The Sloan 
Digital Sky Survey will have spectra of ~900 000 galaxies out to a redshift of ~0.2. 
If the Hubble law applies to redshifts, then the maps of the heavens provided by 
such surveys will outline the distribution of visible matter and help pick out dense 
concentrations of matter as well as voids. Figures 10.16 and 10.17 illustrate the 
maps obtained from such surveys. Clearly the assumption of homogeneity takes a 
beating from these pictures. These local inhomogeneities are bound to bring about 
anisotropies in the Hubble law. 


a 
Nobjects = 1603 5000 
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Figure 10.16 This is one of the sectors of the sky surveyed in depth by the Center 
for Astrophysics. The velocities can be converted to distance away from us by 
dividing them by the Hubble constant, Courtesy of M. G. Geller and J. P Huchra of 
the Smithsonian Astrophysical Observatory. 
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An independent piece of information that we shall consider in 


$10.8 is the motion 
of our Galaxy with respect to the rest frame of the 


cosmic microwave background. 


10.3.2 The Hubble constant revisited 


We return to the question of why the controversy over the value of Ho (1.e., whether 
hy © 1 or ho © 0.5) persists. R. B. Tully has argued that the local velocity anomaly 
is the culprit confusing the issue. The argument may be illustrated by a simplified 
example. 

Imagine a local mass concentration M superimposed on a Hubble flow. At a 
distance RK from the mass, the radially outward velocity V may be given by 
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Figure 10.17 This map has been generated by the Las Campaiias redshift survey. 
Reproduced by courtesy of Huan Lin, Steward Observatory, University of Arizona. 
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2GM , 
v= -/—— 4 HR = Hep R. (10.24) 


The first term is an inward velocity corresponding to a zero value at infinity while 
the second term is the Hubble flow with the Hubble constant . We may look upon 
(10.24) as a Hubble flow only, with an ‘effective’ Hubble constant 

Hep = H — —. (20:25) 
Thus the effective Hubble constant is smaller than the ‘true’ Hubble constant, closer 
to the mass concentration. As we go away from M, the effective Hubble constant 
approaches the true value. 

Hence the possible presence of a mass concentration in the Coma—Sculptor Cloud 
that causes a local velocity anomaly coupled with the Virgocentric flow manages to 
reduce the value of Hubble’s constant for relatively nearby galaxies and make /1g 
closer to 0.5. However, more remote samples of galaxies tend to give hg somewhat 
higher, which therefore corresponds to the true value of the Hubble constant. 

Tully estimates that the local anomaly may be caused by a mass of the order 
10'4 Mo, in comparison with the ~10!° Mo in the Virgo cluster. In contrast the mass 
of the Great Attractor may be as high as 5 x 10!©Mo. These values illustrate how 
important it is to chalk out the topography of the universe in terms both of mass and 
of velocities before drawing firm conclusions about the values of the cosmological 
parameters such as Ho. 

We next consider the attempts to determine the mean density of matter in the 
universe, a parameter that has significant implications for the cosmological theories 
we have considered so far. 


10.4 The distribution and density of matter in our 
neighbourhood 


In Chapter 4 we introduced the density parameter Qo through the relation 
po = ane, = P80, (10.26) 
8G 
where pz, 1s the present-day closure density in Friedmann cosmology. In numerical 
terms (10.26) implies 


pp = 2 * 10°* GQ) ¢ cme (10.27) 


Thus a direct measurement of pg is of interest, since it places limits on the parame- 
ters hg and Qo. 

The present approach to the problem involves setting limits on the density of 
matter in the form of galaxies, clusters of galaxies and so on; that is, of matter in the 
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standard luminous form. This is done as follows. Suppose that we know the average 
mass-to-light ratio for galaxies, which is conventionally expressed in solar units: 


M. Mo 
— | = 1. (10.28 
Lo¢ le ) 


Next we determine the mean luminosity density /g of galaxies. The best value of Ic 
comes from the Revised Shapley Ames Catalogue and is given by 


los = 4.4 x 10’Loho Mpc? for spiral galaxies, (10.29) 
Ice = 17.4 x 10’Loho Mpe~? —_ for E and SO galaxies. (10.30) 
The total luminosity density is therefore of the order 


lg = 2. 
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(10.31) 


From (10.28) and (10.31) we then get the mean cosmological density in the form 
of galaxies in our neighbourhood as 


pG & 2.2 x 10°7Moho Mpc? 


~N 


1.5 x 10-**nho gem-?. (10.32) 


What is the estimate for 7? The main difficulty in estimating 7 lies in the 
measurement of galactic masses. In comparison, the measurement of luminosities 
is easy, the only uncertainty in the process arising from the lack of precision in Ho. 
We will briefly review the methods employed in the measurement of 7 for various 
types of objects before summarizing the results in Table 10.1 towards the end of this 
subsection. 


Example 


Take the luminosity function of galaxies as estimated by Schechter, viz. 


COL) = (4) ex (-=) 
y= L* \ L* R Ly 


with @* = 10-2h3 Mpc—>, L* = 10!°h5? Lo and a ~ 1.25. The number of 
galaxies with luminosities in the range (L, L + dL), is then given by O(L) dL. 
Integrating between 0 and oo then gives 


co 
Ig = @(L)LAL ~ 3.3 x 10°AgLo Mpe™?. 
0 


10.4.1 The mass-to-light ratios 


Methods of measuring 7 for individual galaxies and for clusters of galaxies are 


summarized below. 
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Spiral galaxies 


The best handle on the mass contained in a typical spiral is given by its rotation 
curve. Figure 10.18 illustrates the principle by means of a flat, disc-shaped object 
representing a circular distribution of stars moving round a common centre C. The 
rotation velocity v of a star S at a distance r from C is related (in an equilibrium 
distribution) to the gravitational force F, acting on S towards the centre: 


rtd 2 (10.33) 


Therefore, if we have v as a function of r, we get F, as a function of r. Then, 
by Newton's law of gravitation (which is applicable here because the gravitational 
fields are weak), we can determine the mass distribution. For example, if most of the 
mass were concentrated in the nuclear region around C, we would have F, « r72 
and v « r7!/*. The distribution of light across a spiral galaxy does suggest the 
above to be a good approximation. However, in actual fact the rotation curve — the 
function u(r) — is flat for most galaxies. That is, after rising sharply outside the 
nuclear region, v remains constant = vo (say). Moreover, this relation extends well 
beyond the visible disc. Figure 10.19 shows some examples. 

The implications of this result are either that there is more mass in the outer parts 
of the galaxy than is indicated by its luminosity distribution, or that Newton’s laws of 
motion and the inverse-square law of gravitation might not be valid over the galactic 
distance range (~ a few kiloparsecs). Taking the former (and less radical) view. 
astronomers have estimated the masses of spirals. S. M. Faber and J. S. Gallagher 
have listed the rotation velocities and masses contained within the Holmberg radius 
(wherein the surface brightness drops to ~26.5mp¢ aresecond™~) for 39 spirals. 


Figure 10.18 The Galactic 
disc approximated as a 
system of stars S moving in 
circular orbits round a 
common centre C. The 
velocity v of S is governed 
by Newton’s laws of 
gravitation and motion. 
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Since the luminosities are also known, we can estimate the mean value of 7 for 
this sample. The result is 
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Figure 10.19 The rotation curves of some spiral galaxies: notice that, at large 
distances from the centre, the typical curve is expected to drop to near-zero velocity 


(as shown by the curve in (i)), instead of remaining more or less constant as seen In 
reality in (1). 
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n= (9 Iho. (10.34) 


Elliptical galaxies 


These galaxies exhibit hardly any rotation, hence the rotation-curve technique em- 


ployed for spirals fails here. Instead the mass estimates are based on the variation of 


the velocity dispersion o of stars across the galaxy. 
In the spherical-mass approximation the star distribution function in statistical 
equilibrium attains the form 


2 
fa exp(-“259), (10.35) 


o2 


where #(r) is the gravitational potential and the mean square speed of the stars at a 
point in an isothermal sphete 1s (v2) = 307. Assuming that the number density of 
stars varies as ©, the above relation and the Poisson equation give the mass interior 
to radius r as 


Ul a — eo"r/G. (10.36) 


If the luminosity density j(r) varies as the number density, the galactic mass- 
to-luminosity ratio varies as r*~~. It is not yet possible to make precise statements 
based on observations about the value of €. Near the centre of the elliptical galaxy, 
however, the observations of o are more precise. I. King proposed a model of a 
galaxy in which 


ee —3/2 
fir) (145) : (10.37) 


This model works well in most cases. A notable exception is the giant galaxy M87. 
for which it was argued by two sets of observers in 1978 that the rapid increase 
of j(r) as well as a rapid increase of o towards the centre indicates that there is a 
concentration of mass in the centre over and above that given by the King model. 
This excess is believed to be due to the existence of a black hole at the centre of the 
galaxy. 

From these studies, the mean mass-to-light ratio in the central region of large 
ellipticals is found to lie in the range 


n = (10 + 2)ho. (10.38) 


Statistics of groups of galaxies 


A typical catalogue of galaxies lists them by their coordinates on the celestial 
sphere, two galaxies with nearly the same coordinates being seen near each other. 
However, can we be certain that groups of apparently nearby galaxies are indeed 
close to one another and part of one physical system? The answer is generally sought 
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along two different lines, both statistical in nature and both leading to estim 
n. 


ates of 


S. J. Aarseth, J. R. Gott and E. L. Turner adopted the approach of N-body 
simulations in which galaxies move under each other’s gravitational pulls and tend 
to cluster together in small or large groups. A comparison of such distributions 
with real galaxy catalogues helps in identifying groups of galaxies and hence in 
estimating 7. 

The other approach, pioneered by E. L. Scott and J. Neyman and used extensively 
by P. J. E. Peebles and others, involves galaxy—galaxy correlation functions. We 
referred to tearher in Chapter 7. In this approach the probability of finding a galaxy 
in a small volume 5V at a distance r from a typical galaxy is defined as 


ie tov it | &(7°)), (10.39) 


where 71 is the number density of galaxies on the average. In a uniform distribution 
E(r) = 0. A positive €(r) indicates an enhancement of the density of galaxies near 
the typical galaxy, hence &(r) is called the two-point correlation function. 

In actual measurements the position vector r from the typical galaxy has two 
components with respect to the observer. The radial component z can be measured 
trom the observed difference in the redshifts of the two galaxies using Hubble’s law. 
The transverse component o is measured by noting the angular separation of the two 
galaxies and multiplying it by their mean Hubble distance. Apart from the universal 
velocity, however, the galaxies also have peculiar (random) velocities relative to their 
local cosmological rest frames. Such velocities tend to distort the radial component, 
with the result that, if the two components of r are plotted on a Cartesian coordinate 
system, the distribution of points tends to cluster around the axis corresponding to 
the radial component. 

Using such plots for NGC and IC galaxies, Peebles concluded that a reasonably 
good estimate of €(7) is given by 


&(r) = (2). y=1.77, 19 =4.2h5' Mpc. (10.40) 


Aarseth and his colleagues arrived at similar results from their computer simulations. 
The peculiar velocities of galaxies can be estimated from the above-mentioned 
concentration effect and the velocity dispersion comes out as 


(v2)!/2 = (600 + 250) km s7?. (10.41) 
From this result we can estimate 7 as follows. The mean number of neighbours 


ove pai : = : = 
within the characteristic distance rp ~ R = 5h) Mpc is given by 


R 
N=n [1 + &(r)]d°r 
0 
= 42 (10.42) 
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for — 0.03, Mpc? (estimated for bright galaxies). The peculiar velocity vj of 
the ith galaxy having N; neighbours of mass M at distance R 1s expected to be of 


the order 
v? ~ GMN;/R. 


The result follows from the so-called virial theorem, which essentially states that, in 
an equilibrium N-body distribution, there exists an equipartition between the kinetic 


. 2 f 
and potential energies. From these results and from estimates of (N;) we get 


ue ~ Rein 


G(N-) 


i 


~5 x 10!*h5'|Mo. (10.43) 


A detailed calculation using the data on luminosities then gives 7 in the following 
range: 


n ~ (500 + 200)ho. (10.44) 


Clusters of galaxies 


A similar correlation-function analysis has been applied to Abell clusters up to 
redshifts z < 0.2. The value of 7 comes out close to that for the nearby groups 
of galaxies: 


n ~ (500 + 100)ho. (10.45) 


As early as 1933 F, Zwicky had pointed out what has now become well known as 
the missing-mass problem in clusters. The problem can be briefly stated as follows. 
If we estimate the mass of galaxies moving in one another’s gravitational field in a 
cluster, then the virial theorem gives the mass of the cluster in terms of the velocity 
dispersion and the effective mean radius: 


(10.46) 


From observations of the velocity dispersion (v~)!/* we can therefore estimate the 
total mass M in the cluster. This value comes out considerably higher than that 
estimated on the basis of mass-to-light ratios 7G of individual galaxies. That is, if 
we see n galaxies in the cluster and if the total luminosity of the cluster is L, then 
the mass in the cluster is Lng. Zwicky was the first to point out that 


Lig « M. (10.47) 


For the Coma cluster, for example, M/(Lng) ~ 300 (see Exercise 20). 


10.4 The distribution and density of matter in our neighbourhood 


Typically one arrives at a cluster mass in the neighbourhood of 10'Shp | Mo. 


Observations suggest that there are around 4000 large clusters within a ‘local’ sphere 


of radius 600h, | Mpc. This leads to a mean density of matter in clusters of 
poct © 4 x 1073 hé g cm. (10.48) 


The density estimated for galaxies is of the same order. although not all galax- 
ies reside in clusters. The clusters have a proportionately higher mass than that 
of the galaxies contained in them because the M/L ratio for them is as high as 
~300lyMa/L... about ten times higher than that for galaxies. This is because the 
clusters appear to require a greater mass of dark matter for their virial equilibrium. 

Observations of X-rays from clusters (see Figure 10.20) have indicated that the 
emission is through Bremsstrahlung from hot gas and the amount of baryonic matter 
in the Coma cluster is not sufficient to account for the missing mass estimated by 
using the virial theorem. If the ratio of baryonic to total gravitating matter in the 
Coma cluster is representative of the universal value, then the total density parameter 
{20 is constrained by the inequality 


a 


we (10.49) 
i! Osan, 


With this type of inequality, it is clear (i) that, if the deuterium in the universe 
were made primordially. then we cannot have the density parameter attain the upper 
limit with baryons alone; and (ii) the universe is open (k = —1) unless there is a 
large quantity of dark matter residing outside the clusters. Already at this stage the 
known baryonic content of cluster mass (Mg) as a fraction of the total cluster mass 


Figure 10.20 The X-ray distribution in a cluster. On the left-hand side is the ROSAT 
image of the coma cluster showing X-ray intensity contours. The optical image is on 
the right-hand side. By courtesy of Dr T. J. Ponman, University of Birmingham, UK. 
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(Mio) threatens a contradiction with observations of the abundance of deuterium. 


For example, for the Coma cluster, we have 


Mpg 


= 0.01 +0.05h, (10.50) 


tot 


If this ratio were universal, it would lead to a conflict with the deuterium- 
abundance constraint for 29 = 1. In fact, if ho = 0.65, say, then setting this ratio 
equal to 0.01/, * for consistency with the abundance of deuterium gives 29 + 0.23. 
Thus, if the universal value of 29 were claimed to be unity (as originally required 
by inflation), then the conclusion has to be that baryons are selectively located in 
clusters, while the non-baryonic matter fills the intercluster space. This epicyclic 
statement could be avoided, if one admits the possibility of a low-density universe. 


The local supercluster 


It was pointed out by G. de Vaucouleurs that we are situated in a region that seems 
to be on the outskirts of a concentration of galaxies centred on the Virgo cluster of 
galaxies located at a distance from us of 


D = 11h9' Mpc. 


Estimates of the average mass-to-light ratio for the supercluster are still tentative but 
are believed to be in the range 


= (80=e 30) hb: (10.51) 


Table 10.1 summarizes the above results as well as some others not discussed here. 

Returning to (10.31) we now see that the density parameter can be determined, 
at least within broad limits, from the values given in Table 10.1. Since the estimate 
is based on galaxy data we will denote the estimate of Qo by Qe. 


Table 10.1 The average mass-to-light ratio per galaxy 


Object nh’ 


Our Galaxy (inner part) Ge 2 
Our Galaxy (outer part) 40+ 30 


Spiral galaxies ise || 
Elliptical galaxies [O-e 
Pairs of galaxies 80 + 20 
Local Group 160 + 80 
Statistics of clustering 500 + 200 
Abell clusters 500 + 200 


Local supercluster 80 + 30 
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According to Table 10.1 nho' ranges between values of 4 and 700. This gives the 
value of Q2g in the extreme range 


0,003 = (gq = 0.53. (10.52) 


Note that this range does not depend on ho. The range is extreme, in the sense that 
it uses the maximum range of uncertainty in the universal value of the parameter 7. 
A more realistic upper limit may be Qg < 0.30. 


10.4.2 Constraints from structure formation 


The theories of structure formation place additional constraints on the density of 
matter. We will briefly review the current ideas, with the cautionary remark that 
they may have to be modified as these theories evolve. 

In Chapter 7 we have defined the root-mean-square fluctuation of mass (Mp) 
in a spherical region of radius R (vide equation (7.75)). We define the parameter 


os R =8h,'M 
1 = (Are), = Bhp pe. (10.53) 
The size R chosen above is characteristic of volumes containing large clusters. 
Normally we expect that massive clusters can form by gravitational contraction of 
large volumes in a low-density universe, or of smaller volumes in a high-density 
universe. It is found from details of the process of condensation that the relationship 
between og and Qg for reproducing the observed cluster masses is approximately 
given by 


og/QG ~ 0.5. (10.54) 


Thus, for example, if we had Qg = 1, then we need og = 0.5, whereas for a mass 
density a quarter of the closure value, og = 1. 

Now the structure-formation theories tell us that, in high-density models, like 
those with Qg = 1, the fluctuations started growing relatively recently and so 
their growth had to be fast. Thus, if we looked at the number density of massive 
clusters like Coma, we should find very few clusters at high redshifts. For example, 
the chance of finding a Coma-like cluster with redshift >0.5 over an area of 1000 
square degrees is just about 1% (given the present-day abundance of such clusters). 
In contrast, the abundance of such clusters in a low-density universe would have 
evolved very slowly in the redshift range [0, 1]. Studies of cluster samples at various 
redshifts reveal an abundance distribution more consistent with the latter case, with 
Qg = 0.3, in the range [0.2, 0.4]. Figure 10.21 shows how the evolution of the 
abundance of clusters changes with the density of the universe. Here the data in fact 
suggest tighter constraints, favouring a density parameter ~0.2., 

We may compare this estimate with the mass-to-light ratios obtained earlier or 
from the baryonic component of clusters. All three suggest that it is hard to make 
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the total density of matter, baryonic as well as non-baryonic, equal to the closure 
density without introducing highly contrived scenarios. 


10.4.3. Dark matter 


In the inflationary cosmology we require Qo = 1. Clearly Q%G falls short of this 
value. Can we therefore conclude that the universe is open? Is inflation ruled out? 
The answers are not so simple, however. The matter budget so far looks like this. 

It is already noticeable that a considerable part of the matter in the universe might 
be non-luminous. We have seen that, if we stick to the Newtonian inverse-square 
law of gravitation, the flat-rotation curves of spiral galaxies imply that there is 
more mass in the outer regions of these galaxies than can be observed in the form 
of stars. For clusters of galaxies, the virial theorem (which again is based on the 
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Figure 10.21 These curves show how the abundance of clusters evolves with the 
redshift for various values of Qg. The clusters with mass greater than 

8 x 10'4n5 | Mo within a comoving radius 13a Mpc are considered in this count 
per unit volume. The observed points with error bars are shown together with 
evolutionary curves for various mass density parameters Qg (=0.1, 0.2, 0.3, ...). 
The data appear to favour a low-density universe with Qg ~ 0.2. Adapted from 

N. A. Bahcall and X. Fan, 1998, Ap. J, 445, 1. 
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Newtonian law of gravitation) demands even higher masses than can be directly 
observed. 


In the latter context it is worth recalling the views of the Armenian astronomer 
Victor Ambartsumian. 


‘It is natural to try to uncover the secrets of nature by observing the key points 
where they are hidden. We can hardly achieve this aim only by theorizing. 
Observations produce almost innumerable items of evidence in favour of 
ejections and explosions [of galaxies], and are rather scant regarding the 
processes of condensation and collapse. The facts are pronouncing an 
indictment against the ideas connected with the condensation process; in the 
observable universe, the opposite phenomena, i.e., expansion and diffusion, are 
responsible for the majority of changes now taking place.’ 

[From: A Life in Astrophysics — Selected Papers of V. A. Ambartsumian, 
Allerton, New York (1998)] 


Future observations may decide whether the clusters by and large are indeed viri- 
alized or are expanding. as Ambartsumian argued. The argument for dark matter 
is weakened in the latter case. For the time being we will proceed with the first 
alternative. 

However, even taking the virial theorem to apply to clusters, we are not able to 
make up for the total mass density required by inflation. We would have to assume 
that, if we do have such matter, it is mostly distributed in the voids and is non- 
luminous. Also, it has to be non-baryonic. 

In Chapter 5 we found that there are stringent limits on the baryonic density of 
the universe, limits imposed by the observations of primordial deuterium. We will 
review the deuterium evidence in §10.6, but will now take note of its implications 
for £29. The large M/L ratios in Table 10.1 and the limits set by structure formation 
theories imply that, even within the acceptable limits, there has to be a lot of non- 
luminous matter. To the extent that their density does not cross the bounds set by the 
abundance of deuterium, baryons can account for the non-luminous matter in the 
following forms. 


1. Low luminosity stars and stellar remnants. One possibility is of ‘brown 
dwarfs’, that is, stars with masses too low (<0.08M.) for them to be able to 
shine through nuclear fusion of hydrogen. Such stars may form during 
star-formation processes but are very difficult to detect unless they are part of 
binaries. At the other end of stellar evolution, high-mass stars may have 
reached their final states of white dwarfs/neutron stars/black holes. However, 
as calculated by B. Carr and others, the density in such remnants cannot 
account for more than Q9 ~ 0.03; otherwise their integrated light intensity 
would be unacceptably high. 


2. Small solid bodies like comets, asteriods, dust grains etc. There is a limit on 
how much these can contribute to (29 since they are mostly made of heavy 
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elements whose abundances together do not exceed ~0.01 of the abundance 
of hydrogen. 


. Neutral and ionized gas in the form of hydrogen. This, however, is too small 


in amount to account for dark matter. For example, the X-ray halo of M87 
has been found to have a gas content of only about 3% of the total mass of 
the galaxy. 


There are also stringent limits on the intergalactic amount of neutral 
hydrogen. In the spectrum of a high redshift (z > 2) quasar, the blue side of 
the Lyman « (A = 1215 A) line should exhibit a significant dip in the 
continuum as a result of absorption by neutral hydrogen en route. In 1965 

J. E. Gunn and B. A. Peterson looked for this effect in the quasar 3C-9 and 
placed an upper limit (on the basis of there being no detectable effect within 
the limits of sensitivity of observations) of Qu. < 4 x 10575 - 


Molecular hydrogen can also be ruled out as a possible contender for dark 
matter by similar tests. The Lyman-« absorption-line systems found in the 
quasars may be due to discrete clouds of neutral hydrogen. However, most of 
the hydrogen in these intergalactic clouds may have been photo-ionized by 
the quasar radiation and hence these data can be used to make an estimate of 
Qin © 1073. Furthermore, the condition that the clouds have not been 
overheated by conduction sets a limit on the density of ionized intergalactic 
medium of Qy.1 < 0.02A) °. 


. Massive black holes. These with masses exceeding a few hundred solar 


masses might also be candidates for dark matter. Such black holes form from 
the collapse of massive stars that do not explode as supernovae and so do not 
eject heavy elements into the surrounding medium. (There cannot be too 
many black holes of smaller mass since they are formed by supernova 
explosions and hence pollute the interstellar medium with the heavy 
elements.) On the basis of the maximum of such effects seen, B. Carr and 
others have argued that the contribution to Q9 from such black holes is no 
more than ~10~*. For the massive ones, however, another restriction applies. 
C. Canizares has argued that too many such massive black holes would 
exaggerate the effect of gravitational lensing on light from quasars. The 
absence of any significant lensing distortion makes the number of such 
massive black holes also negligible. 


. Gravitational microlensing. A clever way to detect the presence of brown 


dwarfs and other dark sub-stellar-mass objects was begun in the early 1990s 
by several groups using the concept of gravitational microlensing. In this 
phenomenon, light from a star in the bulge of the Galaxy or in the very 
nearby galaxies such as the Magellanic clouds could be gravitationally lensed 
as shown in Figure 10.22, by an intervening dark-matter object of the above 
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kind. Since, compared with the gravitational lensing of light from quasars by 
galaxies or clusters of galaxies, this was a phenomenon on a much smaller 
scale, it was called gravitational microlensing. \t causes the star to brighten 
for a short duration, of the order of a few days to a month, when the lensing 
object crosses its line of sight. The duration of amplification tells us the mass 
of the lensing object. Groups with imaginative acronyms like MACHO 
(Massive Astrophysical Compact Halo Object), EROS (Experience de 
Recherche d’Objets Sombres), OGLE (Optical Gravitational Lensing 
Experiment), etc., have dedicated telescopes looking for such systems. Figure 
10.23 shows one clear-cut case of such a rise in intensity, Of course, not 
every case in which a star suddenly brightens is a case of microlensing, since 
a star’s luminosity may vary for other reasons too. Thus care is needed when 
one analyses the cases thrown up by automated searches. 


The current microlensing programmes are sensitive to masses of 0.01—5 
times the solar mass. This is because of the time scale: the time scale for a 
0.1-solar-mass object is about 7 days, whereas the time scale for a 
five-solar-mass object is about 200 days. The monitoring programmes will 
not detect events if the events last much less than 7 days, or much longer than 
200 days. So, if there are objects beyond this mass range, the microlensing 
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methods cannot spot them. 


Microlensing can, in principle, still be used to detect objects smaller than 0.1 
and larger than five solar masses. However, the programme needs to be tuned 
so that it is sensitive to events on longer and shorter time scales. 


At this stage it is not clear to what extent MACHO-type objects contribute to 
the total baryonic density of the universe, largely because it is not yet possible 
to state unequivocally where their population resides vis-a-vis the Galaxy. 
There is the distinct possibility that some of the microlenses are not in the 
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Figure 10.23 A microlensing event reported by the MACHO programme. The rise 
and fall in intensity of the star is seen in two colours. This is consistent with a 
gravitational lens effect since it acts at all wavelengths. 
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disc or halos of the Galaxy, but are located in the Large or Small Magellanic 
Cloud. Thus some estimates put the MACHO fraction of 2p comparable to 
unity, whereas in others it is negligible. A lot also depends on the mass of a 
typical MACHO, which is as yet uncertain. Nevertheless, this method is 
potentially a significant way of detecting a dark component of the universe. 


6. Non-baryonic matter. Hence we are led to non-baryonic alternatives, which 
are certainly required if the inflationary cosmology with Qo = | is to be 
believed. We have considered various forms of non-baryonic dark matter in 
Chapter 7. Since they do not seem to interact with light or any known 
baryonic or leptonic matter, they have been dubbed ‘weakly interacting 
massive particles’ (WIMPs). As discussed earlier, dark matter could come in 
two possible forms: cold and hot. Their inferred interaction, through 
gravitation, with visible matter is supposed to play a key role in explaining 
the large-scale structure observed at present. Although, at the time of writing, 
CDM seems the favoured option, it does not seem entirely satisfactory for 
any scenario of structure formation. No WIMP has been contirmed to ‘exist’ 
in laboratory experiments. The nearest to experimental credibility are 
massive neutrinos (which belong to the HDM category), for which there are 
conflicting claims of a non-zero rest mass. 


Can ‘inflation’ survive as an idea if astronomers see no direct evidence for Qo = 
1? It can! This can be achieved by resurrecting the A-term (see Exercise 22). This, 
of course, leaves the problem of fine tuning of the A-term unsolved (see Chapter 6). 


105 The age of the universe 


The formulae (4.47), (4.61) and (4.74) give the age of the universe according to the 
various Friedmann models. Since these formulae depend on two parameters. Hy and 
qo (or §29), both of which have been discussed above, we are now in a position to 
take a look at the problem of whether the Friedmann age estimates are consistent 
with the various astrophysical estimates of the age of the universe. Figure 4.13 gives 
the range of values of the ages of the Friedmann models for purposes of comparison. 
At present there are two different ways of estimating the ages of galaxies, both of 
which have been applied to our Galaxy. A primary requirement of consistency Is, of 
course, that the age of a Friedmann model must exceed the age of any object in it. 


10.5.1 Stellar evolution 


This method, which is applied to globular clusters in our Galaxy, is based on the 
principle that stars become redder and brighter when they leave the main sequence 
to become red giants. Since the red-giant phase in the star's life lasts a comparatively 
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short time, say up to about 10% of the time the star spends on the main sequence, 
the turning point from the main sequence to the giant branch provides the age of a 
cluster to within 10% uncertainty. 

Let the age of the cluster, the time when the stars turn off from the main sequence, 
be denoted by ft. x 10” years and Jet Y and Z be the abundances of helium and metals 
in the star at this stage. The calculations of stellar evolution then show that 


log te = 1.035 + 2.085(0.3 — Y) — 0.03(log Z + 3). (10.55) 


Thus the age depends critically on the abundance of helium Y. Y can be estimated 
from a comparison of the time a star spends on the horizontal branch with the time 
it spends on the red-giant branch. If this ratio is R, then calculations show that 


Y = 0.3 — 0.39 log( f/R), (10.56) 


where f = 2 if the stellar model takes account of semi-convection and certain other 
effects, whereas f = | if these effects are not taken into account. R can be estimated 
trom the observed ratio of horizontal-branch stars and red-giant stars in the cluster. 
Ages deduced by this method fall in the range from ~13 x 10° to ~18 x 10? years. 


10.5.2 Nuclear cosmochronology 


In 1960 F. Hoyle and W. A. Fowler demonstrated how the relative abundances of 
radioactive nuclei of long lifetimes can lead to estimates of the age of our Galaxy. 
The method was already being used for estimating the age of the Solar System. For 
example, current observations of the §’Sr/*°Sr ratios plotted against the §7Rb/*°Sr 
ratio for various Solar-System materials (such as meteorites) give the age accurately 
Bo ie ax 10° years (see Exercise 24). 

As illustrated in Figure 10.24, the method of nuclear cosmochronology attempts 
to estimate the time elapsed before the Solar System was formed. According to 
this method, we start our nuclear clock at t = 0 with the birth of the Galaxy. The 
stars evolve and the more massive ones become supernovae, which manufacture 
long-lived radioactive nuclei in the so-called r-process (the rapid absorption of 
neutrons by heavy nuclei). The rate at which this process goes on is denoted by 
a function p(t), which declines to a negligible value at tf = T. Between this epoch 
and the formation of the Solar System there occurs a short time gap A, known as 
the fsolation time, during which we may ignore nucleosynthesis, in particular the 
r-process. Thus the total nuclear age of the Galaxy is 


ig a A eee (10.57) 


Briefly, T and A can be estimated as follows. The formalism, a variation on the 
earlier work of Hoyle and Fowler, is due to D. N. Schramm and G. J. Wasserburg. 
We consider a series of nuclei i (i = 1,2,...) with decay constants 4; and rates of 
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production P; p(t). We also assume that the abundance N, of nucleus 7 is reduced 
exponentially at the rate @ due to dilution of stellar matter with external gas and 
the cycling of matter back into stars. Thus N; satisfies the following differential 
equation: 
dN; 
a5 = —h;N; — WN; + P; p(t). (10.58) 


It is assumed that the relative rate of production P;/P; of two nuclei i and ; is 
constant. 
Equation (10.58) can be integrated from 0 to T to give 


Ni(T) = Pe toT i p(tyeAitoy de. (10.59) 


Between 7 and T + A we may ignore the w and P; p terms of (10.58) and deduce 
Ni(T + A) = N;(T)e—*4. (10.60) 


For long-lived nuclei A; 7 >> 1 and certain approximations can be made. Define 
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Figure 10.24 A time chart showing how the age of the Galaxy is estimated. The 
details are explained in the text. Based on J. Audouze, 1979, ‘Ages of the universe’, 
in R. Balian, J. Audouze and D, N. Schramm, eds., Physical Cosmology, Les 
Houches Lectures Session XXXII, p. 195 (Amsterdam: North Holland). 
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Ei 
/ tp(t) dt 
(tr) = 2 —__.. (10.62) 
/ p(t) dt 
0 
It is easy to see that, for p(t) = constant, (t) = 7/2, whereas for pe) & 


S(t), (t) = 0. The value of (z) will in general lie between these two extreme limits. 
Simple algebra and calculus then give from (10.59) and (10.62) 


f=(t)+ Ajj —A, (10.63) 
where 
In R;; 
ij = oi (10.64) 
hia 


Radioactive isotopes of thorium (7°*Th) and uranium (738U) and, more recently, 


the osmium (!8’Os)—rhenium ('*’Re) pair have been used to estimate A,; and hence 
T and tg. The decay constants A; and A; and the quantity Rj; are required. The 
ratio Nj(T + A)/Nj(T + A) in Rj; is that prevailing at the time of formation of the 
Solar System, which can be estimated from the present ratio in meteorites and from 
knowledge of ts. The ratio P; / P; is taken from theories of nucleosynthesis. 

Short-lived isotopes (A; T <«< 1) are used to estimate A. We have from (10.59) 
and (10.60) 


P; 
Ni(T + A) = + p(T) exp(—AiA). (10.65) 
Hence 
hj 
—— In Ri : (10.66) 
Mi Ay hi 


From the short-lived isotopes of iodine ('*’1) and plutonium (-*+*Pu) one finds that 
A lies in the range (1-2) x 10° years. 

The nuclear age so estimated lies in the range 6-20 x 10? years. the width of 
this range indicating the span of uncertainties in the various quantities used for 
determining the time intervals A;; and (rT). 

It is clear nevertheless when these age estimates and the estimates from globular 
clusters are compared with those of Figure 4.12 that models with ig = | and Qo > 1 
will find it very difficult to accommodate the above astrophysical estimates of the 
age of our Galaxy. In particular, the original inflationary model is ruled out because 
it predicts 29 = 1 unequivocally. One needs the cosmological constant. 

To make the problem easier for the conventional point of view, attempts to see 
whether the stellar and radioactive ages can be brought down significantly are being 
made. For example, if significant loss of mass occurs during the main-sequence 
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stage of stellar evolution, then the time spent by the star on the main sequence is 
reduced. (For it started with higher mass and evolved faster.) Arguing in this way, 
L. A. Willson, G. H. Bowen and C. Struck-Marcell claim that it may be possible to 
reduce the ages of globular clusters to values as low as (7-10) x 10? years. Likewise 
W. A. Fowler and C. C. Meisl have recalculated the nuclear age of the Galaxy using a 
time-dependent model for nucleosynthesis in which an early ‘spike’ is followed by a 
uniform synthesis. They claim that the age then comes down to (111.6 ( lo))x 10° 
years. Even these exercises, however, do not help the inflationary model if ho ~ 1. 

Observationally also, M. Feast ef al., working with the Hipparcos data on stellar 
parallaxes, came up with a likely way of reducing stellar ages; they argued that 
there have been systematic increases in the revised stellar distances. so that the 
stellar luminosities are increased and the evolutionary time scales reduced. This 
could certainly help in reducing the gap between stellar and cosmological ages, but 
itis doubtful that the discrepancy can be completely eliminated in this way. 

For these reasons, the resurrection of the cosmological constant has helped the 
big-bang cosmology. For, as we saw in Chapter 4, the A-term can be suitably 
chosen to make the age of the universe as long as we please. Figure 10.25, for 
example. shows how the age of the flat Friedmann model changes as the magnitude 
of the cosmological constant (Q, as defined in Chapter 4) is increased. However, 
the introduction of this constant increases the cosmological distances and thereby 
increases the probability of a distant light source being gravitationally lensed. From 
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Figure 10.25 The ages of various Friedmann models in units of Ho : plotted against 
Q,. The age can be increased arbitrarily by a fine tuning of the cosmological 
constant. 
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the frequencies of lensed objects, upper limits have been placed on the dimension- 
less parameter Q,q: it is generally agreed that 2, cannot exceed 0.7. 


10.6 The abundances of light nuclei 


It is generally recognized that nuclei with atomic masses A = 12 are synthesized in 
stars through various processes discussed in theories of stellar evolution. The nuclei 
Li, °Be. !°B and possibly ''B could be produced in galactic cosmic rays by the 
break-up of heavy nuclei as they travel through the interstellar gas. It is the lighter 
nuclei, in particular 7H, *He, tHe and /Li, that appear to pose difficulties regarding 
their production in stars in the amounts observed. Furthermore. their abundances 
are such that they could have been produced in the big-bang nucleosynthesis. We 
will therefore discuss what constraints observations of their abundances place on 
standard cosmology. 


fed He 


The observed abundances of helium (always denoted by the mass fraction Y ) in the 
universe are quoted as lying in the broad range 0.13 < Y < 0.34. The scatter is 
wide because of the uncertainties of various observational estimates. Furthermore, 
the estimate of the amount of primordial helium in the Sun at the time the Solar 
System formed ~4.54 x 10” years ago depends on the model and hence cannot be 
uniquely fixed. M. Peimbert, S. Torres Peimbert and J. F. Rayo have suggested that 
the breakup of Y at any location is as follows: 


Y=Yoj+ AY, 
ig = OLS se OW. 
AY = (2.5+0.5)Z, (10.67) 


where Yq is the primordial abundance of helium, AY is the stellar abundance of 
helium, and Z is the abundance of heavy elements made by stars. Since Z < 
O02 53a = 0:06; 

Of particular interest are the correlations between Y and the [O}/[H] (oxygen- 
to-hydrogen) and [N]|/{H] (nitrogen-to-hydrogen) ratios. There are considerable 
amounts of controlled data on these and regression lines can be fitted. Where the 
lines intersect the vertical axis for [O/H] = 0 or [N/H] = 0, they lead to the 
primordial estimate Y. A mean value for Yo from these calculations of 0.228 +0.005 
was estimated by B. E. J. Pagel. E. A. Simonson, R. J. Terlevich and M. G. Edmunds 
ine 

E. Terlevich, R. Terlevich, E. Skillman, J. Stepanian and V. Lipovetskii have 
looked for the helium contents in extremely metal-poor galaxies since it would be 
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closer to the primordial value. In the first s; > of s alaxi 
the galaxy SB5 0335-052 has Y = ieee a4 i eoae a 
Clearly the survival of the theory of big-bang nucleosynthesis depends on such 
low values of Y becoming exceptions rather than the rule. Since 4He nace it has 
been produced and ejected into the interstellar medium is difficult to eet rid of ie 
Y objects have to be explained as arising from inhomogeneities in ma ea enl 
set-up. What is the tolerable range for the standard big-bang nucleosynthesis? 
It is helpful to go back to Chapter 5 and to recall Figure 5.5, reproduced here 
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Figure 10.26 Primordial abundances of light nuclei as functions of the present-day 
density of matter in the universe. The relation between po and 77 is given by (5.56). 
The shaded band shows the range of baryon densities tolerated by the present data. 
Adapted from R. V. Wagoner, 1979, ‘The early universe’, in R. Balian, J. Audouze 
and D. N. Schramm, eds., Physical Cosmology, Les Houches Lectures Session 
XXXII, p. 395 (Amsterdam: North Holland). 
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as Figure 10.26. We note that, in the primordial picture, Yo is relatively insensitive 
to hg and Qy. However, the introduction of new light leptons would push up the 
neutron-to-proton ratio and hence the value of Yo. The following formula due to 
R. V. Wagoner summarizes this result for the fraction 7 defined in (5.56) exceeding 
NOS 


Yy = 0.333 + 0.0195 log n + 0.380 log €. (10.68) 


Here the fraction € = | if no new particles except those considered in Chapter 5 
are assumed to be present in the early universe. In terms of our notation of Chapter 
6, this implies that g = 9. If there are more particles, g > g + Ag, where Ag = 
Agp + aN and 


e214 58. (10.69) 
g 


For Yo < 0.25 and Qo = 0.01, only one new neutrino is allowed, the so-called 
T-neutrino. It is interesting that the accelerator experiments on high-energy interpar- 
ticle interactions independently corroborate this conclusion. If. however. Yo were as 
high as 0.28, up to four new leptons would be permitted by (10.69). whereas a value 
as low as 0.21 would land the standard model in real trouble. The smallest value 
of Yy allowed by the standard models is close to 0.236. The accelerator experiments 
based on measuring the decay width of the Z° boson suggest that the number of neu- 
trino species is 3.01 + 0.10. Thus there is a broad consistency between cosmology 
and particle physics if the primordial mass fraction of helium is not too low. Obser- 
vations of ¥y are therefore of great importance and they continue to be reported. as 
observers sharpen their spectroscopic diagnostics. For example. the 1992 estimate 
by B. E. J. Pagel et al. of Yo = 0.228 + 0.005, or Yo < 0.242 mentioned earlier, 
would be inconsistent with there being four types of neutrino. These estimates may 
be seen as indicative only by placing constraints on the parameters of the standard 
cosmology. 


5 
106.2 “Hi 

The abundance of deuterium, which we will denote here by X(*H), was first 
measured in 1973, mainly from the Lyman-series absorption lines in the ultraviolet 
spectra of the bright stars observed with the Copernicus satellite. There have been 
several measurements of this important fraction. It is found that generally 


9x10 ° = XCH) 43.5 x 10->. 


Although a mean interstellar value of X(7H) ~ 2 x 1075 is often quoted, there 
is considerable variation in its value from cloud to cloud. It is not clear whether 
these variations are due to partial destruction of primordial deutrium through various 
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processes. It has to be destruction, since so far no satisfactory stellar scenario for 
production of deuterium is known. Thus the primordial value would correspond to 
the upper end of the range of observations. At least we expect it to exceed ~2 x 
10>. (Contrast this situation with that for *He, for which there is no destruction 
mechanism but processes of production go on in stars.) 

Referring back to Figure 10.26, we see that a primordial abundance of 
X(7H) > 2 x 10~° implies that the baryonic density at present cannot exceed 


=i = : : ee 
4x 10 gcm->, which in turn sets an upper limit on the present-day baryon- 
density parameter (QQp)o: 


ho(Qp)o < 0.02. (10.70) 


It is interesting to note that, in 1996, from measurements of the abundance of 
deuterium in clouds around a high-redshift quasar, Tytler, Fan and Burles placed 
limits on the baryon-density parameter: 


ho(Qp)o =~ 0.024 + 0.006. 


Thus, if matter in the universe is predominantly in baryons, the universe must 
be open. (Notice that, since black holes are expected to be made of baryons, the 
hypothesis that most of the deficit between Qpg and unity is made of unseen matter 
in the form of black holes is not tenable.) The missing mass or the unseen mass 
could be non-baryonic, as discussed earlier. 

The limit on the abundance of deuterium cited above can be cross checked with 
the abundance of helium, which is not so sensitive with respect to the density of 
baryons. We then find that Yo is as high as 0.248. Whether this is in conflict with the 
observed values described above continues to be a matter of debate. 

There are, however, fine tunings involved here. For the restriction on density of 
baryons implies a relatively tight relation between density and temperature, 1.¢., the 
constant of proportionality in the relation pg « T° in the relation (5.57) holding 
during big-bang nucleosynthesis has to be correctly chosen for the model to give the 
right answer. One may therefore ask whether this can be claimed as a success of the 
big-bang cosmology. 


106.3 ’Liand *He 


The 7Li-abundance curve has a plateau with a dip. touching a minimum value of 
Meme) of 10°" for ="3.2 x 10~!°. The observed data rule out a plateau 
value of ~10~°. Even the minimum value is only marginally consistent with the 
observations. The upper limit on [Li]/[H] by number was placed at 0.8 x [O52 ay 
K. C. Sahu. M. Sahu and S. R. Pottasch by observing interstellar absorption in the 
direction of the Large Magellanic Cloud. 

The predictions of standard hot-big-bang nucleosynthesis have the merit of being 
well defined. If there are discrepancies, what does one do? One way tried is to 
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consider an earlier epoch when the nucleons had not formed: that is, when the matter 
existed in the form of a quark—gluon plasma. The introduction of inhomogeneity at 
this stage can lead to some parts of the universe being ‘proton-rich’ while some 
parts become ‘neutron-rich’ relative to the standard neutron-to-proton ratio. It iS 
then possible to have an additional parameter to provide better agreement between 
the observed and predicted abundances of light nuclei. This method works partially 
successfully but cannot explain away the above problem with ii, 

The *He nucleus does not provide a powerful check on cosmological models be- 
cause it could be produced in the observed amounts in stars. Thus. by and large, only 
*H and *He (and possibly ’Li) give us the most stringent limits on the parameters of 
the early universe. 


10.7. The evidence for antimatter 


In Chapter 6 we briefly discussed baryogenesis, that 1s, recent attempts to account 
for the predominance of matter over antimatter in the universe, attempts that make 
use of the grand unified theories (GUTs). How firm is the evidence that the universe 
is indeed made up only of matter? During the late 1950s and 1960s. H. Alfven 
and O. Klein produced cosmological models that start off with perfect symmetry 
between matter and antimatter. In their model, which we will not discuss here 
in detail, the symmetric components of the plasma that make up the universe are 
subsequently separated into matter-dominated and antimatter-dominated regions by 
a hydromagnetic process. Baryon symmetric big-bang models were also discussed 
by R. Omnes, F. W. Stecker and others in the late 1960s and 1970s. 

In Chapter 6 we found that, unless specific symmetry-breaking techniques such 
as those proposed by the GUTs are employed, the standard big-bang universe would 
end up with a nett baryon number of zero. GUTs attempt to explain not only why 
there is a nett number of baryons in the whole universe but also why the photon-to- 
baryon number ratio is of the magnitude implied by (5.69). In contrast, in the baryon- 
symmetric cosmology there is separation between regions of matter and antimatter, 
while the overall number of baryons in the universe is zero. 

Theoretical speculations apart, what 1s the direct evidence for antimatter in the 
universe? Space probes in the Solar System appear to rule out the existence of 
antimatter there. Interaction with the solar wind would have produced strong y-rays 
had any of the planets been made of antimatter. Since observations beyond the 
Solar System are largely based on electromagnetic radiation, which treats matter and 
antimatter alike, it is hard to obtain a firm answer to the above question for a star 
or a galaxy. Cosmic rays do bring nuclei from the distant parts of the Galaxy (and 
even from beyond the Galaxy). However, intensive searches have failed to detect 
significant amounts of antimatter nuclei in cosmic rays. A few antiprotons (one 
part in ~10+) are found, but these could be produced by the interaction of cosmic 
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rays with interstellar matter. Nevertheless, heavy antinuclei cannot be produced in 
this way and hence their detection in cosmic rays would confirm the existence of 
antimatter in the universe. The present evidence is somewhat tentative, though it 
cannot rule out the possibility that there is a substantial antimatter component in 
extragalactic cosmic rays. 

Faraday rotation is one form of indirect evidence. This is the rotation of the plane 
of polarization of light passing through a medium containing charged particles and 
a magnetic field. Because they are light, electrons (rather than protons) contribute 
most to Faraday rotation. If positrons were also present they would also produce 
Faraday rotation, but in the opposite sense. Since a nett Faraday rotation 1s observed 
in radiation from sources in and outside the Galaxy, G. Steigman has interpreted this 
result as showing that there 1s an imbalance between the abundances of electrons and 
positrons. However, this conclusion is based on the magnetic field retaining the same 
sign throughout. If the field changes sign as radiation enters an antimatter region, the 
Faraday rotation produced by positrons will be of the same sign as that produced by 
electrons. 

Other indirect evidence could come from observations of the y-ray background. 
Such a background can arise from various astrophysical causes — such as primordial 
black holes, blackbody radiation and the inverse Compton process — in addition 
to the annihilation of nucleons and antinucleons. Each process, however, has its 
own signature and imposes its own limits on the magnitudes of the physical quan- 
tities involved. From an analysis of the y-ray spectrum over the energy range of 
~1-102 MeV, F. W. Stecker had concluded that the interpretation involving matter— 
antimatter annihilation is the one that fits the data best. Such regions of matter and 
antimatter would have to be separated from each other. However, Steigman criticized 
this claim on the grounds that the fit is based on a number of parameters that could 
be adjusted to fit any spectrum of y-rays. 

The symmetry between matter and antimatter was also considered by G. R. Bur- 
bidge and F. Hoyle in the 1950s in the context of the steady-state universe. If 
newly created particles were also accompanied by newly created antiparticles, the 
symmetry in the universe would be preserved. However, it turned out that the y-ray 
background resulting from the annihilation of particles and antiparticles would be 
very strong — far above that observed today. 

In the quasi-steady-state cosmology, it is assumed that the scalar field linked 
with the creation mechanism has forever broken the matter—antimatter symmetry in 
favour of the former, the argument being that, in a long-range Machian interaction, a 
predominance of matter over antimatter in the previous QSSC cycles will perpetuate 
itself. This assumption, however, needs to be rigorously established with the help of 


high-energy particle physics. 
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10.8 The microwave background 


We now come to an observation that in its importance to standard cosmology ranks 
second only to Hubble’s discovery of nebular redshifts. This important discovery 
was first made in an unexpected fashion in 1965 by A. A. Penzias and R. W. Wilson, 
scientists at the Bell Telephone Laboratory. While looking for radio-wave intensities 
in the plane of the Milky Way with the help of an antenna having a 20-foot horn 
reflector of low noise, Penzias and Wilson decided to use the wavelength 7.35 cm 
because at this wavelength the noise from the Galaxy was negligible. After making 


measurements in various directions and allowing for numerous unknown causes of 


radiation, they discovered that an unexplained isotropic noise remained. Was this 
radiation background genuine? If so, what was its cause? Not knowing the answers 
to these questions, they hesitated before announcing their discovery. 

Penzias and Wilson would not have waited to publish this result had they been 
aware of the prediction George Gamow’s colleagues Alpher and Herman had made 
some 17 years earlier. This was the prediction that, if the universe had a hot phase 
soon after the big bang, it should now possess a cooled-down relic radiation back- 
ground. In 1948, Alpher and Herman had estimated the present-day background 
temperature to be around 5 K, whereas Gamow, a few years later, had made a guess 
of ~7 K. Penzias and Wilson had assigned a temperature of 3.3 + 0.33 K to the 
background radiation they observed on the assumption that it represented blackbody 
radiation. 

While Penzias and Wilson were puzzling over their discovery, the news reached 
Princeton, where P. J. E. Peebles, himself a leading worker in the early-universe 
calculations, grasped its significance. Indeed, the Princeton group, including Peebles 
and R. H. Dicke, P. G. Roll and D. T. Wilkinson, had already set up an experiment 
to measure this relic radiation. Although their own measurement at the wavelength 
of 3.2 cm came in late 1965, it was thus anticipated by the announcement of the 
discovery of Penzias and Wilson on 13 May 1965. 


10.8.1 The spectrum 


The background temperature has since been measured at several wavelengths by 
ground-based radiometers at frequencies upwards from 0.015 cm7! and by balloon-. 
rocket- or satellite-borne instruments at higher frequencies. The results are summa- 
rized in Table 10.2, which is not claimed to be exhaustive. It is often convenient to 
express the frequencies in units per centimetre by dividing the frequency expressed 
in hertz by c. Thus 3 cm™! = 9 x 10!° Hz. The observed flux is expressed in the 
form of a temperature of the blackbody radiation with the corresponding flux in the 
given frequency range. 

The entries against the CN-molecule experiment in Table 10.2 were obtained as 
follows. The ground state of the CN molecule has rotational levels J = 0, 1. 2. 
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3,.... The transition from J = 0 to J = 1 is effected by incident radiation of 
frequency 3.79 cm~!, whereas that from J = 1 to J = 2 is caused by incident 
radiation at a frequency of 7.58 cm~!. Observations of CN molecules in interstellar 
space show that the upper levels are partially populated, thus indicating the presence 
of a radiation field. The ambient radiation temperature can be determined from the 
degree of excitation of these levels (see Exercise 33). Such observations were first 
made by McKellar, as long ago as 1941. but their significance was not appreciated 
at the time. They in fact tell us that the microwave background extends beyond our 
local neighbourhood and could be considered the first discovery of the microwave 
background. 

To check the true blackbody character of the radiation it is necessary to have 
detectors above the Earth's atmosphere since ground-based measurements do not 
reach the peak wavelengths of the expected blackbody curve due to atmospheric 
absorption. There were several early attempts using balloons and rockets. However, 
some of these reported departures from the Planckian spectrum later turned out to be 
false alarms. The most accurate and exhaustive study came in 1990 with the COBE 
satellite, and is reported at the end of Table 10.2. 

The Cosmic Background Explorer Satellite (COBE) was launched in 1989 and 
obtained a beautiful spectrum, shown in Figure 10.27. The COBE measurements 


Table 10.2 Measurements of the microwave background 


Type of Frequency Temperature Observers Reference 
experiment (cm!) (K) 
Ground- 0.0136- Secs 12 T. F. Howell and Nature, 216, 753 
based 0.0207 J. R. Shakeshaft (1967) 
radiometers 0.079 PLT) ae (0107 N. Mandolesi et al. Astrophys. J., 310, 
561 (1986) 
0.136 34.3) se 313! A. A. Penzias and Astrophys. J., 
R. W. Wilson 142, 419 (1965) 
0.31 2.69401 R.A. Stokes, Phys. Rey. Lett., 
R. B. Partridge 19, 1199 (1967) 
and D. T. Wilkinson 
0.313 3.0 420:5 P. G. Roll and Phys. Rev. Lett., 
D. T. Wilkinson 16, 405 (1966) 
0.413 2.783 + 0.025 D.G. Johnson Astrophys. J. Lett., 
and D. T. Wilkinson 313, L! (1986) 
0.633 2.784012 R.A, Stokes, Phys. Rev. Lett., 
R. B. Partridge 19, 1199 (1967) 
and D. T. Wilkinson 
0.667 2.0+ 0.4 W. J. Welch, S. Keachie, Phys. Rev. Lett., 


D. D. Thornton and 
G. Wrixon 


18, 1068 (1967) 
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Table 10.3. Continued. 


Type of Frequency Temperature Observers Reference 
experiment (cm!) (K) 
1.08 3.162026 ies, Ewing, Phys. Rev. Lett., 
B. F. Burke and 19, 1251 (1967) 
D. H. Staelin 
Leal 7. 2. SG) SE a D. T. Wilkinson Phys. Rev. Lett., 
19, 1195 (1967) 
ee HAS) se (0). 7/ V. J. Puzanov, Sov. Phys. — 
A.E. Salomonovich Astronomy, 11, 
and K. S. Sankevich 905 (1968) 
1.89 2.70+0.04 D.M. Meyer Astrophys. J., 297, 
and M. Jura 119 (1985) 
2.79 Peace e A. G. Kislyakov, Sov. Astronomy — 
V. I. Chernyshev, Ard Var 29 
Yu. V. Lebskii, (1971) 
V. A. Maltsev and 
N. V. Serov 
3.0 PAO Gea Se Vieseeviuiler Phys. Rev. Lett., 
M. McColl, 26, 919 (1971) 
R. J. Pederson and 
F. L. Vernon Jr 
3.0 2.46+ rey P. E. Boynton, Phys. Rey. Lett., 
R. A. Stokes and 19, 462 (1968) 
D. T. Wilkinson 
3.0 2.464 349  P.E. Boynton Nature, 247, 
and R. A. Stokes 528 (1974) 
CN 319 2.93+0.06  P. Thaddeus Ann. Rey. Astron. 
molecule Astrophys., 10. 
305 (1972) 
7.58 29204 D. J. Hegyi, Astrophys. J., 
W. A. Traub and 190, 543 (1974) 
N. P. Carlton 
Rocket 167-333) 3.820 K. D. Williamson, Nature, 
A. G. Blair, 241, 79 (1973) 
LL Cathin, 
R. D. Hiebert, 
E. G. Lloyd and 
H. V. Romero 
7.69-25 aa J. R. Houck, Astrophys. J., 
B. T. Soifer, 178, L29 (1972) 
M. Harwit and 
dle He, 1Pyalakese 
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Table 10.4 Continued. 


Type of Frequency ‘Temperature Observers Reference 
experiment (cm7!) (K) 
4.3] 2.795 + 0.0018 T. Matsumoto and Astrophys. J., 
S. Hayakawa 329, 567 (1988) 
7.05 DN} se QAO F H. Murakami and 
K. Sato 
10.4 3.150 + 0.026 A. E. Lange and 
P. L. Richards 
3-16 2/36) O07 H. Gush, Phys. Rev. Lett., 
M. Halpern and 65, 537 1990 
E. Wishnow 
Balloon 1-11.5 Mey BE ee D. MuehlIner and Phys. Rey. Lett., 
R. Weiss 30) 737 (1973) 
2.38-1 DOG hs D.P. Woody and Phys. Rev. Lett., 
P. L. Richards 42, 925 (1979) and 
Astrophys. J., 248, 
18 (1981) 
Satellite 1-20 ISTE eon O06 J.C. Mather etal. Astrophys. J. 
(COBE) Letts., 354, L37 (1990) 


gave a very precise Planckian spectrum with a blackbody temperature of 


tig 2.735 0.00 K, (TOF) 


The overall sensitivity and accuracy of the experiment made it clear that some of 
the earlier claims of significant departures from the Planckian spectrum at high 
frequencies (e.g. by Woody and Richards and by Matsumoto et al. in Table 10.2) 
were erroneous. Indeed, even laboratory experiments are not known to produce a 
Planckian spectrum of this level of accuracy. 


10.8.2 Anisotropy 


If the microwave background radiation (MBR hereafter) is indeed of primordial 
origin, its anisotropies can tell us a lot about the present and the past history of 
the universe. The early developments after the epoch of decoupling imprinted their 
signature on the radiation background, imprints that are expected to survive to this 
day. Observations of anisotropies are discussed below; but tirst we write down the 
formalism for quantifying them. 


The angular power spectrum 


When we look at the distribution of a physical quantity across the celestial sphere, 
its anisotropies can be best described with the help of spherical harmonics. The 
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quantity describing the MBR is its temperature 7 (4, @). written as a function of two 
spherical coordinates (such as declination and right ascension). We may accordingly 
write 


il) 
ey Ye ain Yin. 0). (10.72) 
l=1 m=— 
The sum over / begins with | instead of zero, for the zeroth perturbation is isotropic 
over the whole sky and can be absorbed into T. The / = 1 term is the so-called 
dipole-anisotropy term, which, as we shall see, arises from the motion of the Earth 
relative to the rest frame of the MBR. Henceforth we will not include this term also 
in the above series. The next, / = 2, mode is the quadrupole mode. 
The angular power spectrum 1s defined by quantities C; defined by 


Gi aie: (10.73) 


where the averaging is with respect to all realizations of the sky and summed over 
all m. Thus each C; tells us the relative strength of the /th harmonic in the overall 
distribution. 

In general we will be interested in looking at AT/T over a certain angular scale 
v. Thus, if we take two directions denoted by unit vectors e; and e2 enclosing this 
angle between them, we get 


Cosmic background spectrum at the North Galactic Pole 
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Figure 10.27 The COBE measurements of the microwave background radiation at 
various frequencies. The continuous curve represents the best-fit Planckian curve to 
the data points. (See Table 10.2 for the source.) Courtesy of the NASA Goddard 
Space Flight Center and the COBE Science Working Group. 
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eje> = COs v, (10.74) 


Now define the autocovariance function which tells us how the temperature 
fluctuations compare over directions separated by the angle #: 


AT(e,) AT (e) 
CO) = = ) 
(7) ( T° 7 4 (10.75) 
which, for stationary fluctuations can be expressed in the form 
l CO 
C@O)=— S\(2l + IC) Pi(cos 9). (10.76) 


i=? 


Suppose that. from observations of a single sky, we have obtained the estimate of 
the autocovariance function as C (13): 


R | Gee 
C(t) = — laim|- Pi(cos 0), (10.77) 
Aa = 


where the a;,, are determined from a single observation of the sky. In this case one 
needs to estimate the cosmic variance of the quantity C(?). This can be shown to 
be 


A 1 2S 
= 4) = (| — 2 ? P? (cos). 
ice) —c@)P) (=) dA 1+ 1)C? P? (cos #) (10.78) 


In practice the details are considerably intricate when one attempts to extract a 
signal from the actual sky data. We will not go into those details here. We point 
out. however, that the Legendre polynomials P;(cos 3) contain the following infor- 
mation: the typical angular scale of anisotropy corresponding to the index / is of 
the order 180°/(z1). We will now look at the evidence for anisotropies on various 
scales and the physical causes associated with them. 


The dipole anisotropy 


These anisotropies can arise from two sources. There could in principle be an 
intrinsic dipole component in the MBR arising from anisotropy in the universe. The 
other possibility is a consequence of the Earth moving relative to the rest frame of 
the MBR in which the radiation is isotropic. Measurements over large angles give 
no evidence for anisotropy of the first kind; but they do provide evidence for the 
second effect. 

In early experiments E. S. Cheng, P. R. Saulson, D. T. Wilkinson and B. E. Corey 
observed the anisotropy described by a variation in temperature with direction of the 


following kind: 
T =1719+7; cos@, (10.79) 


with T; ~ 3 x 1073 K. Such a variation can be explained by the assumption 
that the centre of the Galaxy has a velocity of ~540 km s~! in the direction 
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1 = 280°, b = 30°. Another set of measurements by G. F. Smoot, M. V. Goren- 
stein and R. A. Muller indicated a similar effect, but the corresponding velo- 
city of the Galaxy is ~630 km s~! in the direction / = 261°, b = 33°. The 
first group used balloons for measurement, whereas the second group used a U-2 
plane. The COBE measurements of 1992 also tend to agree with this conclu- 
sion: a dipole amplitude of 3.372 + 0.007 mK, with a maximum in the direction 
(1,b) = (264.14° + 0.30°, 48.26° + 0.30°), implying a velocity of the Galaxy 
of 547 + 17 km s~! relative to the background. Note that this motion is different 
from the large-scale streaming motions discussed in §10.3. Thus the kinematical 
rest frame of galaxies in our neighbourhood does not agree with the rest frame of 
the microwave background. 

This discrepancy could be due to another large-scale streaming motion of the 
cluster population relative to the rest frame of the MBR. Further studies are needed 
in order to resolve this issue. 


The anisotropy caused by the particle horizon 


In Chapter 6 we discussed the limitations on homogeneity imposed by the particle 
horizon. The particle horizon at decoupling subtends an angle @} at the observer to- 
day. It can be shown that measurements of radiation in different directions separated 
by angles large relative to 


nn | 266 : 
Ge) eer. (10.80) 


should, in principle, reveal differences reflecting the early inhomogeneities on the 
scale of the particle horizon at z = zdgec. However, no such inhomogeneities are seen: 
the MBR appears homogeneous over such scales. The issue is resolved by appealing 
to inflation, which removes the horizon problem, as seen in Chapter 6. (See Exercise 
22 in Chapter 7 for the derivation of (10.80).) 


Small-angle anisotropies 


If the search is for a specific angular level 6, a large antenna with beam width 
B *& @ is pointed at a fixed angle relative to the Earth and swept across the sky 
by the rotation of the Earth. The temperature of the antenna 7, undergoes a small 
fluctuation A7a composed of the intrinsic fluctuation of the background as well as 
receiver noise. Thus AT, sets an upper bound on the intrinsic fluctuation. If B >> 6 
then we may look upon the beam as covering ~(B/@)* patches of angular size @. 
Detailed calculations then show that the intrinsic fluctuation is less than 


lye 
( +5) NT (10.81) 


Table 10.3 gives the pre- 1992 data on small-angle fluctuations. These were all upper 
limits with no positive detection on any angular scale larger than a few arcminutes. 


10.8 The microwave background 


The fact that AT/T is less than ~10~> on the scale of a few arcminutes posed 
severe difficulties for theories of galaxy formation. For, according to our discussion 
of Chapter 7, larger fluctuations in temperature than this should have been observed 
in the relic background today. 

It was against this background that, in 1992, the COBE experiment referred 
to earlier also provided for the first time a positive detection of anisotropy of the 
MBR. The COBE map of the sky tn Figure 10.28 shows the patches of temperature 
fluctuations AT/T ~ 6 x 107°. 


The typical inhomogeneity shown in the COBE map of Figure 10.28 is of angular 


scale 10° and magnitude AT ~ 30 .K. The quadrupole anisotropy (/ = 2) is of the 
order 17 uK. The COBE data were collected for four years and the experiment was 
switched off in 1994. The analysis of the radiation anisotropy, when it is convoluted 
with inhomogeneities in the distribution of matter, gives a spectral index for the 
fluctuation scale k that seems consistent with n = |. However, detailed analyses 
show that the standard CDM and HDM models of structure formation do not explain 
the evolution of large-scale structure starting with the COBE data (at the ‘initial’ 
stage of structure formation) and ending with the observed clustering of galaxies 
today (the ‘final’ stage of structure formation). 

Such a high degree of isotropy also posed difficulties for a theory that attempts to 
explain the microwave background as arising from superpositions of radiation from 
discrete sources. As discussed in Exercise 34, the sources would have to be more 
numerous and more closely spaced than galaxies. We have, however, discussed the 
possibility of producing the MBR in an altogether different fashion in the quasi- 
steady-state cosmology. We will review the observational evidence for that model in 


Figure 10.28 The 1992 COBE map of the first positive detection of fluctuations of 
the temperature of the MBR. Courtesy of the NASA Goddard Space Flight Center 


and the COBE Science Working Group. 
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the final chapter. We continue our discussions here within the framework of standard 
cosmology. 

The COBE data and a few subsequent important detections of anisotropy are 
listed in Table 10.4. Table 10.4 lists the average CMB temperature anisotropies 
measured on various angular scales by combining the detections within the cor- 
responding multipole bands, /pana. The values in the table are merely illustrative of 
the broad picture emerging from the band-power estimates of 145 CMB anisotropy 
detection data points (Sept. 2000, Ratra & Souradeep). 

The value of these measurements lies in constraining the theories of structure 
formation and through them the cosmological parameters. It is too early to say what 
the final picture is going to be like. We will content ourselves with listing a few 
possible causes of anisotropies of the MBR so that their signal may be looked for in 
such measurements. The smallness of angles implies that we are looking at higher 
harmonics in the range ~10 to ~10*. 


Table 10.5 The small-angle anisotropy of the microwave background (early, 
pre-1992 measurements) 


Frequency Angular scale AT/T Observers Reference 


(cm7! ) (arcminutes) 


0.090 10-20 <1.5 x 1074 K. C. Stankevich Sov. Astron., 18, 126 (1974) 


0.278 2) <1 l02 Reis Carpenter, Astrophys. J., 182, L61 (1973) 
S. Gulkis and T. Sato 
0.0357 10 <1.8 x 1073 E.K.Conklin and — Nature, 216, 777 (1967) 
R. N. Bracewell 
0.325 4.5 <4.5 x 10~> J. M. Uson and Astrophys. J. Lett., 277, L1 
D. T. Wilkinson (1984) 
0.34 480 <4x 107° R.D.Davies etal. Nature, 326, 462 (1987) 
Oey =) <8.0 x 107° Y.N. Parijskij TAU Symp. No. 79, 315 
(1978) 
0.500 > 1.25 <7.0 x 1074 J.C. Pigg IAU Symp. No. 79, 317 
(1978) 
0.66 2 <1.7 x 10~> A.C. S. Redhead Astrophys. J., 346, 
et al. 566 (1989) 
1.03 7 <8.0 x 10-> R.B. Partridge Astrophys. J., 235, 
681 (1980) 
3.0 20 <3.5 x 10-9 P.R. Meinhold Astrophys. J., 370, 
and P. M. Lubin IE JTL UY) 
7.692 30 <1.2 x 107+ N. Caderni, Phys. Rev. D 16, 
V. De Cosmo, 2424 (1977) 
R. Fabbri, 
B. Melchiorri. 
F. Melchiorri 


and V. Natale 


10.8 The microwave background 


The Sachs—Wolfe effect 


This measures the metric fluctuations near the surface of last scattering. For ex- 
ample, if there is inhomogeneity of matter (clumping/voids) in a given resin. this 
would lead to fluctuation of ¢,;, from the homogeneous Robertson—Walker form. In 
Newtonian terms we may argue that the photons making up the radiation background 
come from wells of different potential (py), which would produce a change of energy 
and hence of 7, given by 


aN _ oy 


7: 
Cc 


(10.82) 


energy 

In addition to this there is time dilatation, so that the photons emerging from a 
potential well are delayed in relation to surface photons and therefore encounter 
the scale factor S during a later epoch. For the Einstein—de Sitter universe S «x 12/? 
and the fluctuation in T is given by 


AT _ 8S -28t 2 by 
ie D 


a 
ent ae 


; (10.83) 


time delay 
because the gravitational redshift produces the above time delay. On adding the two 
effects we get 
i Means 
ee we 


A 


ook, 10.84 
7 (10.84) 


energy time delay 
In addition to this there can be tensor fluctuations, which will produce small 


contributions to AT / 7. Since these fluctuations are associated with time-dependent 


Table 10.6 Measurements of anisotropies of the microwave background 


Iband AT; (uK) Nexpts 
Jy) 23) 13} ae 3) Z 
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1344 5OEES 6 
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(gg) se!) syle 35) 10 
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EO ae i123) 43 +2 12 
G20E 9 4443 q 
2} 


25444 1081 20245 


427 


428 


10 Local observational tests of cosmological significance 


changes in the metric tensor, they are essentially caused by gravitational waves. 
Some inflationary models predict gravitational-wave-type fluctuations, which are 
potentially detectable. 

Finally, another subtle effect, called the Rees—Sciama effect, arises from changes 
in a gravitational well while the photon is inside it. Thus, on crossing through such 
a well, the photon will experience a change of energy and hence of frequency. This 
can lead to non-linear effects in AT/T. 


The Sunyaev—Zel’dovich effect 


This effect suggests that the photons of the MBR entering a cluster with hot gas 
will be ‘kicked upstairs’ to higher (X-ray) energy by the Thomson scattering from 
high-energy electrons. Thus, if we observe in the direction of the cluster. we should 
find a drop in the intensity of radiation. A crude approximation, modelling the cluster 
as an isothermal sphere of radius R,, gives a fractional drop in the temperature of 
the MBR as 

AT — 4Renek TeoT 


= 
IE Mee 


(10.85) 


where ie is the density of electrons in the cluster, 7. is the electron temperature, me 
is the mass of the electron and of is the Thomson scattering cross section. So far 
there are several claims of positive detection of this effect, in clusters ranging up to 
redshifts >2 (see Table 10.5). This not only shows that the MBR extends that far but 
also, by giving an estimate of R.. allows a determination of Hubble's constant. The 
values of Ho determined in this way are of the order <40 kms~! Mpc7!. Clearly, 
measurement of this effect, even though it is not directly linked with the formation 
of large-scale structure, is nevertheless useful for cosmologists. 


Sakharov oscillations 


Another way of measuring the anisotropy of the MBR is through velocity effects 
arising from acoustic oscillations of perturbations inside the horizon at the surface 
of last scattering. These oscillations lead to fluctuations in number of photons and 
in their temperature, both being related to the wavelength of the oscillations. So 
one may see periodic behaviour, giving a peak in the C; coefficients of the power 
spectrum estimated at 


eee 20005 (10.86) 


An announcement of the detection of such a peak (incongruously called the 
‘Doppler peak’, since oscillations of matter rather than velocities are responsible 
for the effect) was made in 2000 by the -BOOMERANG?’ (Balloon Observations of 
Millimetric Extragalactic Radiation and Geomagnetics) group of experimentalists. 
They found a peak amplitude A7>99 = (69 + 8) pK at Ineak = 197 + 6, which is 
consistent with 629 = 1. The group in fact measured the angular power spectrum at 
/ = 50-600. At the time of writing these results are being analysed further. 


10.8 The microwave background 


Future experiments 


After COBE several ground-based detections of anisotropy of the MBR were made. 
Figure 10.29 shows a compilation that was up to date at the time of writing, but 
which keeps growing with time! In any case it serves as an indication of the boost 
COBE’s positive detection provided for such efforts. 

Following COBE two more ambitious satellite-borne experiments have been in 
preparation. These are MAP and Planck. The former was launched by NASA in 
July, 2001 to measure the microwave sky at five different frequencies in the range 
22-90 GHz with a resolution of ~20 arcminutes and a sensitivity of ~35 uwK per 
0.3° x 0.3° pixel. By combining the three highest-frequency channels, the sensitivity 
can be increased to ~20 4tK per pixel. MAP will map the MBR power spectrum up 
tol ~ 800. 

The ESA’s Planck Surveyor will be launched in 2007 and will measure the radi- 
ation at frequencies in the range 30-100 GHz with the Low-Frequency Instrument 
and in the range 100-90 GHz with the High-Frequency Instrument. The expected 
resolution is ~10 arcminutes, with a sensitivity of AT/T ~ 2 x 10°. 

To summarize, the MBR is being looked upon as a mine of information by the 
big-bang cosmologists. Since it is regarded as a relic of the early universe, dating 
back at least to the surface of last scattering, its spectrum and anisotropies should 
contain valuable information about the past developments of the universe, much like 
an archaeological site contains information about its past history. 


Table 10.7 Clusters with reliable Sunyaev—Zel’dovich effects 


Cluster Redshift AT* (mK) 

Abell 478 0.0900 —0.38 + 0.03 
Abell 665 0.1810 —0.37 + 0.07 
Abell 697 0.282 —0.13 £0.02 
Abell 773 0.1970 —0.31 + 0.04 
Abell 990 0.144 —0.13 + 0.03 
Abell 1413 0.1427 —0.15+0.02 
Abell 1656 0.0232 —0.27 + 0.03 
Abell 1689 0.1810 = Ili7/ se (Oa 
Abell 2142 0.0899 —0.44 + 0.03 
Abell 2163 0.201 —1.62 +£0.22 
Abell 2218 0.1710 —0.40 2: 0:05 
Abell 2256 0.0601 —0).24 + 0.03 
CL 0016 + 16 0.5455 (0418) Se (0)10)3! 


2 Recent measurements. For detailed references see 
M. Birkinshaw, Physics Reports, 1999, 310, 97-195, 
Tables 4 and 7. 
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Figure 10.29 The band-power estimates of the CMB anisotropy measurements as of 
September 2000. The detections are plotted as solid circles. The squares denote 20 
upper limits. The location in / corresponds to the peak of the average zero-lag 
window function. The horizontal error bar denotes region of / space probed by the 
window (within ,/e of the peak sensitivity). For detections the lo error bar for the 
band power includes known systematic uncertainties. Where they are known, 
uncertainties in beam width and calibration have been accounted for and foreground 
contamination removed. Detections at / > 900 and upper limits above 

AT; = 150 uwK have been omitted. The curve is the predicted spectrum for the 
cosmological-constant-dominated, high-baryon-density, flat model preferred by 
recent data. Courtesy of Tarun Souradeep and Bharat Ratra. 


This concludes our discussion of local tests of cosmological importance. We will 
postpone a survey of the overall observational situation until we have looked at the 
surveys and tests relating to the large-scale structure of the universe in the following 
chapter. 


Exercises 


1 A galaxy has an apparent magnitude of 18 and an absolute magnitude of —17. Show 
that its distance from us is 100 Mpc. Under what circumstances can this conclusion be 
wrong? 


2 Define the distance modulus suitable for cosmological distances. Show that an uncer- 
tainty of 1.5 magnitudes in the distance modulus can lead to an uncertainty by a factor 
of two in the estimate of the Hubble constant. 


Exercises 


3 Comment on the way galactic extinction affects the measurement of extragalactic dis- 
tances. If this effect is ignored, will the estimate of Hubble’s constant be higher or 
lower than the true value? 


4 Discuss the galactic-extinction models currently in force. Show that de Vaucouleurs 
model always leads to a higher value for the extinction parameter A than does the 
Sandage~Tamman model. Estimate this difference for galactic latitudes b = 30° and 
iD = 00 


5 The distance from us of a nearby galaxy at b = 30° is being estimated by observing 
Cepheids in it and using the period—luminosity relation. Show that its distance esti- 
mated by using de Vaucouleurs extinction model will be smaller than that estimated by 
using the Sandage~Tamman model, after correcting for galactic extinction. What is the 
corresponding ratio of the Hubble constants measured with the two models? 


6 The period P (days) and the absolute visual magnitude M of galactic Cepheids are 
related by 


M = —1.18 — 2.90 log P Gra P = 5). 


A Cepheid in a nearby galaxy has a period of 10 days and an apparent magnitude 
(corrected for galactic extinction) of 20. Estimate the distance from us of the galaxy 
from these data. 


7 In the supernova-expansion method of determining distance, the estimates of v, the 
photospheric velocity, are vy and v2 at times ft and f. If the angular radii at t; and fy 
are # and @2, show that an estimate of the distance D of the supernova from us is given 
by 


Vig — 1) + Rol — 12/09) 
62 — 81 (v2/v1) 


where the radius follows the law R = v(t — to) + Ro. 


8 A supernova in NGC 1058 had a photospheric velocity of 8.6 x 10° cms7! on Ju- 
lian date (JD) 2440568, whereas on JD 2440589 its photospheric velocity was 6 x 
10° cm s~!. The angular radii of the supernova on these dates were 0.039 x 10!> and 
0.115 x 10!> cm Mpc™!, respectively. Show, with the help of Exercise 7 and ignoring 
Ro, that the distance from us of the supernova is about 12 Mpc and that its outward 
expansion started on JD 2440558. (The Julian date is counted from January 1, 4713 
BC.) 


9 Outline the observational difficulties that stand in the way of a precise determination 
of Hubble’s constant. 


10 In the Newtonian framework applicable to our local neighbourhood, the isotropic Hub- 
ble law may be expressed as the velocity—distance relation 


WOR) = folie. 
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10 Local observational tests of cosmological significance 


r being the position vector of a galaxy relative to the origin. If the observer at the origin 
has a peculiar velocity w. he observes an anisotropic velocity—distance relation given 
by 


V(r) = Vir) — w= Hor —w. 


Show that the effective Hubble constant H(@) in a direction making an angle @ with 
the direction of the observer's peculiar velocity is given by 


u'cos @ 


H(@) = Ho - 


r 


Thus H(@) is maximum at the antapex (@ = 27) and minimum at the apex (6 = 0). 


Imagine that the Great Attractor exists at a distance ro. This will pull galaxies in its 
local neighbourhood towards itself. Show that the velocity—distance relation observed 
from our Galaxy would have an *S° shape as a result of this perturbation. 


Comment on the fact that. although the redshift of a nearby extragalactic source is 
measurable very accurately. its interpretation as the velocity to be used in Hubble's 
velocity—distance relation is likely to contain errors. 


Using the information of §10.2 on extragalactic distance scales. deduce that the lu- 
minosity density of galaxies scales as io. Show also that Qg determined from the 
mass-to-light ratio of luminous objects is independent of /ig. 


Let o(7r) denote the surface mass density at a point P located at a distance 7 from the 
centre of a thin, disc-shaped galaxy. Show that the gravitational force F, at P is directed 
towards the centre of the galaxy and is given by 


a 27 (1 —xcos@) dé 
FF, = c| o(rx)x ax f Cars o_.. 
0 0 (—2xcosé@ + x7) * 


Show that the integral in Exercise 14 can be evaluated for o(r) « r—! and that it gives 
flat-rotation curves 


be 


vu) = 27 Gro(r) =constant 

Discuss the implications of the flat-rotation curves of elliptical galaxies. If there is no 
unseen mass involved. but Newton's laws are modified. how is the gravitational force 
expected to behave with distance? 


In a spherical mass distribution in an SO galaxy, the star distribution function is given 
by (10.35). Assuming that all stars have equal mass and that their number density varies 
as r-* (€ < 0). show that the mass contained in a sphere of radius r concentric with 
the galaxy is given by (10.36). 


Discuss qualitatively how peculiar velocities of galaxies in a cluster distort the distri- 
bution of points on a two-dimensional plot for galaxies in a group. a plot that gives the 
radial separation of galaxies from a typical member against their transverse separation. 


ie 


20) 


Exercises 


Let o and w denote the components of the separation vector of a typical galaxy G 
from a fixed galaxy Go, as seen by a remote observer perpendicular and parallel to his 
line of sight. The difference in redshift between G and Go, mw Hy/c, is made up of the 
cosmological component and the Doppler component due to a peculiar velocity w. If 
w has a distribution function f(w), then show that the two-point correlation function 
&(o, 7) is related to the spatial correlation function &(r) by the relation 


FO.) — i f(wé fo + (x — mal dw. 
ps Hy 


In the Coma cluster of galaxies the observed velocity dispersion is ~861 kms~!, while 
the radius of the cluster is ~4.6h, Mpc. Show that the mass of the cluster given by the 
virial theorem is ~2.3 x Ohl Mo. The total luminosity of the cluster is estimated 
to be 73 x a i Bis Show that the mass-to-light ratio parameter 7 for the cluster 
is ~300/ 9. 


Discuss the missing-mass problem for clusters and galaxies. 


Show that, if 9 < 1, a closed universe requires a A-term exceeding the value 


3H; 
a — $2). 


In a globular cluster the metal content is Z ~ 107? and the ratio of horizontal branch 
stars to red giants is 0.9. Show that, in the f = | model, the age of the globular cluster 
is around 11.9 x 10” years, whereas in the f = 2 model it is increased to around 
2.0 x 10! years. 


The nucleus ®’Rb decays to °’Sr with a half-life of t = 4.7 x 10!” years. Let X(t) 
and Y(t) denote the numbers of these nuclei in a meteorite at any time f, so that the 
quantity X(t) + Y(r) is conserved. Let ty denote the epoch when the Solar System was 
formed. Show that a plot of relative abundances X(t)/Z against Y(t)/Z, where Z is 
the number of ®°Sr nuclei (which remains unchanged) leads to a straight line whose 
slope is given by 


Exp(Aig) — 1, 
where A = t~! In2. 
Deduce (10.63) from (10.59)—(10.62),. 


Comment on the statement that very low values for the abundance of *He (for example, 
Y < 0.15) are embarrassing for the standard picture of big-bang nucleosynthesis. 
Contrast this situation with that of the abundance of deuterium. 


Discuss how many leptons are permitted in the primordial era by the observed abun- 
dance of *He. Why is this deduction considered a success for big-bang nucleosynthe- 
sis? 
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What limits does the present-day abundance of deuterium place on the density of 
baryons of the universe? Suppose that we are given that the universe is closed. What 
modifications to the standard big-bang picture can you suggest in order to reconcile the 
two results? 


Determine from (10.70) the minimum value of A necessary in order to reconcile the 
present abundance of deuterium with a closed universe. 


Discuss with the help of Figure 10.26 whether the limits on the density of baryons 
needed for producing deuterium and lithium in the observed amounts are consistent 
with each other. 


Using the theory describing the passage of a plane-polarized electromagnetic wave of 
frequency v travelling through a medium containing n charged particles of mass m and 
charge e and a magnetic field, show that, if Hj is the component of the magnetic field 
along the direction of propagation of the wave, the plane of polarization turns through 
an angle 


3 
ne 9 
A@ = — ~~ Hy Al v ~ 
onmece | 
as the wave traverses a distance A/. Comment on how this result (known as Faraday 
rotation) has been used to argue about the possible existence of antimatter in the 


universe. 
Discuss the evidence for or against the presence of antimatter in the universe. 


The ratio of occupied levels for J = 1 and J = O states for the CN molecule in the star 
C-Ophiuchi is 0.55 + 0.05 and that in the star ¢-Persei is 0.48 + 0.15. The difference in 
energy between the two levels is equal to kT, T = 5.47 K and the ratio of occupation 
weights is g;/g9 = 3. Deduce that the temperatures of the incident radiation lie in the 
respective ranges 3.22 + 0.15 and 3.00 + 0.6 K. 


Let n be the number density of sources generating a cosmic radiation background. 
Construct a cone of angle 26 at the observer with the requirement that, if such a cone is 
extended to cosmological distances, it contains typically one source. Then 6 denotes the 
typical angle over which the generated background would exhibit patchiness. Show that 
6 ~ (Ho/c)3/*n—'/?. Apply this result to the small-angle anisotropy of the microwave 
background to set a limit on 7. 


Using the formulae of the Lorentz transformation of flux density from one inertial 
frame to another, show that, if an observer is moving with a uniform velocity V relative 
to the cosmological rest frame, then, in the approximation |V| < c, he will measure a 
deviation in temperature in the direction of the unit vector k of magnitude 


AT. V-k 
a (és 
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36 It is given that a high-energy proton loses 13% of its energy in a single collision with a 
microwave photon that produces a pion. In the microwave background there are ~550 
photons cm? and the mean cross section of the above interaction is ~2 x 10728 cm?. 
Show that the proton loses most of its energy over a distance of ~4 x 1075 cm. Discuss 
the implications of this result for high-energy cosmic rays of extragalactic origin, 
showing that it sets a limit on the distance such rays can travel. 
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Observations of distant parts of the universe 


11.1 The past light cone 


Technically speaking, all our observations of the universe are confined to the past 
light cone. Nevertheless, it is possible to make a distinction between the observa- 
tional tests of cosmology described in Chapter 10 and those to be described here. 
This distinction is illustrated with the help of Figure 11.1. This diagram describes 
schematically the past light cone of a present observer in terms of the cosmological 
redshift. The observations described in Chapter 10 fall in the shaded region I with 
z < 0.1. In this region it is usually possible to go over to the locally inertial 
frame and use Newtonian physics and special relativity (see §2.4). Although most 
cosmological models sink their geometrical differences close to the observer, i/ is 
still possible to test their physical differences in this region. For example, we can 
attempt to measure go and (29 from observations of galaxies (see §10.4). 

Region II, 0.1 < z < 1.0, has been a traditional hotbed of cosmological contro- 
versies. In this region observations of galaxies and radio sources have been used to 
determine the geometrical nature of the universe. We will examine this region more 
closely in §§ 11.2-11.4. 

Region Ill, 1 < z < 5.0, consists mostly of quasars and some high-redshift 
galaxies. Whatever geometrical differences among the various cosmological models 
exist in region II are magnified in region III. For this reason quasars were expected 
to be useful probes of cosmology. However, a few astronomers still hold reserva- 
tions regarding the cosmological origin of quasar redshifts. We will discuss these 


reservations in the final chapter, while taking the more conventional view in this 
one. 
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11.1 The past light cone 


Region IV, which extends from z = 5.0 to z X 1000, has so far proved inacces- 
sible to cosmological observations, while region V, which takes us right back to the 
big bang (z = 00), is in principle unobservable, since it is supposed to be optically 
thick (see Chapters 5-7). 

Of course, the classification shown in Figure 11.1 has been euided by the standard 
hot-big-bang picture. In some alternative models like the quasi-steady-state cosmol- 
ogy, for example, regions IV and V do not exist. Distant objects beyond z ~ 5 do 
exist in this cosmology, but they do not have high redshifts. We will discuss the 
QSSC in the final chapter. 

In Chapter 10 we had limited ourselves manifestly to region I, although the relic 
interpretations of the MBR, light nuclei and large-scale structure indirectly took us 
to the epochs lying in regions II-V. Here, however, we will confine ourselves to 
direct observations of region II. With this background we will first describe four 
classical tests for region II: 


Present epoch 
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Figure 11.1 A schematic description of the status of cosmological observations 
along the past light cone. Regions [-V, described in the text, are marked out by the 
epochs of redshifts z = 0, 0.1, 1.0, 5.0, 1000 and co. 
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11 Observations of distant parts of the universe 


the redshift-magnitude relation, 
the number counts of extragalactic objects, 
the variation of angular size with distance and 


ca tS) 


a 


the variation of surface brightness with redshift. 


In addition we will discuss a few related issues, including the use of quasars as 
probes of the distant parts of the universe. 


11.2 The redshift-magnitude relation 


Basically this is an extension of Hubble’s relation to region II. In Chapter 10 we saw 
that, for the nearby region, the relation is described by (10.6), which is reproduced 
below: 


m — M = 42.38 — 5logho + 5 log z. Gla 


What is the form of this relation in general, when the redshifts are not small? 

The answer to this question is provided by the relation (3.56) between the flux 
density and luminosity for the Robertson—Walker models. The useful quantity in 
these relations is the luminosity distance D, which, for Friedmann models. is a 
function of Ho, go and z. From (3.57) of Chapter 3 and (4.83) of Chapter 4, we 
get the following relation: 
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For any Friedmann model we can express m7 as a function of <. If we are interested 
in regions of small redshifts where a first-order Taylor expansion is valid, we can 
reduce (11.2) to the form 


m — M = 42.38 —5logho + 5logz + 1.086(1 — go)z + O(z2).. (11.3) 


This form helps in understanding how the various gy curves behave as z increases. 
Starting from the same Hubble relation (11.1), the curves gradually fan out, with the 
curves for high qo to the left and those for low qo to the right, as shown in Figure 
11.2. Figure 11.2 also shows the curve for the steady-state model, which has the 
formal value of qo = —1. Thus it appears that, if we make measurements in region 
I] of Figure 11.1, we should be able to tell which qo model is best represented by 
the data. 

A. R. Sandage (see Figure 11.3) and his colleagues have spent a number of years 
on this cosmological test in the hope that the correct geometry of the universe would 
be revealed. Although in the 1960s Sandage often quoted a value of go ~ 1, it 
gradually became clear that several uncertainties combine to make this test rather 
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inconclusive, The various issues that arise in practical applications of this test are 
discussed below. Some of the issues have been understood and partially resolved; 
others continue to be difficult to settle. 


0.03 


0.01 


Figure 11.2 A set of theoretical (m, z) curves for M = —23.88 and hg = I, drawn 
according to the approximate relation (11.3) for the cases gg = 0, 0.5, | and 5. The 
dotted curve represents the steady-state model with gg = —1. 


“= Figure 11.3 Allan Sandage 
(1926-). 
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However, in the late 1990s a fresh attempt to revive this test was made when it was 
realized that type-la supernovae can be used to estimate 77 relatively unambiguously 
at redshifts as high as ~ 1. We will come to these recent attempts after first describing 
the classical efforts led by Sandage. 


11.2.1 Observational errors and uncertainties 


There are several sources of uncertainties and systematic error in this test. We briefly 
describe the major ones. 


Local motions 


Small corrections for the fact that our observational frame is not the cosmological 
rest frame are necessary. Thus the Sun moves in the Galaxy and, as we saw in §10.3, 
the Galaxy has a peculiar velocity. Fortunately, however, these corrections matter 
less and less for observations of more and more remote galaxies (see for example 
Exercise 10 at the end of Chapter 10). 


The uncertainty of ho 


The relations (11.2) and (11.3) show that for relative comparison of two model 
curves with different go, the uncertainty in /g is eliminated. 


The aperture correction 


The importance of this effect was realized only gradually. It arises from the fact that 
galaxies are not objects with sharp boundaries: they tend to fade gradually into the 
background light of the sky. Therefore the amount of light received from the galaxy 
in relation to the background depends on the aperture of the telescope. 

J. E. Gunn and J. B. Oke have suggested the following recipe for aperture correc- 
tion. Suppose that we are measuring magnitudes in a wavelength band centred on 
Ao. Then (3.55) gives the flux per unit waveband at Ag as 


LI[Ao/C + z)] 
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(11.4) 
where D(qo. =) is the luminosity distance in the appropriate model. Suppose that the 
luminosity L is distributed across the galaxy according to a power law with respect 
to the projected radius p from the centre of the galaxy: 


uw 
p 
OM Een o(4) : P» = constant, 11S} 
Px 
where @ is a number of the order of unity; ~@ = 0.7 is a good approximation. 

Now, if we lived in the Einstein—de Sitter universe, the projected radius pg would 
subtend an angle at our location that is given by (see (4.89)) 
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In a general Friedmann model, the same angle will be subtended at the observer by 
a radius p given by 


, — Hop(l +z)° 
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A comparison of (11.6) and (11.7) shows that, if the astronomer decides to 
measure the apparent magnitude of the galaxy within a given angular radius y, 
he collects light from within different radii (9 and p) of the galaxy, depending 
on which Friedmann model is being used. If we standardize with respect to the 
Einstein—de Sitter model, we must correct for the luminosity according to (11.5). 
Thus, instead of a fixed L, we must have 


Dagens) \* 
L=to( See) (11.8) 


so that (11.4) is changed to 
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(11.9) 
To fix their ideas Gunn and Oke used pp = 16 kpc for ho = 0.6. 

The formula (11.9) corrects for the fact that by fixing y, we make allowance for 
light coming from a smaller (go > 5) or larger (qo < 5) region of the galaxy than 
that with p = (9 for go = 5. 


The K-correction 

This effect was briefly hinted at towards the end of §3.7 through the relation (3.55). 
It arises from the fact that, when an astronomer measures the magnitude of a galaxy 
of large redshift z at a wavelength Ag, he is receiving light from the galaxy at 
the emission wavelength of Ag(1 + z)~!. Hence, for a comparison of m(Ag) of 
two galaxies of different redshifts, we must allow for the fact that their absolute 
magnitudes are being observed at different wavelengths. 

Taking the logarithm of (11.4) and converting to magnitudes, we get 


m(Ag) — Mooi = —2.5 log{/[Ao/(1 + z)]} + 2.5 log(1 + z) + 5 log D — 5. 
(UO 


If we apply the standard bolometric correction appropriate for wavelength Ag we 
would get 


Myo] = M(Ag) + Am(Ag). 
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However, from (11.10) we see that, if we wish to use (11.2), we must make a further 
correction and write instead 


Mpol = m(Ao) + Am(Ag) — K (Ao), (IPT) 
where 
K (Ao) = 2.5log(1 + z) — 2.5 log{/[Ao/(1 + z)]}- (11.12) 


Thus it is necessary to know the intensity distribution function /(A) for the source 
galaxy. Oke and Sandage estimated this effect in 1968 in a quantitative way. More 
recently, ultraviolet (UV) astronomy is giving more information about /(A) for 
galaxies at UV wavelengths. For large z, these wavelengths are redshifted to the 
observed optical wavelengths (see Exercise 6). 

Oke and Sandage also pointed out that the correct estimate of the K -term elimi- 
nates the so-called Stebbins—Whitford effect observed in the 1950s. This effect was 
based on the observation that galaxies appear to be redder and redder as their redshift 
increases. If it were genuine, such an effect would imply that the more distant 
galaxies — that is, those of an earlier epoch — were systematically redder than the 
galaxies of the present epoch and hence that the universe must be evolving. This 
was therefore used as an argument against the steady-state universe. an argument 
that has now been shown to be invalid. 


The Malmquist bias 


If we use some average luminosity of galaxies in a distant cluster as a standard 
candle, this bias creeps in. For, as we examine more and more remote clusters of 
galaxies, we would tend to miss out larger and larger fractions of the intrinsically 
faint ones. So, in a magnitude-limited sample. the luminosity distribution becomes 
truncated at the lower end, the effect becoming more and more severe for more and 
more remote clusters. 


The Scott effect 


This effect, which was first pointed out by E. Scott. is of the type against which cau- 
tion was expressed above. Since the brightness distribution of galaxies in clusters has 
no sharp upper limit, we would tend to pick out more and more intrinsically bright 
galaxies as we look further and further away. This effect leads to an overestimate of 
qo- 


Intergalactic absorption 


In 1976 S. M. Chitre and the author estimated the effect of absorption by intergalac- 
tic dust on the measurements of go. Since absorption by dust leads to overestimation 
of magnitudes, this effect leads to underestimation of go. The effect may be con- 
siderable for even a minuscule proportion of intergalactic dust (see Exercise 8), We 


11.2 The redshift—magnitude relation 


will discuss this again in the context of the m—z relation in the quasi-steady-state 
cosmology in Chapter 12. 


The evolution of luminosity 


One of the most serious difficulties in the redshift-magnitude test arises from the 
uncertainty in corrections to the observed luminosities of galaxies to take account 
of the evolution of luminosity. Hf galaxies all formed during an epoch tG(< fo) and, 
as they grew older, their luminosity L(t) changed as a function of t — fg, then the 
present-day luminosity L (fo) might not give a reliable estimate of L(1). As we know, 
for any redshift z the epoch of emission is given by 


_ S(to) 


eee E 
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The interval t9 — t is called the look-back time of the galaxy. For very small z 
(< 1), t © t) and L(t) * L(to). However, for z in region II, L(t) may differ sub- 
stantially from L(fo) and hence our extrapolations based on nearby clusters (which 
give L(tg)) need not be good for remote clusters of galaxies. Beatrix Tinsley was 
the first to appreciate the importance of this effect and to work it out quantitatively. 
Basically, the evolution of L(t) comes from the evolution of stars in the galaxy. We 
will not go into the details of Tinsley’s arguments here but simply state the empirical 
rule that seems to emerge from them. 

The stellar population in giant ellipticals of the type used by Sandage is predom- 
inantly very old and metal-rich like the population-II stars in the disc of our Galaxy. 
To estimate their integrated luminosity it is necessary to know the ‘initial mass 
function’ (IMF). The IMF essentially specifies the relative number distribution of 
stars (in a cluster) within various ranges of mass at the time of formation. Since the 
rate of evolution of a star depends on its mass, the IMF is important in determining 
the future composition of the cluster. In the visual region the integrated luminosity 
of such a population satisfies the law 


Bei (11.14) 


where x is the slope of the IMF for stars in the mass range 0.8Mo < M < 1.2Mo. 
(Since tg < t for region II, (11.14) shows L as a function of f rather than of t — fg.) 
The Salpeter IMF in the solar neighbourhood has x ~ 1.35. Thus the ¢ dependence 
of L(t) is close to ¢~! in (11.14). 


11.2.2 The Hubble diagram 


All these effects taken together pose a formidable array of problems from which it is 
very difficult to extract the ‘true’ value of qy. For example, taking the aperture effect 
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and the effect of the evolution of luminosity together, the first order m—< relation 
becomes, instead of (11.3), the following: 


m— M = 42,38 — Slogho + 5 logz 


1.086 2-a D, i dl (=) | 
a z{ y ) tere tare dt in 


3 1.086: + O(z?). (11.15) 


Here we have performed a Taylor expansion to first order to estimate L(t). From 
(11.15) it is easy to see that, for an evolution of luminosity given by (11.14), a 
first-order correction to qo is 


Aqo = (2 — 0.5x)(Hoto) !. (11.16) 


The product Hofo depends on qo (and A if A cosmology is used). It is clear. however. 
that the ‘true’ go is less than the observed go by an amount Ago. 

Allan Sandage has implemented a long programme of studying the Hubble re- 
lation out to larger and larger redshifts, as the technology of observing improved. 
Sandage found that, insofar as remote clusters were concerned, a good standard 
candle was provided by the brightest and most massive elliptical galaxy in the 
cluster. The luminosity variation of such elliptical galaxies from cluster to cluster is 
found to be remarkably small for nearby clusters. This is important. since we might 
notice spurious effects simply by observing a systematic variation of the standard 
candle. 

Figure 11.4 illustrates what a Hubble diagram looks like for galaxies in region 
I] after making corrections for various effects (with the exception of evolution of 
luminosity). For comparison, a number of theoretical curves of Figure 11.2 are 
superposed on the galaxy data. Although the Hubble diagram has a reasonably small 
scatter, it is not tight enough to rule out (with a great deal of confidence) any of the 
theoretical curves. Furthermore, since negative gy is also permitted, the accelerating 
universes of A cosmologies cannot be ruled out. 

We conclude this section by briefly mentioning two alternative cosmologies. In 
the 1960s Sandage’s claims of gg © 1 went against the steady-state prediction of 
qo = —1. However, the uncertainties of the m—z relation are such that the value 
of qo estimated by such techniques has large error bars. Indeed, as we shall see, 
today’s observations generally favour a negative go. As we shall see in the final 
chapter, these recent data are well explained by the quasi-steady-state cosmology by 
invoking intergalactic dust in the form of metallic whiskers. 
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11.23 The Hubble diagram obtained using type-Ia 
supernovae 


During the 1980s, it was realized that type-Ia supernovae can serve as standard can- 
dles in the following way. The light curve of such a supernova has an approximately 
symmetric characteristic rise and fall over ~30 days, followed by a much slower 
decline. The maximum luminosity of a type-la supernova exhibits an almost uniform 
value for this population, the dispersion being no more than 0.15 magnitude. We 
have already remarked in the previous chapter how this property has helped in the 
measurement of Hubble’s constant. Going beyond that, however, we now see that, 
because of their high peak luminosity, such supernovae can be spotted in distant 
galaxies. Thus they are suitable for determining the m—z relation out to redshifts of 
~] or even more. 

In 1988 the Supernova Cosmology Project (SCP) was launched and systematic 
searches for and observations of such supernovae were carried out by several ob- 
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Figure 11.4 The redshift-magnitude relation for the brightest members of a cluster. 
Several theoretical curves (gg = 5, 1, 0.5, 0 and —1) are superposed on the data. SS 
stands for the steady-state model. Based on J. Kristian, A, Sandage and 

J. A. Westphal, 1978, ‘The extension of the Hubble diagram — LileAp, J. 221, 383. 
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servatories around the world, using telescopes in the 4-m class. The Keck I and 
II telescopes were used for measurements of redshifts and spectral identifications 
together with the ESO’s 3.6-m telescope. The database continues to grow. 

In 1999 Perlmutter er a/. used 60 supernovae to draw up the Hubble plot. Of 
these 18 came from the work on nearby supernovae by Hamuy ef al. These were 
used essentially to set the zero point of the plot, with the remaining 42 coming from 
the SCP with redshifts starting from 0.18 and going as far as 0.83. 

Theoretical Friedmann models can be fitted to such data using the formulae 
for D(z, go) from Chapter 4. However, the fits were not very satisfactory and the 
parameter space had to be expanded to include the cosmological constant. We briefly 
discuss the theoretical aspect of these models, showing how the m-—z relation can be 
derived numerically. The dimensionless parameters in question are 
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these being, respectively, the density parameter and the cosmological constant pa- 
rameter. 

Using the formulae of Chapters 3 and 4, we can write the following relation 
between the radial Robertson—Walker coordinate r and z: 


S(to) cds 
aa —-. (11.18) 
S(to)/(+z) SS 


It is not difficult to see that, using the equation (4.112), we can write the above in 
the flat case (k = 0) as 


c pit dx 
oe ee a (11.19) 
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Now recall that the luminosity distance D = rS(to)(1 + z) and we can write 
down, to a first approximation, the following m—z relation: 


m(z) = —2.5 log L + 5log D + constant. (11.20) 


Of course, one has to correct this relation for the K -correction and for other possible 
effects mentioned before. L, as has already been pointed out. contains a dispersion 
around the average standard candle luminosity. In fitting a best-fit curve through 
the data the dispersions in apparent magnitudes have to be taken into consideration. 
Figures 11.5 and 11.6 show the situation of how well the various theoretical models 
maich the observations. 

Perlmutter ef a/. found that the simplest Friedmann model, namely the flat 
Einstein—de Sitter model, does not give a statistically satisfactory fit. The flat model, 
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however, does fit well if a non-zero cosmological constant is allowed. That is, 
consistently with (4.115), ie., 


Sy hee — 


the model with Qo = 0.28, gives the best fit. This implies that a non-zero cosmolog- 
ical constant as high as ~0.7 is needed. In other words, the universe has a negative 
qo ~ —0.6, if we use the relation (4.113). 

Clearly, in view of the profound significance of such a finding, careful follow-up 
is being done. Several questions arise. How sure are we that there is no evolution 
in supernovae that spoils their standard-candle interpretation? Some four or five 
supernovae in the data have to be left out of the curve-fitting exercise since they 
lie far from the best-fit curve: why? Could some other explanation rather than the 
cosmological constant account for the extra dimming found for the supernovae? The 
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Figure 11.5 The redshift-magnitude relation obtained by Perlmutter et al., 1999, 
Ap. J. 517, 565, using the type-Ia supernova data. The dashed curves with non-zero 
cosmological constant fit the data better. 
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possible effects of dust in standard cosmology have also been invoked by ss 
mentioned this in §11.2.1. The progressive effect on the spectrum, e.g.. reddening, 
has been suggested as a distinguishing feature for further studies. We will discuss 
the role of intergalactic dust in the context of the quasi-steady-state cosmology when 
we return to this test in the next chapter. We will also discuss in the next chapter how 
this test serves a complementary role in the parameter space in relation to the cosmic 


microwave background. 


a 
No Big Bang 99% | 
2 = 
uae | | 
CG 
expands forever! 
ae recollapses eventually 
Yy | 
Flat oe 
K=O Xp 
Uae Universe ce 7 
nes) 
4 
| al ili tea 
0 1 2 5 


Q iy 


Figure 11.6 The various confidence regions in the [Qg, 2, ] plane based on the 
work of Perlmutter et al., 1999, Ap. J. 517, 565. Notice that the zero-A models. even 
open ones, lie away from the allowed regions. 
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11.3 Number counts of extragalactic objects 


So far considerable work has been done on number counts of three types of ex- 
tragalactic objects: (1) galaxies, (2) radio sources and (3) quasars. Of these we 
will defer the discussion of quasars to §11.6 and consider only galaxies and radio 
sources, although the latter contain quasars in some cases. 

The basic idea behind these tests is to find out whether the number counts re- 
veal the non-Euclidean nature of the spacetime geometry of the universe assumed 
by most models. Suppose that we have a class of objects that (1) are uniformly 
distributed in space and (2) have the same luminosity L. If we further assume that 
(3) the universe is of Minkowski type. that is. with Euclidean spatial geometry, the 
number of sources up to a given distance R will go as 


COR (11.21) 
while the flux density from the faintest of the sources up to distance R goes as 
Sock. (11.22) 


Eliminating R between these relations, we get 


- dlog N 
N*S? = constant, that is aIGaS — tl Cle2 3) 


Thus (11.23) tells us how N and S are related under our three assumptions (1)—(3). 
Under these assumptions N measures the volume and S ‘!/? the radius of a spherical 
region centred on the observer; and (11.23) is simply the volume radius relation in 
Euclidean geometry. 

In §§3.11 and 4.8 we saw how the volume-radius relation differs from the cube 
law of Euclidean geometry when we consider Robertson—Walker models. We also 
saw in these sections how to work out the corresponding relations in non-Euclidean 
geometries. It is therefore possible. in principle, to test whether the observed relation 
agrees with one of the various cosmological models. Unfortunately. as with the #—= 
test, various uncertainties prevent us from drawing a clear-cut conclusion, as we 
shall see with the counts of galaxies and radio sources below. 


11.3.1 Galaxies 


In 1936 Hubble attempted number counts of galaxies in order to distinguish among 
model universes. However, he had to abandon the test because the number of galax- 
ies to be counted is very large and, unless one goes fairly deep into space, one 
cannot detect any significant departures trom Euclidean geometry. Since the optical 
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astronomer measures fluxes in magnitudes, the relation (11.23) may be re-expressed 
as a number—magnitude relation: 
a= 06 (11.24) 
din 

Hubble’s programme has been revived in recent years by a number of work- 
ers, who now have at their disposal many electronic and solid-state devices to 
facilitate galaxy counts out to very faint magnitudes (m ~ 24). For example, in 
1979 J. A. Tyson and J. F. Jarvis first used techniques of automated detection and 
classification of galaxies on plates. The main problem at faint magnitudes was that 
of how to distinguish stars from galaxies. 

In the two decades since then, galaxy imaging and spectroscopy at faint levels 
have progressed considerably and it is possible to get more accurate galaxy counts 
by allowing for the effects discussed earlier in this chapter. like aperture correction 
and the K-correction. It is also necessary to decide to what extent the luminos- 
ity function of galaxies evolves with time. For example. the Schechter luminosity 
function given by 


*\ 5/4 
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serves well during the present epoch. That is, galaxies do not have a fixed L. but a 
distribution of L. The constant L* corresponds to an absolute magnitude of —20.6. 
The question to be answered is this: if galaxies formed at a more or less unique 
epoch (or during a relatively narrow time span), how does the evolution of stars in 
them affect their luminosities and hence their luminosity function? 

To take account of the K-correction we need to know the intensity distribution 
T(A) for galaxies in the ultraviolet. The K-corrections are still unknown, so it is 
therefore possible to accommodate a wide range of Friedmann models as well as 
the steady-state model within the uncertainty band. However. if we take /(A) a A“. 
then we get 


K(z, Ao) = 2.5(a + 1) log(1 + z). (11.26) 


In a blackbody-type spectrum, which may crudely apply to galaxies, at the long- 
wavelength end we have a = —4, whereas towards short wavelengths it tends 
towards —2. However, the actual values would depend on the spectrum of real 
galaxies. 

Figure 11.7 shows the results of such counts. Notice that they tend to flatten at 
faint magnitudes, as is expected under convergence of the brightness of the sky in 
an expanding universe (vide the Olbers paradox mentioned in Chapter 4). However, 
the ‘no evolution’ lines drawn through the points for Q = 1 show that there is a lack 
of agreement at the faint end. The discrepancy is most marked for the blue-band 
counts, indicating that there is an excess of blue galaxies. 
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There has been considerable discussion in the literature on these faint blue galax- 
ies. Ideas on star formation suggest that these are galaxies in which starburst, that is. 
active star formation, is going on. It is thought that these represent an excess over the 
normal population expected on the basis of the Schechter luminosity function and 
various ideas have been suggested. They could be dwarf galaxies at low redshifts 
(z < 0.4), which fade away during the present epoch. Or we may argue that there 
were more galaxies in the past, many of which merged, reducing the present-day 
numbers. The last word has not yet been said in this respect. 

We briefly touch upon related issues that require further probes into the range 
of epochs | < z < 4 for galaxies. How do the colours of galaxies evolve, as the 
stars inside them age? Redshift surveys in the near infrared help in coming to grips 
with this problem. For example, the mass (and light) of galaxies is dominated by 
giants, which are the stars more massive and evolved earlier. These generate the 
near-infrared luminosity in a galaxy. Although the composition and hence colours 
of galaxies generally depend on their morphological (Hubble class) make-up, the 
near-infrared luminosity, being dominated by old stars, remains more or less the 
same for all types of galaxy. So, for near-infrared redshift surveys, the morphological 
mix does not change with the redshift. 

High-redshift galaxies in the above redshift range also give information on the 
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Figure 11.7 Differential counts of galaxies in four bands, B, R, I and K are shown 
here for the magnitude range ~ 12-28. Notice that the counts flatten at high 
magnitudes, as is necessary if the brightness of the sky is to remain finite. The lines 
show counts as per no-evolution models with & = 1. The most significant departure 
from the no-evolution line is for the line of filled circles, indicating an excess 
population of faint blue galaxies. 
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early stages of star formation and stellar evolution. Estimating the age of a galaxy 
at, say, z = 3 tells us when the earliest star formation took place. In the Einstein— 
de Sitter cosmology, such a galaxy is being seen when the universe was an eighth of 
its present age. Such studies may therefore put constraints not only on the cosmolog- 
ical models but also on the theories of structure formation. The colour-magnitude 
relations of ellipticals also help in placing constraints of this kind. 

Another useful relationship is that between the abundance of metals Z and 
the optical/infrared background. Knowing that metals are produced only in stars, 
from abundance of metals one can estimate the background radiation by using the 
efficiency (~0.01) of the production of energy in stellar nucleosynthesis. If one 
has further details of complete samples of galaxies in specified redshift shells. one 
can infer how much radiation was produced by massive stars (which burn fast and 
produce metals in a relatively short time) and then relate the result to the rate of 
star formation during those epochs. The first such attempts in 1996 by Lilley er al. 
gave star-formation rates at redshift z ~ 1 approximately ten times the present 
star-formation rate. At higher redshifts of ~3, the Lyman-limit galaxies (i.e. those 
for which the Lyman-« wavelength of 912 A has moved into the visible) are useful. 
For, because of absorption by intervening clouds of neutral hydrogen. the spectra of 
these galaxies exhibit dips or truncation. An active star-forming galaxy will have a 
flat spectrum down to the Lyman limit. The Lyman break for z = 3 will move into 
the centre of the U-band and will produce galaxies that are red. in a U-B colour. (U 
and B are measures of the apparent magnitudes in the ultraviolet and blue colours. 
The colour index U-B on a logarithmic scale measures the relative intensities in 
these colours.) Using such criteria, one also estimates the star-formation rate to be 
~10Mo year™!. It is early days yet for these estimates to settle, but this will no 
doubt happen, thanks to the rapid progress expected in faint-object astronomy in the 
years to come. 


11.3.2 Radio sources: methods 


In comparison with galaxy counts. counts of radio sources have the advantage that 
the latter are not as numerous as galaxies. For this reason, after Hubble’s galaxy- 
count programme came to nothing and radio-astronomy became established during 
the 1950s, it was felt that the time was ripe for having a go at the radio-source-count 
test. Radio-astronomers also felt that strong radio sources could be seen at much 
greater distances than could galaxies and hence they would provide more stringent 
tests on the large-scale geometry of the universe. 

M. Ryle at Cambridge, B. Mills at Sydney and J. Bolton at Caltech did pioneering 
work on the source-count programme. Since the radio-astronomer measures S over a 
specified band width, he tends to plot log N against log S, where S is the flux density, 
the flux S received over a frequency band divided by the band width. The usual unit 
for S is the Jansky (Jy) (named after Karl G. Jansky. who did pioneering work 


11.3 Number counts of extragalactic objects 


on radio-astronomy in the 1930s), which equals 10-2° W m7? Hz7~!. Similarly, 
the power of the radio source is defined as the luminosity over a unit frequency 
band per unit solid angle and is expressed in units of watts per hertz per steradian 
(W Hz! sr—!). 

There are several ways of plotting the radio-source-count data. Since the astro- 
nomical literature contains references to all of them, they are only briefly outlined 
below. 


The log N-log S relation 
This is the form discussed earlier. The Euclidean geometry makes the prediction that 


dlog N Le 
a D) 
dlogS (11.27) 


The Friedmann models and the steady-state model give a flattening tendency, as 
shown in Figure | 1.8(a). 


The log N/No-—log S relation 


Instead of plotting N against S, it is often convenient to plot N as a fraction of the 
number No expected in Euclidean geometry against S. Figure 11.8(b) shows how 
such plots are expected to look for standard cosmology and the steady-state theory. 
In Figure 11.8(b) we have plotted not the ratio N/No but the ratio AN/ANo of 
differential counts. That is, we denote by ANo the number of sources expected in 
Euclidean geometry in a given range of flux density (S.S+ AS), while AN denotes 
the actual number of sources found (or expected to be found with a given model). 
Thus ANp « S~>/2 AS and we expect AN/ANpo to decrease steadily from unity as 
S decreases. 


The luminosity—volume test 


Instead of plotting N against S, it is often more interesting to approach the source- 
count problem in the following way. Suppose that Sy, denotes the minimum flux 
density that can be picked up in a given survey. Let a source with S > Sp be found 
and suppose that we know its distance from us d (from its redshift, say). We then 
know its luminosity. We can then ask how much further away the source could be 
moved for it to be barely detected in our survey. 

Thus we have two volumes, V and Vin. The volume V is the volume of the spher- 
ical region centred on our location and with radius d at whose boundary the source 
actually exists. The volume Vj, is that of the limiting sphere on whose boundary the 
same source would be barely detectable in the survey. If the source were randomly 
distributed within the limiting sphere, the average value of the ratio V/V, would 
be 4. Thus, in any cosmology with the assumption (1) of uniform distribution, the 
average value of the ratio V/ Vm is expected to be 5. 
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In practice, if we know the redshifts of the radio sources, we can perform a 
luminosity—volume test and compute the average value 


V 
en ae (11.28) 
f ( Vin ; 


: : : 1 

This computation will of course depend on the cosmological model chosen. If f = 5 
: : 5 pgren : ; : | - 3 

our assumption of a uniform distribution is confirmed. If f > 5 the survey implies 
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Figure 11.8 Schematic plots of (a) log N against log S and (b) log(AN/ANpo) 
against log S. The curves shown for a Friedmann model are representative of a 


number of curves that lie between the steady-state and the Euclidean curves for 
various values of go. 
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that we are finding relatively more distant than nearby sources. Since distant sources 
are seen in earlier epochs, this result implies an evolution of density with more 
sources in the past than there are now. Similarly f < + indicates an evolution of 
density of the opposite kind. Maarten Schmidt was the first to suggest this test in 
1968 and to apply it to radio sources and quasars. 


The maximum-likelihood method 


This method of analysing N—S data was suggested by D. F. Crawford, D. L. Jauncey 
and H. S. Murdoch in 1970 and it can be described in brief as follows. 
Suppose that the N—S relation is of the form 


Write o = S/S,» so that o > | and let og denote the maximum value of o. Let 
dp(o) denote the probability that a source is found in the range (o, 0 + do). Then, 
from (11.29), we have 


ag itt l ‘do 
dp = ———_—_. 11.30 
p = ( ) 
If we make ranges of o small enough that each range contains at most one source, 
we may have M such ranges, say. Denoting them by the label i (i = 1,2,... , M) 
and the corresponding probabilities by p;, we write the likelihood function £ as 


a) Wip;. (11.31) 
i 


The method consists of maximizing £ with respect to a. Using (11.30) for p;, a 
simple calculation (see Exercise 15) gives 


ee 


In the usual log N—log S plot, the number N is built out of additions of numbers 
from successive flux intervals, during which process errors tend to add up. Thus the 
various values of N in such a plot are not independent and the estimate of a based on 
them is not quite reliable. The maximum-likelihood method treats each observation 
independently, so the estimate of @ given by (11.32) is therefore free of cumulative 
systematic errors. 


a (1132) 


11.3.3. Radio sources: the data 
Before we come to the actual data the following points need to be made. 


1. The number-count test is a test for the volume-distance relationship. The 
measure of the distance of a galaxy is its redshift. The radio-astronomer 1S, 
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however, unable to measure redshifts directly. If the radio source is optically 
identified with a galaxy of known redshift, only then do we have a measure of 
its distance. The flux density S cannot be a reliable indicator of distance 
unless we are sure that all sources have approximately the same luminosity. 
In practice the powers of radio sources vary over the range from 1073 to 

1028 W Hz! sr—! from weak to strong sources. Thus it is possible to mistake 
a nearby weak source for a strong but distant source. 


2. Even if all redshifts in a survey were known, we would not have a complete 
sample to test the volume-redshift relation. This is because a sample that is 
complete with respect to a minimum flux density Sj, is not necessarily 
complete with respect to a given maximum redshift zm and vice versa. In the 
former sample, very weak sources of moderate redshift are missed, whereas 
in the latter sample very strong and very distant sources are missed. For 
practical reasons the radio-astronomer has complete S > S-type samples 
rather than complete z < zm -type samples. The former samples suffer from 
the difficulty mentioned in point 1. 


3. It has become clear, over the years, that simply counting objects as “black 
boxes’ can be misleading. We should know some basic features of what we 
are counting. 


With this background we turn to observations of the radio-source counts. The 
source counts have been obtained at various frequencies and, as an illustrative ex- 
ample, Figure 11.9 gives the differential source counts (relative to Euclidean values) 
as in Figure 11.8(b), for four surveys at frequencies of 408, 1420, 2700 and 5000 
MHz. Two important things are immediately noticeable from this diagram. 

First, the surveys give different results at different frequencies. The (negative) 
curvature of the source-count curve declines in magnitude as the frequency rises. 
The main reason for this discrepancy among curves ts as follows. For a typical radio 
source the intensity—frequency function (see §3.7) has the form 


S(Uy our Oa | (11.33) 


where @ is called the spectral index. Thus, for a large a, the flux density falls 
rapidly with frequency, with the result that a source is more easily picked up in 
a low-frequency survey than it is in a high-frequency one. For low q@ this effect 
is less noticeable. For this reason the ratio of steep-spectrum sources (high «) to 
flat-spectrum sources (low @) in a survey declines as the frequency of the survey 
increases. The predominance of flat-spectrum sources in high-frequency surveys 
thus explains the expected behaviour of Figure 11.9. 

The second point relates to the preliminary rise of AN /ANo as S decreases from 
the highest flux value. This effect is most noticeable in the low-frequency survey at 
480 MHz and was the cause of a controversy between Ryle and Hoyle in the early 
1960s. We describe it briefly for its historical interest. 
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If we compare the topmost point P with the highest-flux-density point Q in Figure 
11.9 we can draw one of two possible conclusions: 


i, 


to 


There is a significant rise in the number AN relative to ANo as we go from Q 
to lower flux densities. If these sources are very distant and powerful ones 
we are seeing an evolutionary effect, implying that the number density of 


radio sources was much greater in the past epochs than it is during the present 
epoch. 


. Compared to P, the point Q shows a deficit of high-flux-density sources in 


relation to the Euclidean value. If the sources are by and large not very 
strong, this deficit is a local one and simply indicates that we are in a ‘hole’ 
with fewer radio sources than average. Such effects could arise if there are 
inhomogeneities on the scale ~50 Mpc in the universe, as were expected, for 
example, in the ‘hot-universe’ version of the steady-state model (see 
Chapter 8). 
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Figure 11.9 Differential source counts at four different frequencies plotted against 
S ona logarithmic scale. The positioning of the four curves is arbitrary with respect 
to the AN /ANpo-axis. However, each marked interval shows an increase in 
AN/ANo by a factor of ten as we move upwards along this axis. Adapted from 

J. V. Wall and D. J. Cooke, 1975, ‘Source counts at high spatial densities from pencil 
beam observations of background fluctuations’, Mon. Not. Roy. Astron. Soc. 171, 9. 
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Hoyle subscribed to the second viewpoint, whereas Ryle and his collaborators 
at Cambridge thought the first possibility to be correct. The Cambridge view, as it 
is now called, implied a strong evolution in number density and hence a disproof 
of the steady-state theory. It is clear that the rise in number density cannot continue 
indefinitely, otherwise the radio background would be too high. So various functions 
describing the variation of the number density of sources with redshift z have been 
considered in order to fit the observed data at all flux levels. However, such a 
parameter-fitting exercise makes the test ineffective as a means of distinguishing 
among various go cosmologies, since the geometrical differences are masked by the 
proposed evolutionary functions. 

To what extent is evolution really proved? The 3CR sample of radio sources has 
now been almost entirely optically identified and the redshifts of its members have 
been determined. Assuming that the redshifts are indicators of distance. it is now 
possible to re-examine the number counts of that sample. In 1989 P. Das Gupta, 
G. Burbidge and the author carried out this exercise. They started with the hypothesis 
of ‘no evolution’ in the luminosity function and number density. On the basis of 
the redshift data, this null hypothesis allows one to construct this radio-luminosity 
function (RLF). Using this RLF, it is then possible to examine theoretical Monte 
Carlo samples of sources so that one obtains two-dimensional plots of number— 
flux-density distributions. These plots are then compared for deviations from the 
observed plot. 

It turns out that the deviations are not large enough to be rejected on grounds of 
probability. That is, the non-evolving model cannot be ruled out by the data. The de- 
viations are smaller and the confidence levels (for retaining the null hypothesis) turn 
out to be higher for the steady-state model. The agreement between ‘no evolution’ 
and observations improves further if we assume that there is a ‘local hole’ of size 
~50-100 Mpc for radio sources. Judging by the inhomogeneity (superclusters and 
voids) on this scale, the local hole hypothesis does not sound as outlandish today. as 
it did in the 1960s. 

Finally, we give in Figure 11.10 a composite curve showing how the differential 
source counts expressed as a fraction of the Euclidean counts vary with the flux den- 
sity. It is a tribute to modern radio-astronomy that source counts can now be carried 
out to micro-Jansky level, whereas the 3C revised survey was limited to 9 Jy. The 
counts rise at the high-flux end and then decline steeply, with a tendency to flatten 
at the faint end. Generally the big-bang models require evolution in luminosity as 
well as in the number density of sources to reproduce the observed counts. In the 
next chapter, however, we will show how the counts can indeed be reproduced in the 
quasi-steady-state cosmology without assuming evolution of any kind. 
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This test was briefly discussed in Chapters 3 and 4 (see §83.9 and 4.7), where we 
saw that the angular size of an object of tixed projected linear size does not steadily 
decrease with its spatial distance from us. Figure 4.10 showed how the angular size 
changes with the redshift of the object. In 1958 F. Hoyle first suggested that this 
property of non-Euclidean geometries could in principle be tested by astronomical 
observations. (The classic book by Tolman written in the mid-1930s, however, 
contains a derivation of this result.) 
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Figure 11.10 Differential source counts relative to the Euclidean values at a range 

of flux densities show that after a rise for a small stretch at the bright end, the count 
drop steadily and this generally requires evolution to be postulated in order to fit any 
Friedmann model. The top frame shows the counts at 408 MHz, whereas the bottom 
one shows the same at 1.4 GHz. There is a tendency for the count curve to flatten at 


the faint end. 
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Such a test could be performed for galaxies in the optical region. However, the 
redshifts of galaxies do not go far enough (that is. to = > 1) to make the predicted 
effects observable. For instance, in 1975 R. J. Dodd, D. H. Morgan, K. Nandy, 
V. C. Reddish and H. Seddon examined the images of 3000 faint galaxies down 
to B magnitude 23 on the 48-inch UK Schmidt telescope in Australia. Instead of 
redshifts, which are not expected to exceed 0.5, they plotted the number N of 
galaxies larger than a specified angular size 6. The observed curve was. however, 
consistent with a broad range of Friedmann models (0 < go < 13) as well as with 
go = —1, corresponding to the steady-state model. This result shows that galaxies 
are not likely to be useful as sensitive probes for determining gy within a narrow 
range. 

Radio sources, as was suggested originally by Hoyle, are likely to provide more 
useful information if the strongest of them can be seen at redshifts z > 1. Radio 
sources have by and large the double structures shown in Figure 11.11. The typical 
source has two radio-emitting lobes separated by a distance ranging from a few 
kiloparsec to ~ 1000 kpc. The median size 1s ~20 arcseconds at the observer. angles 
that can be readily measured. However, unlike the angle subtended by a sphere, 
which does not depend on orientation, the angle subtended by a linear source AB, 
such as that shown in Figure 11.12, depends on the angle made by AB with the line 
of sight. Thus even the angles subtended by sources of the same linear size at the 
same distance will exhibit a scatter. 


Figure 11.11 This 
image-processed radio 
picture of Cygnus A 
illustrates the structure of 
the most common type of 
extragalactic radio source 
with two radio emitting 
lobes located symmetrically 
on the opposite sides of a 
central region, The central 
region is believed to be the 
source of activity that 
generates fast particles 
moving out in jet-like 
structures that create the two 
radio emitting lobes after 
impinging on the 
intergalactic medium. By 
courtesy of R. Perley, 

J. Dreher and J. Cowan, 
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The data published in 1974 by J. F. C. Wardle and G. K. Miley for quasars 
exhibited enormous scatter, partly due to the above-mentioned projection effects 
and partly because the linear size d itself is not fixed. In short there is no such thing 
as a ‘standard rod’. Even so, the upper envelope of the plot revealed a dependence 
of the form 6 « z~! for z up to 2.5, which is difficult to explain. 

Figure 11.13 shows a plot of median angular size against redshift for radio 
sources, with the gg = 0 Friedmann model curves superposed on it. The observed 
points are from the 1979 work of J. Katgert-Merkelijn, C. Lari and L. Padrielli. The 
two theoretical curves are for median linear sizes of Poa and 165h5' kpc. The 
agreement is not bad, although we cannot expect the data to single out a particular 
qo With any degree of confidence. 

Because redshifts of radio sources are not directly measurable but have to be 
obtained by the process of optical identification, some radio-astronomers have pre- 
ferred to plot the angular size @ against the flux density S. Since radio sources 
have varying luminosities, this procedure adds a further source of scatter to the 
observations. However, R. D. Ekers at Groningen as well as V. K. Kapahi and 
G. Swarup at Ootacamund did extensive work on this project between 1974 and 
1975. In their work the median value of @ did not exhibit the expected upturn at low 
flux densities, but instead tended to level off. This could imply one of the following 
interpretations: 


1. Low S means large z. Since, at large z, 9 should begin to increase according 
to the Friedmann models with go > 0, a flattening of 6 implies evolution. In 
particular the linear size d must decrease as z increases, implying that radio 
sources were smaller in the past than they are now. 

2. Low S need not imply large z. We may simply be seeing sources of low 
luminosity. If there is a correlation between the size and luminosity of a 
source, the 9—S observations could be reproduced. 


o< Se | | ome, 
B 
Qe —o 
ar ee Ps =: _ 
oe io oo 
A 


Figure 11.12 The linear source AB subtends an angle at the observer O. This angle 
is large if the source is transverse to the line of sight OC and small if the source is 
almost aligned with respect to the line of sight. In contrast, a spherical source makes 
no such difference to @ since it presents the same aspect from all directions. 
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Kapahi preferred interpretation | and argued that a size evolution of the form 


da(1+z)™, a2 (11.34) 
can explain the 6-—S observations. The argument given was that, at a large redshift, 
the intergalactic medium (IGM) was denser than it is today and it could have re- 
stricted the size of a typical source formed at the time more efficiently than would 
be the case if it were formed today. (Recall that the source may have been created by 
jets emerging as in Figure 11.11 from a central source object and forming the radio 
emitting lobes after impinging on the IGM.) 

S. M. Chitre and the author took the second view, arguing that the correlation 
between intrinsic size and luminosity may emerge when the physics of radio sources 
is better understood. Which view is correct will come from the study of the structural 
properties of radio sources and from the measurements of their redshifts. 

Subsequently Kapahi considered four complete samples of radio galaxies with 
the following ranges of flux density and redshifts: 
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Figure 11.13 The median angular size 6 against the redshift z plotted for a number 
of radio sources, together with the theoretical curves for gy = 0 and median linear 
sizes of 165h, | and 125h, kpc. The error bars seem to permit a wide range of 
values of go, although even a Euclidean result @ « z~! cannot be ruled out. Based 
on J. Katgert-Merkelijn, C. Lari and L. Padrielli, 1979, ‘Statistical properties of radio 
sources of intermediate strength’, Astron. Astrophys. Suppl. 40,91. 
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. the BDFL sample of A. H. Bridle, M. M. Davis, E. B. Fomalont and 


J. Lequeux with flux density at 1.4 GHz > 2 Jy and redshifts 
Oy Sre 2 2: 


. the GB/GB2 sample of J. Machalski and J. J. Condon with flux density at 


1.4 GHz > 0.55 Jy and redshifts 0.15 < z < 0.4: 


. the same sample as that above but with flux density at 1.4 GHz > 0.2 Jy and 


redshifts 0.25 < z < 0.6: and 


. Leiden—Berkeley Deep Survey (LBDS) sample of R. A. Windhorst, 


G. M. van Heerde and P. Katgert with flux density at 1.4 GHz > 0.01 Jy and 
redshifts z > 0.8. 


Spectroscopic redshifts are known for most of the sources only in the brightest 
BDFL sample. For the GB/GB2 samples they have been estimated from optical 
magnitudes by using the Hubble relation. The LBDS sample has sources that are 
either identified with galaxies of F magnitude > 22 or have no optical counterparts, 
implying that they have optical magnitudes fainter than the plate limit. Thus there is 
no direct information on redshifts but the expectation that redshifts exceed 0.8 and 
are probably less than 2. 

The plot of median angular size versus redshift for these four samples again 
revealed a steady decrease of 6m as z~! (see Figure 11.14). To explain this Kapahi 


invoked evolution of linear size with redshift, with sources at large redshifts being 


systematically smaller. 
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To eliminate or at least to minimize the evolutionary effect of the IGM, Keller- 
mann in 1993 suggested that the test be applied to the very ny inner components 
of quasars which are seen through very-long-baseline interferometry (VLBI). His 
preliminary studies gave a result in broad agreement with the Einstein—de Sitter 
model. However, a more thorough analysis of a sample of 256 ultracompact sources 
with redshifts in the range 0.5—3.8 by J. C. Jackson and Marina Dodgson showed 
that this model is in fact ruled out and, for better fits, one needs to invoke the 
cosmological constant. Figure 11.15 shows the 4: curves for three types of models 
fitted by them to the data. The points shown represent median values of data divided 
into 16 bins. 

In the next chapter we will apply the same data to the quasi-steady-state cosmol- 
ogy. Evidently, if it can be established clearly that the evolutionary effect on linear 
size is eliminated in this way. then such a sample is capable of giving information 
on cosmological parameters. 
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Figure 11.15 This diagram shows three curves drawn through data points for 
ultracompact sources. The continuous line is for the Einstein—de Sitter model. The 
dashed line represents a model with Qg = 0.2 and 2, = —3.0, which gives the best 
fit to the data, whereas the dot—dashed line shows the best-fit flat model, with 

Qo = 0.2 and QA =|]— Qo =()58' 
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A test that combines the magnitude and angular sizes involves the measurement of 
surface brightness as a function of redshift. In the Robertson—Walker world models, 
the formulae (3.57) and (3.70) of Chapter 3 give the apparent brightness of a source 
and its angular area, respectively, as 


Loot 
i (UL) 
"Arr? $2(to)(1 + 2) 
m 4 wd*(1+2z)? 
os ee Ciies6) 
4 4r; S*(to) 
Dividing (11.35) by (11.36) gives the surface brightness of the source as 
If 
————— (11.37) 


meal ez) 

Notice that o does not depend on r;; neither does it depend on qo — the pa- 
rameter that differentiates among cosmological models. It depends only on 1 + z 
as its negative fourth power. Sandage has emphasized that this fourth-power law 
is a signature of Hubble expansion and as such could be used to distinguish the 
expanding world models from other types of theories in which the redshift does not 
come from expansion. 

Although we have not discussed such theories in Chapter 8, we should mention 
that there are such cosmologies. For example, there are the ‘tired light’ theory of 
J.-C. Pecker and J. P. Vigier, the chronometric cosmology of J. E. Segal and so on. 

Sandage has found that the (1 + z) * law seems to be obeyed by first-ranked 
cluster numbers with a fairly narrow scatter, thus confirming the expanding-universe 
picture for galaxy redshifts. 


11.6 Quasars as probes of the history of the universe 


The tests described above assume that the redshifts of the objects used for the tests 
are of cosmological origin. This assumption is fairly sound in the case of galax- 
ies, for which, at least in the case of the first-ranked cluster numbers, the Hubble 
relationship is fairly tight. 

In contrast, quasars have considerably larger redshifts. At the time of writing this 
text around 15000 quasars have been listed in various catalogues. These objects 
would therefore belong to region III of §10.1 and should be considerably valuable 
as cosmological probes. We will assume here that the quasar redshifts are due to the 
expansion of the universe and so obey Hubble’s law. To begin with, we discuss the 
evidence for this assumption, which we shall refer to as the cosmological hypothesis 
(CH), 
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The Hubble diagram 


A plot of logz against m should, according to Hubble’s law, give a slope 
dlogz/dm = 5 after correction for cosmological effects at large z. As early as 
1966 G. R. Burbidge and F. Hoyle pointed out that the Hubble diagram for quasars 
is a scatter diagram with no apparent correlation between log z and m. This con- 
clusion survived as more and more quasars were found. Figure 11.16 shows the 
Hubble diagram for ~5000 quasars in the Hewitt-Burbidge list. Certainly Hubble. 
or for that matter any astronomer encountering these data in isolation, would not 
have concluded that there is any relationship between redshifts and magnitudes of 
quasars. 

However, historically quasars were discovered at a time when Hubble’s law 
for galaxies was well established and none of the other modes of redshifts — the 
Doppler and gravitational — were known to produce redshifts as high as the s = 0.1] 
common for galaxies. Thus it was natural to assume that quasar redshifts are also 
cosmological. 

The conventional view when confronted with a scatter Hubble diagram has 
therefore been that the scatter is due to the vast spread in quasar luminosities. 
J. N. Bahcall and R. E. Hills argued in 1973 that a tight Hubble relationship for 
quasars is revealed when (1) corrections for various selection effects are made. (2) 
the quasar sample is divided into small redshift intervals (bins) and (3) the brightest 
quasar in each redshift bin is chosen. This conclusion has, however, been challenged 
by Burbidge and S. O’Dell, who find that their analysis along similar lines leads to 
much flatter slopes for dlog z/dm: slopes in the range 2—3 instead of the expected 
slope of 5. 

Whatever the outcome of such calculations, it is clear that the Hubble diagram 
cannot be taken as a proof of the correctness of the CH; at best, arguments of the 
Bahcall—Hills type might make it compatible with the CH. Certainly there seems 
no hope at present of using quasars to measure gg with the help of their Hubble 
diagram. 

We next discuss other tests involving quasars. 


Number counts 


Using the luminosity—-volume test. M. Schmidt concluded that the average (V/ Vy) 
for radio quasars in the 3CR catalogue was as high as 0.64 (compared with the 
Euclidean value of 0.50). Similarly high values emerge in other surveys. On this 
basis it is usually argued that the number density of quasars has been strongly 
evolving, namely that it was considerably higher in the past than it is now. Models 
of the evolution of luminosity as well as density with enhancement factors like 
(1 + z)"(n > 1) or exponential functions in the look-back time are used to fit the 
quasar-number-count data. It is also argued that steep-spectrum radio quasars have 
stronger evolution than do flat-spectrum radio quasars. 
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There have also been number counts of optical quasars, which give a super- 
Euclidean slope of the log N—m relation (a slope of ~0.8 as opposed to 0.6 for 
the Euclidean universe) for the bright quasars. The log N-m curve flattens beyond 
the B magnitude ~20. It is argued that the evolution of luminosity is responsible for 
this steepness. The numbers, however, begin to fall off significantly beyond z ~ 3. 

Curiously enough, (V/V) for radio quasars turns out to be close to 0.5 if we 
assume that quasars are local (in region 1) and uniformly distributed. This was found 
by R. Lynds and D. Wills in their examination of several complete samples of radio 
quasars. 


12 14 16 18 20 22 
LOG Z VERSUS APPARENT MAGNITUDE 


Figure 11.16 The Hubble diagram for quasars in the Hewitt~Burbidge catalogue. It 
looks like a scatter diagram with no perceptible relationship between m and log z 
Reproduced with permission from G. Burbidge and A. Hewitt. 
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In 1979 a new dimension was added to the source-count problem with the discov- 
ery (due largely to the Einstein Observatory) that X-ray emission is a characteristic 
feature of many quasars. Thus, in principle, it is possible to perform a log N—log S 
test for X-ray quasars. The early data suggested that the X-ray and optical luminosi- 
ties of quasars are correlated. Hence, if optical number counts of quasars were to be 
taken as the basis of number counts of X-ray quasars also, then, by using formulae 
like (4.102), it would be possible to estimate the overall contribution to the X-ray 
background from quasars alone. 

The optical number counts of quasars in 1979 suggested that there is a steep rise 
in the number density of faint quasars, which led to the so-called X-ray-background 
catastrophe. The quasars alone seemed to contribute over 100% to the X-ray back- 
ground. However, it is now known that the number density of quasars does not rise 
as had earlier been suspected. According to the later estimate of A. K. Kembhavi 
and A. C. Fabian, the contribution of X-ray quasars to the X-ray background should 
not exceed ~30% of the total. 


The angular-size—redshift relation 


In comparison with the chaotic situation in the case of the Hubble diagram, a 
clearer relationship between an observable (distance-dependent) property and the 
z of quasars emerges from a study of angular sizes. As was pointed out in §11.4, 
the largest angular size in a given redshift bin seems to decrease as z~} for radio 
quasars. There is also a rough continuity between the 6—z plot of quasars and a 
similar plot for galaxies, suggesting that both types of object probably belong to 


the same system. However, why should 6 vary as z~! 


, aS no Friedmann mode! 
predicts? The curious thing is that, if z were proportional to the distance D, the 
observed result 9 x D~! would simply confirm Euclidean geometry! To get around 
the uncertain inputs from the assumption of evolution, this test has been performed 
for ultracompact components in quasars measured by VLBI. We have discussed 
the preliminary results in §1 1.4. This approach seems to be more clear-cut and one 


hopes that more studies along these lines will be undertaken. 


Absorption-line systems 


There are several quasars that exhibit absorption lines as well as emission lines. 
The emission-line redshift com of a quasar is usually the same for all lines. In some 
cases, however, more than one absorption-line redshift zap; is found. Also, mostly 
Zabs < Zem, although there are a few cases in which Zaps > Zem. Why do these 
differences in redshift exist? 

In principle, the difference between the emission-line redshift and the absorption- 
line redshift could be accounted for by (1) a relative motion between the emitting 
and the absorbing region, (2) a small contribution of gravitational redshift/blueshift 
between the two regions, or (3) the difference between the cosmological redshifts 
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of the emitting and absorbing regions. Both (1) and (2) arise in the source, whereas 
(3) generally requires absorption to occur en route from the source to the observer. 
Note also that, whereas (1) could be adjusted to have both zaps > Zem, (2) and (3) 
require aque = Zen: 

[t is not clear from the work so far whether entirely satisfactory mechanisms 
exist in (1) to account for the various absorption-line systems within the object. In 
the case of the quasar 3C 286, zem = 0.85 while zah; = 0.69; 21-cm observations of 
the source reveal a very small difference in velocity (~3 kms!) across a distance 
of ~300 pe in the source. This result was quoted as a stumbling block to the theory, 
which seeks to explain the difference zem — Zabs as arising from high-speed gas 
driven outwards from within the quasar. 

The more popular explanation of absorption-line systems comes from (3), with 
the absorbers being intergalactic clouds or halos of galaxies situated en route from 
the QSO to the observer. Typically there are three types of absorption lines: 


1. The broad absorption lines (BAL) or trough systems of C IV, Si IV, N V, 
O VI etc., in addition to Ly «. The troughs are located on the blue side of the 
corresponding emission lines and have widths corresponding to a velocity 
=O0510c. 


to 


. The heavy-element systems containing sharp lines due to H and to heavier 
elements that may arise in a tenuous gas of near-solar composition. Here the 
difference between the emission and absorption redshifts corresponds to a 
velocity towards the quasar of <0.8c. 


3. The Ly « systems appearing with greater density on the blue side of the 
emission line. 


Considerable work has been done to argue that the majority of the absorption 
lines arises from randomly distributed intervening cosmological objects. In some 
cases in which an absorption line at a specific redshift has been found, a cluster of 
galaxies with the same redshift has been reported in the vicinity. Such studies will 
provide useful probes of the properties of the intergalactic medium. As discussed 
in Chapter 10, however, the Gunn—Peterson test looking for substantial intergalactic 
neutral hydrogen en route to quasars did not yield a positive signal. This was inter- 
preted more as evidence against the intergalactic hydrogen than against the quasars 
being at their redshift distances. On the basis of this finding, cosmologists now have 
to argue that, sometime after the epoch of last scattering but before the epoch of 
redshift ~5 say, the IGM was mostly re-ionized, so that the Ly-c« absorption was 
confined to clouds of neutral hydrogen. 


Gravitational lensing 


In 1979 two quasars, 0957+561 A and B. with the same redshift of 1.4 and identical 
spectra were discovered (see Figure 11.17). Their similarity led to the suspicion that 
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they are two images of a single object produced by a gravitational lens. A cluster of 
galaxies with a redshift of 0.36 has since been identified as a probable candidate for 
such a lens. 

Since the quasars are separated by only ~6 arcseconds, such an interpretation 
seems plausible and therefore provides support for the CH, in the sense that the 
‘lensed’ quasar is shown to be further away than the ‘lensing’ galaxy. However, 
there have been very few such clear-cut cases of gravitational lensing. 

Assuming, however, that the quasars are distant as per their redshifts, their lensing 
can provide useful probes for cosmological models. For example. the twin quasar 
0957+561 A and B exhibits a fluctuation of luminosity with time in both its images. 
Now, if the two images correspond to the same source, then we are seeing the 
source fluctuations via two different paths. If the path from B is longer than that 
from A, then at any given time we are seeing B at an earlier epoch than A. So 
whatever fluctuations were seen in A will be repeated in B J/ater, after an interval 
corresponding to t = AL/c, AL being the path difference. There are indications 


Figure 11.17 The two quasar images shown above are labelled 0.957+56 A and B. 
They are believed to be the gravitationally lensed images of the same quasar. See the 
text for details. Image by HST created with support from the Space Telescope 
Science Institute operated by the Association of Universities for Research in 
Astronomy. Reproduced with permission from AURA/STScI. 
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that, in the case of the above quasar, the ‘time delay’ is ~415 days. So, if we have a 
model for the lens and a model for the universe, then we have a theoretical value for 
this time delay, in the form 


| 
ci, (11.38) 


Ho 
where F is calculated for the lensing system. Thus, by comparing this result with 
the observed value, one can determine the Hubble constant. Notice, however, that 
the computation of t is model-dependent, ice., it depends on the geometry of the 
lensing system, which might not be unique. 

Another useful constraint from gravitational lensing is that on the value of 2,, 
from the statistics of gravitationally lensed quasars with large angular separations. 
As the value of this parameter is increased, the distance scale for the same redshift 
increases, which increases the probability of such lensing. The present analysis 
suggests that there is a strong upper limit of ~0.65 on this parameter. This will be 
an important consideration in limiting the overall parameter space for the standard 
models. 

It should be pointed out in passing that the first suggestion that distant nebulae 
can act as gravitational lenses came from Fritz Zwicky, as early as in 1937. Over 
four decades elapsed before the first case of 0957+567 A and B was observed. 


Variability 

Quasars exhibit rapid variability in radio and optical wavelengths as well as for 
X-rays, as is indicated by recent data. A rule of thumb is that, if t is the characteristic 
time scale of variation, the physical radius R of the object should not exceed ct. This 
leads to an energy-generation problem that was first pointed out by Hoyle, Burbidge 
and W. L. W. Sargent in 1966. The difficulty is briefly described as follows. 

Since we measure the flux F from a quasar, its total luminosity is deduced from 
its distance. Under the CH, the distances are large and hence the luminosity is large. 
The quasar must therefore generate large quantities of energy in a small volume 
limited by the linear size ct. In the usual energy-production scenario, the so-called 
synchrotron process, relativistic electrons radiate in magnetic fields. However, as 
Hoyle, Burbidge and Sargent pointed out, this process results in the production of a 
very large density of photons. These photons collide with electrons, causing a very 
large Compton scattering, which degrades the energy of the fast electrons. Thus it is 
not possible to sustain energy production over distances even comparable to R ~ cr; 
the electrons lose energy Jong before they have travelled a distance of this order. 

The kinematical difficulty of whether quasars can manage to be confined to the 
radius R < ct is partially alleviated by the following idea proposed by M. J. Rees. 
If an object expanding relativistically with a large Lorentz factor y is viewed from a 
distance, it appears to increase its radial size at the rate yc. Thus the observed time 


47) 


472 


11 Observations of distant parts of the universe 


scale of variation y may be too small and the real inequality on R is R < yct (see 
Exercise 20). For y >> 1, the problem of confinement is made easier. 

A compact size implied by the short time scale of variability is sometimes in- 
voked in support of the idea that a quasar’s energy is derived from a supermassive 
black hole. For example, the X-ray quasar OX 169 exhibited a significant drop in 
its X-ray luminosity within 100 min. The size limit implied by this time scale can 
accommodate a black hole of mass <10°Mo. 


Superluminal separation 


VLBI observations have revealed a curious phenomenon for a number of quasars. 
In the central region of such a quasar, two radio components are observed to 
separate from each other very quickly. Since angular separations of the order of 
a few milli-arcseconds are measurable by VLBI techniques, observations over a few 
months or a few years are sufficient to give a detectable effect. Thus it is found 
that the separation angle 6 is changing (increasing) with time in such a way that the 
projected linear distance must change at speeds considerably faster than the speed of 
light — provided that the quasars are at distances specified by the CH. Clearly, if the 
distances are much smaller than these, the speeds of separation become subluminal 
and the discrepancy with relativity disappears. 

To retain the CH in spite of such data requires the conclusion that the observed 
separation 1s illusory. Various ways out have been suggested and three of these are 
illustrated in Figure 11.18. Figure 11.18(a) shows the Christmas-tree effect, which 
creates an illusion of motion by sequential lighting of stationary light bulbs. Figure 
11.18 (b) illustrates the so-called relativistic beaming, a variant of the idea proposed 
by Rees and described above under variability. The model illustrated in Figure 
1].18(c) invokes a gravitational screen in the form of an intervening galaxy or cluster 
of galaxies that bends the light rays (or radio waves) from the two components 
differentially so that their virtual images appear to separate at superluminal speed. 


Morphology 


It is argued that quasars and the nuclei of Seyfert galaxies are basically similar 
objects and that in general we may think of a quasar as a galactic nucleus that is 
so bright that the rest of the galaxy either is not visible or is too faint to be seen. 
According to this argument, if the CH is correct, a large redshift implies a large 
distance and at that distance only the bright nucleus would be visible as a quasar. 
In some cases, such as the quasar Ton 256, it is argued that a fuzz surrounding the 
quasar has the luminosity distribution of an elliptical galaxy. To establish this line 
of evidence, which goes in favour of the CH, it would be necessary to show that a 
galaxy of stars indeed exists around the quasar. Absorption lines characteristic of 
stars in elliptical galaxies would be conclusive evidence for this purpose. 
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Figure 11.18 Three ways of creating illusions of separation at speeds faster than the 
speed of light. (a) A row of lights is denoted by circles. The filled circles are lights 
that are lit. In stages I-IV the lighting is so contrived that a remote observer may 
think that two sources of light are moving outwards from the centre. (b) The observer 
sees the two actually separating components at different times; for light from the 
nearer component A leaves later than light from the farther component B. C is the 
central nucleus at rest. An illusion of superluminal separation between A and B is 
created provided that the line AB is almost aligned with the line of sight. This is very 
rare. Moreover, A is blueshifted and hence should be much brighter than B, which is 
redshifted with respect to the observer. It is usually assumed that B is at rest and A is 
beamed at the observer. (c) Here an intervening galaxy bends the rays from A and B 
so that the observer sees their images A’ and B’, which could separate at 
superluminal speed even if A and B were moving apart with subluminal relative 
velocity. For this to happen the galaxy G must occupy a rather special position 
between the source and the observer. 
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Quasar-galaxy associations 


One way of establishing that quasar redshifts are cosmological is to show that a 
galaxy and a quasar of the same redshift are physical neighbours. Since we believe 
that the galaxy redshift follows Hubble’s law, we could then conclude that the quasar 
redshift must also result from the CH. 

During 1971 and 1972 J. Gunn, L. B. Robinson and E. J. Wampler produced 
evidence of this kind. In 1978 a significant series of observations was reported by 
A. N. Stockton. Stockton chose all 27 known quasars with redshifts <0.45 and visual 
magnitudes less than 19.2+5 log < in the declination range —15 < 6 < +55. He then 
attempted to obtain spectra of all galaxies visible on the red Palomar Sky Survey 
plates lying within 45 arcseconds of any of the quasars. Of the 29 such galaxies, 
he obtained the spectra of 25, of which 13 exhibited redshifts within ~3 x 107? ef 
the redshift of the neighbouring quasar. Are these associations genuine or are they 
chance projections on the sky? Since the astronomer cannot measure radial distances 
of quasars, he has to use statistical arguments to settle the issue. Stockton’s pairings 
would have come from chance projections with a probability of less than 1.5 x 
10~°. Thus a statistician would be inclined to accept the associations as genuine and 
conclude that the quasars are near the galaxies and therefore at distances determined 
by the CH. 

Taken in isolation this argument would be quite strong. Yet. there is another side 
to this coin, which we shall discuss in the final chapter. 

Broadly speaking, we may argue that there is a considerable body of data that 
is consistent with the quasar redshifts being cosmological. It can also be argued 
that quasars and the nuclei of active galaxies that exhibit emission lines form a 
continuous morphological sequence. Indeed, to push the argument further, one may 
even try to argue that quasars are nuclei of galaxies that tend to outshine their 
galactic envelope, so that, when they are seen from afar, we see only the quasar, 
not the galaxy. As support for this argument there are cases in which a fuzz is found 
surrounding some low-redshift quasars. 

However, we have as yet no direct proof that all the very-high-redshift quasars are 
in fact very far away, as the cosmological distance formula would have us believe. 
The nearest to direct evidence ts the association between quasars and galaxies of the 
same redshift found by Stockton. Indirect evidence comes from gravitational lensing 
and time-delay studies. which are consistent with the CH. With regard to the latter, 
itis worth noting that the lensing configurations are scalable with the distance from 
us of the source (and the lens). If the source is nearer, a lens of smaller mass at a 
lesser distance will produce the same effect and so the time-delay test is crucial in 
deciding whether the quasar is at its Hubble redshift distance or considerably nearer. 

Until a reliable distance indicator independent of Hubble's law becomes available 
for quasars and it shows that the Hubble law is applicable to them, for the CH support 
must rest largely on consistency arguments or just simple faith. 
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11.7. Observational constraints on cosmological 
parameters 


In 1975, in an article in Nature, Jim Gunn and Beatrix Tinsley reviewed the then- 
available data in cosmology to conclude 


‘New data on the Hubble diagram, combined with constraints on the density of 
the universe and the ages of galaxies, suggest that the most plausible 
cosmological models have a positive cosmological constant, are closed, too 
dense to make deuterium in the big bang, and will expand for ever ...’. 


Thanks to new technology, as we have seen in this and previous chapters, ob- 
servations and fresh inputs from particle physics as well as cosmology have since 
advanced both on the observational front and on the theoretical front. The standard 
hot-big-bang model has. if at all, become more deeply rooted in cosmology today 
than it was in 1975. It is therefore opportune that, in the closing parts of this 
volume, we take fresh stock of the cosmological situation today and examine the 
observational and theoretical constraints as they are now. Not surprisingly, some of 
the issues discussed by Gunn and Tinsley continue to be relevant today, whereas 
fresh ones have replaced the rest. Our purpose here is to carry out a similar exercise 
in the modern cosmological framework. The bottom line is going to be that. despite 
the availability of the cosmological constant as an extra parameter for flat Fried- 
mann models, the allowed parameter space for such models has shrunk drastically. 
The observations that we will consider here include the ages of globular clusters, 
measurement of the Hubble constant, the abundance of rich clusters of galaxies, 
the fraction of mass contributed by baryons in rich clusters and the abundance 
of high-redshift objects. In addition we will take into consideration the ideas on 
structure formation. 

The standard big-bang model has no clear mechanism for generating small inho- 
mogeneities in the early universe. It is, however, possible to come up with such a 
mechanism if one invokes the hypothesis that the universe went through an inflation- 
ary phase during a very early epoch. The models involving inflation generically lead 
to two predictions: (i) that the total density parameter Qotaj = 0 +a = | and (ii) 
that the initial power spectrum of inhomogeneities has the form Pin(k) o k” with 
n = 1. Over the years, the idea of inflation has undergone several modifications to 
meet observational challenges and it is now possible to find a model that will provide 
almost any value for Qiotay and any form for Pj,(k). For the sake of definiteness we 
will work only with n = | models. Observations of microwave background radiation 
are consistent with the index 7 being equal to unity. As the fluctuations grow, the 
power spectrum becomes modified at small scales by various physical processes 
and this change is described by a transfer function. We shall work with the transfer 
function suggested by Efstathiou, Bond and White, parametrized by P = Qo/ro (see 
Chapter 7). The power spectrum is normalized with the COBE DMR observations 
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that find Orms—ps = 20 + 3 wK. Here Qyms—p, is the amplitude of fluctuations in the 
quadrapole inferred from fluctuations in the higher moments. 

Here we will look at constraints on two models, namely those with (i) 29 + 
Qa = 1 (flat models) and (ii) 29 < 1 and Q, = 0 (models with negative spatial 
curvature). The first one is consistent with the inflationary models. though it requires 
an extreme fine-tuning of the cosmological constant, which is contrary to the spirit of 
the inflationary scenario. (We shall comment more on this later.) The second model 
may be thought of as an ‘observer’s model’ in the sense that it tries to use what is 
known observationally. The amplitude of fluctuations for open models is obtained 
by rescaling the Q9 = 1 model. Effects of curvature are not important since we are 
interested only in scales much smaller than the curvature scale. 

We first list the constraints arising from theory as well as observations, giving 
possible sources of error for each constraint. Then we merge constraints to study the 
allowed regions in the parameter space defined by the density parameter for matter 
(Qo) and the Hubble constant (Ao). It is instructive to look at Figures 11.19-11.21 
for these discussions. 

Figure 11.19 shows the constraints on the density parameter contributed by all 
types of matter, Qo, and the Hubble constant ho arising from (1) ages of globular 
clusters, (ii) measurements of the Hubble constant and (ii) the abundance of rich 
clusters. The last was discussed briefly in Chapter 10. The mass per unit volume 
contained in rich clusters can be estimated from the observed number density of 
such clusters and their average mass estimated by various methods like those using 


the virial theorem, gravitational lensing, X-ray studies and so on. This number may 
obs 
clusters 


Mie) Oe A comparison of observations with theory can be carried 


out by converting the number density of clusters into the amplitude of density 
fluctuations, which is then scaled to Bho | Mpe assuming a power law for the RMS 


be represented as the parameter &2 and successful models should satisfy Q 


fluctuations og of density perturbations, the power-law index being chosen as per 
the model considered. This result is then expressed as a constraint on og. It is more 
likely that the masses may have been overestimated and corrections of any errors 
will lower the values of the parameter ho Qo. 

The top frame shows the constraints for a model with Q9+Q, = 1,2, 40. The 
lower frame is for the model with k = —1, Q, = O and Qp < 1. Lines of constant 
age are shown as dashed lines for the range of values of Q9 and ho. Dotted lines 
mark the band-enclosing value of the local Hubble constant (0.63 < ho < 0.97) 
obtained from HST measurements. We have also shown the assumed lower limit 
for its global value (hp = 0.5). Inner unbroken lines enclose the region which is 
permitted by the observed abundance of clusters. Outer unbroken lines show the 
extent to which this region can shift due to uncertainty in the COBE normalization 
of the power spectrum. Note that these three constraints rule out large regions in the 
parameter space. In particular, it is clear that the Qo = 1 model is ruled out. 
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Next, in Figure 11.20, are shown the constraints on the density parameter con- 
tributed by matter, Qo, and the Hubble constant /r arising from (1) ages of globular 
clusters, (ii) measurements of the Hubble constant, (ili) the abundance of high- 
redshift objects, (iv) the fraction of mass contributed by baryons in clusters and 
primordial nucleosynthesis and (v) measurement of the deceleration parameter. The 
top frame shows the constraints for a model with Q, # O and Q9 + Qa = 1. The 


Figure 11.19 See the text for details. 
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lower frame is for the model with Q, = 0 and Qg9 < J. Lines of constant age are 
shown as dashed lines for the range of values of Qg9 and Ay. Dotted lines mark the 
band enclosing value of the local Hubble constant (0.63 < jy < 0.97) obtained from 
HST measurements. We have also shown the assumed lower limit for its global value 
(fy = 0.5). The thick left-to-right line is a lower bound on permitted values of /o 
from the abundance of high-redshift objects. This line depicts the requirement that 
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Figure 11.20 See the text for details. 
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the amplitude of density perturbations at mass length ~10!'M,., was of order unity 
at z = 2. Note that this constraint implies that a flat universe cannot be much older 
than 18 Gyears. The nearly vertical lines mark the extreme upper limits allowed by 
primordial nucleosynthesis and the fraction of mass contributed by baryons in clus- 
ters. For a given (29, allowed values of hg lie below this curve: conversely, for a given 
ho, allowed values of Q lie to the left of this curve. The second such line shows the 
upper bound implied by observation of the abundance of deuterium at high redshifts. 

Finally, Figure 11.21 summarizes all the constraints plotted in the previous two 
figures. The shaded region is permitted for tg > 12 Gyr, hg > 0.5 and other con- 
straints being satisfied. The cross-hatched area shows the region with t9 > 15 Gyears 
and the abundance of clusters in the allowed region without taking uncertainty in 
normalization of the COBE data into account. If the uncertainties in the observations 
are pushed to the extreme limits, then the allowed parameter space corresponds to 
the shaded region. A somewhat less conservative interpretation of observations will 
lead to a much smaller allowed region than that shown here as the cross-hatched 
area. Here we have not used the bounds arising from values of the deceleration 
parameter and observation of the abundance of deuterium at high redshift. 

This brief review highlights the new developments in cosmology since the review 
of Gunn and Tinsley. Although the constraints of ‘age’ have been with the big-bang 
cosmology for several decades, only now are they coming into focus, thanks to the 
greater precision in the measurements of the Hubble constant and an improvement 
in our understanding of stellar evolution. Even allowing for errors on both fronts, the 
inescapable conclusion today is that the standard big-bang models without the cos- 
mological constant are effectively ruled out. Even with the cosmological constant, 
one has to remember that gravitational Jensing limits the value of &2, to less than 
0.65. 

In this connection it is also interesting to incorporate two other observations into 
a diagram plotting Qa against Qo (see Figure 11.22). These are the constraints 
imposed by the m—z relation for type-la supernovae and the observed Doppler peak 
at / ~ 200 from the Boomerang data. The two intersecting regions represent regions 
of 95% confidence. The overlap includes the line segment along Q, + Qo = 1, for 
a flat universe. Again, the cosmological constant is sorely needed. 

The constraints from structure formation, abundances of clusters, primordial nu- 
cleosynthesis and high-redshift objects are all relatively recent; but they additionally 
constrain the models even with the cosmological constant. Indeed, with the present 
understanding of extragalactic astronomy. very little parameter space is now lett for 
the standard model with or without the cosmological constant. While a big-bang 
supporter may claim that the narrowing of the permissible window represents a 
convergence towards THE model of the universe, this raises another issue that 
theoreticians need to worry about. 

This is the issue of ‘fine-tuning’ raised earlier in this book. If we take the require- 
ment of no fine-tuning to imply the dictum “all dimensionless parameters should be 
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of the order of unity’, then we would consider Qh ta; = | models natural. (Any other 
model would require fine-tuning of this parameter in the early universe, a difficulty 
usually called the ‘flatness problem’.) By the same token we would have insisted 
that Qa = 0. Such a model is clearly ruled out by the observations. It is indeed hard 
to understand why the leftover cosmological constant is such as to conform exactly 
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Figure 11.21 See the text for details. 
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to the flatness condition. As pointed out by Steven Weinberg in 1989, this requires 
fine-tuning to one part in 10!°8. There have been attempts (e.g. quintessence) to 
invoke a dynamically evolving cosmological constant in order to circumvent this 
difficulty; however, none of these models has any compelling feature. At present, 
we must conclude that there is indeed a crisis in cosmology. 


11.8 The variation of fundamental constants 


Standard cosmology is based on the conservative assumption that physics as we 
know it here and now can be extrapolated to apply to the large-scale structure of the 
universe. Such an assumption is justified on the basis of the economy of postulates, 
or Occam’s razor. Among the non-standard cosmologies, only the perfect cosmo- 
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Figure 11.22 The plot obtained from Jaffe et al. 2000 (astro-ph/0007333) shows the 
current constraints from anisotropy of the cosmic microwave background (CMB) 
and SNla in the (Qm, 2, ) parameter plane. Shaded contours nearly parallel to the 
dotted line given by Qm + 2a = | are the lo, 20 and 3o limits (defined as the 
equivalent likelihood ratio for a two-dimensional Gaussian distribution) of the joint 
likelihood of the measurements of the anisotropy of the CMB by COBE, Boomerang 
and the MAXIMA-I experiments. The contours labelled “SN1a’ are similar 
likelihood contours from observations of high-redshift supernovae. The heavy 
contours are the combined constraints from the supernovae and CMB-anisotropy 
data given by the product of the two probability distributions. 
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logical principle guarantees the validity of this assumption. On empirical grounds 
there is no reason to believe that the assumption must otherwise hold. Thus it is 
possible to have fundamental constants like c, A, e and G and masses of particles 
varying with space and time. In Chapter 8 we encountered cosmologies in which it 
is assumed that the last two items on the above list may vary with the epoch. We 
will consider the evidence relevant to these issues in this section. 


11.8.1 The variation of a = e7/(fic) 


We have noticed in the context of the large-numbers hypothesis (LNH) that 
e7 / (Gmpme) should vary with the cosmic time t. Dirac assumed this to imply 
G «xt! withe, Mp and me constants. There is also the alternative conclusion to be 
drawn from the LNH that e~ « f, with G. mp and m, constants. This was suggested 
by Gamow in 1967 because he believed that such a rapid decline in G as t~! is ruled 
out by observations. If # and c are constants, then Gamow’s interpretation leads to 
the conclusion that the fine-structure constant a = e*/(fc) must vary with epoch as 
Sa © 
In 1967 J. N Bahcall and M. Schmidt measured the wavelengths of the O-III 
multiplet line in the emission spectra of five radio galaxies with z ~ 0.2. If a were 
fixed, the difference in wavelength 5A between the observed multiplet lines as a 
fraction of the weighted mean wavelength A of one of the lines must be the same in 
the observed spectra as it is in the laboratory spectra. If not, we have 


ee a (11.39) 
a(Q) d observed r Taper” . 


Bahcall and Schmidt found that 


az = 02) 


= 1.001 2: -0:002. 
(0) 2 (11.40) 


If @ were proportional to 7, we should have got a value of ~0.8 for the right-hand 
side of (11.40). 

In 1977 M. S. Roberts compared the redshifts measured at optical wavelengths 
and at 21 cm for extragalactic sources to find that 


4 
a 


Again this is an order of magnitude lower than the predicted rate of variation @ o f. 
These early observations already showed the robustness of the assumption that a is 
constant. 


<4x 107! year}, (11.41) 
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11.8.2 The variation of G 


This is an important observation, since the constancy of G is the basis of general 
relativity, on which standard cosmology is based. On the other hand, several non- 
standard cosmologies predict |G/G| ~ Hp in the present epoch. We summarize 
below the direct and indirect evidence for the variation (or lack of variation) of G. 


Radar observations 


In 1976 I. I. Shapiro and his colleagues reported the result of an analysis of several 
thousand observations of radar signals bounced off the inner planets between 1966 
and 1975. Taking the other data from the Moon and the outer planets, the radar 
results gave 


G 
| = 10°" year |. 


The radar technique has improved over time and the limit has become more 
stringent. For example, lunar laser ranging now puts the value of G/G at (0 + 8) x 
10! year~!. These values are consistent with zero, given the experimental errors. 


From pulsars 


The limits on G/G also come from pulsar observations. However, caution in inter- 
preting data is needed. For normally one approximates linearly by writing for the 
gravitational constant G = Go + G)t, where Go and Gy, are constants, and then 
working out the dynamics as per Newtonian methods. However, in certain theories 
of gravity, such as the Brans—Dicke theory, the inertia and other dynamical quantities 
also are modified and these effects are not taken into account in the values quoted. 
Thus the binary-pulsar limits on G/G of (11 + 11) x 10~!? or the upper limit of 
55 x 10~!* from the studies of the pulsar PSR 0655+64 are to be taken as indicative 
only. However, values of this order rule out the Dirac cosmologies and imply a high 
value of w for the Brans—Dicke cosmology. 


Lunar mean motion 
T. C. Van Flandern had examined Earth-Moon-Sun observations over several years 
using two time scales, namely atomic time, as measured by atomic clocks, and 
ephemeris time, derived from the Sun’s motion around the Earth. The basis of these 
observations is as follows. 

Suppose that a body goes around another much more massive body in a circular 
orbit of radius r and mean angular velocity n. If M is the mass of the central body, 
Newtonian mechanics gives the following two relations: 


GM =r°n’, r°n = constant = h. (11.42) 


If we now introduce a slow variation of G with time, it is easy to deduce from the 


above two relations that 
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are (11.43) 
G 27 
Thus the Earth’s mean angular velocity around the Sun measured in terms of 
ephemeris time will slow down at the fractional rate of 2G/G if G decreases with 
time. A similar equation should hold for the Moon, except that the Moon’s motion 
is also affected by the tidal friction of the Earth-Moon system. Thus we have for the 


Moon 


a (=) pene | (11.44) 
MM / tidal G 


If 2/nm is measured in terms of atomic time, we should get (11.44). Measuring 
the same quantity in terms of ephemeris time will, however, take out the 2G/G 
term arising from (11.43) and will measure only the tidal part. Thus the difference 
between the two observations should give us 2G/G. 

The main uncertainty in this method has always been in obtaining a reliable 
estimate of the tidal effect. If the errors quoted in the various determinations of 72 are 
reliable. then there is a genuine contribution of the G/G term towards the Moon’s 
motion. Early assessment of the data by Van Flandern suggested a value of the order 
G/G ~ (-6.9 + 2.4) x 107"! year—!, when it is considered within the framework 
of the Dirac cosmology. This rate is consistent with the Hoyle—Narlikar cosmology 
but is too high for the Brans—Dicke theory with w > 30. 


The Viking lander 


A very accurate measurement of the rate of change of G was reported in 1983 
from an analysis of the range data from the Viking landers on Mars. The exper- 
iment conducted by R. W. Hellings, P. J. Adams, J. D. Anderson, M. S. Keesey, 
E. L. Lau, E. M. Standish, V. M. Canuto and I. Goldman used the range measure- 
ments from the Viking landers and the Mariner 9 spacecraft in orbit around Mars. 
the radar-bounce range measurements from the surfaces of Mercury and Venus, the 
lunar laser range measurements and optical position measurements of the Sun and 
planets. A least-squares fit of the parameters of the Solar-System model to the data 
shows that 


G/G = (0.2£0.4) x 107!! year-!. 
Thus the result is certainly consistent with zero variation of G. 


Stellar evolution 


If G were greater in the past than itis now, stellar evolution would have proceeded at 
a faster rate, which would lead to modifications of the m—z relation. In 1980 Canuto 
and the author showed that insofar as the G-varying HN cosmology is concerned, the 
then data on m = relation were consistent with the theoretical prediction. However, 


Exercises 


the uncertainties of the m—z relation are such that it cannot tell us definitely whether 


variation of G is taking place. In any case, such an exercise may need to be repeated 
now for the database of type-Ia supernovae. 


Biological evolution of the Earth 


if G had been higher in the past, the Sun would have been brighter and the Earth 
closer to it than it is now. The Solar constant (the flux of radiation from the Sun 
outside the Earth’s atmosphere, at present “1.388 x 10° erg cm~2 s~!) therefore 
must have been considerably higher at the time of formation of the Earth than it 
is today. As estimated by Hoyle on the basis of the G-varying cosmology, at the 
time when life began, say around 3 x 10” years ago, this constant may have been 
about three times its present-day value. Would life have been possible under such 
circumstances? Again, it can be shown that the variation of G in the HN cosmology 
is not inconsistent with the biological evolution of the Earth, although such evidence 
also cannot be used to prove that G does vary with epoch. 


Exercises 


1 Calculate the past light cone for Friedmann models by expressing D(qo, z) as a func- 
tion of z. Plot these cones for go = 0, 4 and | as well as for the steady-state model. 


i) 


Discuss how the m—z curves for the various cosmological models branch out for dif- 
ferent values of gg. Why does the uncertainty in the value of Ho not hamper the test of 
the value of go? 


3 What are the various issues that need to be considered before the m—z plot can lead to 
something of cosmological significance? 


4 Discuss the aperture correction. In what way does it depend on go? 


5 Show that 
Dil. Z) Fa 
Dee (Chl as) 


and deduce that, for w = 0.7 the aperture correction introduces a magnitude difference 
of ~0.09™ at z = 0.7. 


6 Suppose that /(A) « )2 in the range 2500 A < 4 < 5000 A. A galaxy of redshift 0.5 
is being observed in a wavelength band centred on 5000 A. Another galaxy of redshift 
0.7 is also observed at 5000 A. Show that the K-terms for the two galaxies will differ 
by ~0.41™. 


7 Discuss the Stebbins—Whitford effect. Is it eliminated by taking due account of the 
K -correction? Why? 


8 Let K(A) denote the cross section of absorption per unit mass of intergalactic dust 
at wavelength A. Show that, in a Friedmann model of given qo, Ho, the apparent 
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magnitude of a galaxy of redshift zo, is increased due to intergalactic absorption by 
an amount (at the measured wavelength io) 


cpo f° ( Xr ) (1 + z)dz 
Am = 2.5 log,;,e — K : 
E10 Ho i 1+z/ /1+4+2q0z 


where (o is the present density of intergalactic matter. 

Taking K (A) = (6400/Aanpstrim) x 10+ cm g~!, ho = 0.5, go = 3 and po = 2.45 x 
10-3 g cm, show that at Ag = 6400 A, Am is of the order of 1™ for a galaxy of 
redshift unity. 


Show how the evolution of luminosity introduces uncertain corrections to the value of 
qo. Using (11.16) with x = 1.35, compute the ‘true’ values of go for the measured 
values gg = | and qg = 5: 


For the luminosity function of galaxies given by (11.25), show that the N—m relation 
in the gg = 0 Friedmann model is given by 


oo xl/4e dx 
N (<m) « | Tx!/2 + dex(4.658 — m/5)23 
0  [x!/2 + dex(4.658 — m/5)}° 


where dex y = 10”. Show that, for small m, the above result becomes the same as for 
Euclidean geometry. 


Show why the K-correction is necessary for the number counts of faint galaxies. 


A radio galaxy of redshift z = 0.1 has a spectral index a = 1 and a luminosity of 
10** erg s~! over the frequency range 150 Mhz < v < 1500 MHz. For ho = 1 show 
that the flux density of the galaxy is ~350 Jy at 1000 MHz and ~1750 Jy at 200 MHz. 
(Neglect any cosmological effects.) 


Express the radio power of the source in Exercise 12 in units of watts per megahertz 
per steradian at the frequencies of 200 and 1000 MHz, respectively. 


Suppose that the probability that the ratio V/V, lies in the range (x, x + dx) for 0 < 
x < 1 is proportional to x” dx. Estimate n from the observed value of (V/ Vm) = £. 


Suppose that, for small enough intervals do;, we have at most one source per interval. 
Writing (11.30) in the form 


—(a+1) 
F do, 


fool oh 
| Neer 


Pi = 


and maximizing with respect to a the expression 


[= Yon pi, 


show that, for og > 1, we get 


a= Mf Ying. 


17 


to 
in 


Exercises 


Let f(L)dL denote the number of radio sources per unit volume in the luminosity 
range (L, L + dL). Suppose that, for small redshifts, the plot of log z against log L 
follows a straight line of slope 5. Also assume that the number of points in equal 
intervals of log L is found to be constant. Using Euclidean geometry with distance 


 z, deduce from these observations that f(L) o L~2°, 


Discuss why a sample of radio sources complete with respect to a minimum flux 
density is not necessarily complete with respect to a maximum redshift and vice versa. 


A radio-source survey gives N = 10 at S = 12.5 Jy and N = 93 and S = 5 Jy. Show 
that, in a Euclidean universe, the above counts imply either a deficit of 13 sources at 
the high-flux end or an excess of 53 sources at the low-flux end. Use this example to 
comment on the Ryle—Hoyle controversy of the 1960s. 


Show that, in the Einstein—de Sitter model, the number of galaxies intervening between 
a quasar of cosmological redshift z and the observer is given approximately by 


Rant, oN | 
n= 0.006( ) ( Z ) ee) ei 
3 kpe / \0.1 Mpe~? kK 


where ho = I, R is the radius of the typical galaxy (assumed to be spherical) and Ng is 
the number density of galaxies. Use this number to estimate the probability of a quasar 
of redshift zo having n absorption lines. What can you say about the intervening-galaxy 
interpretation of quasar absorption lines on the basis of this result? 


A spherical explosion leads to the expansion of an object with radial velocity V in 
the rest frame of a remote observer O. By considering the shape of the surface of 
simultaneity seen by O, deduce that the object appears to expand laterally with speed 
Viggiano jar. 


Show that a supermassive black hole of mass 108Mo has a characteristic time scale 
of ~15 min. (In an accretion-disc scenario, the disc may extend out to ~10° times the 
radius of the black hole, thus increasing the above time scale by a factor of a thousand.) 


For the quasar 3C 345 an angular separation of central components was observed to 
increase from ~0.6 milli-arcseconds in 1970 to ~1.6 milliarcseconds in 1975. The 
redshift of 3C 345 is 0.595. Show that, if the redshift is cosmological, the speed of 
separation must be at least ~6.6 c for ho = 1. 


Show that, if the fine-structure constant varies as t, then at a redshift of 0.2 the fine- 
structure constant should be 77% of its present-day value in the Einstein—de Sitter 
model. 


Deduce, that for a slow variation of G in Newtonian mechanics, the angular speed n of 
a particle going around a massive body in a circular orbit changes as follows: 
n 2G 


n (ees 


Discuss the uncertainty introduced into the measurement of G/G by the tidal force 
between the Earth and the Moon. 
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12.1 Cosmology as a science 


The preceding chapters describe the attempts of present-day cosmologists to study 
their subject within the discipline imposed by science. From the days when it was 
a subject of philosophical speculations and religious dogma. cosmology has now 
developed into a subject to which the scientific method of investigation can be 
applied. This change has resulted from improvements in techniques for observing 
the large-scale structure of the universe and from the wide applicability of the laws 
of physics. In this final chapter we will take stock of all the available material to see 
how theories have performed vis-a-vis observations. However, a cautionary remark 
may be in order. 

By claiming to describe the universe as a whole, cosmology transcends the realms 
of all other branches of science. Any conclusions about the universe are bound to be 
profound and hence must be drawn with caution. This caution is often found to be 
missing from statements about cosmology. All too often the investigator (whether 
a theoretician or an observer) is tempted to mistake the model of the universe for 
the real thing. Categorical remarks about the state of the universe are often found 
upon closer examination to be model-dependent. For example, if an inhomogeneity 
of harmonic / is discovered in the microwave background, it may have one inter- 
pretation in one theory and a different one in another. If both interpretations are 
consistent with observations, it is unfair to claim that one theory alone is proved. 

In the last two chapters we have looked at the big-bang cosmology from various 
observational points of view. In $11.7 we have summarized the observational con- 
straints on the big-bang parameters and shown that very little, if any parameter space 
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remains viable. Before proceeding further, we will briefly review the quasi-steady- 
state cosmology in the light of the same observations, noting the above caveat, 
however, that the same observation may be interpreted differently by the QSSC from 
the way it is interpreted by the standard (big-bang) cosmology, which we shall refer 
to in brief as SC hereafter. 


12.2 Observational constraints on the QSSC 


In Chapter 9 we have discussed the theoretical and observational aspects of the 
QSSC. We will supplement those ideas with the inputs of observations of the kind 
discussed in Chapters 10 and 11. Notice, however, that, in terms of Figure 11.1, the 
QSSC has regions I, Il and II, but does not have the equivalents of earlier regions 
of the SC. This is because, in terms of redshifts, this cosmology does not have 
a monotonic behaviour with respect to time. As the universe oscillates, when we 
look back beyond Zmax ~ 5, the redshifts start decreasing and give way to modest 
blueshifts, which again give way to redshifts. Beyond a few cycles backwards in 
time, however, there are no blueshifts to be found, although the redshifts continue to 
oscillate between finite ranges in each cycle. 

First we will consider the tests of the distant universe, which go up to redshifts 
of the order of ~5, corresponding to regions II and III. We may mention right away 
that, since the QSSC uses the expanding-universe hypothesis, it is consistent with 
the findings of the surface-bnghtness test. The other three tests work out as follows. 


12.2.1 The redshift-magnitude relation 


How does the QSSC explain the m—z test using type Ia supernovae? The important 
difference between the standard m—z relation and that in the QSSC comes from 
the presence of whisker-like dust grains (see §9.13.2). This produces an additional 
dimming, which progressively increases with redshift according to the formula 


X(Z) 
nei 10k Ge 6 ‘, Ko dl, i271) 
0 


where « is the mass absorption coefficient produced by the grains, pg is the density 
of grains, and x(z) is the proper distance traversed through the intergalactic dust 
up to redshift z. One has to add this extra magnitude to the theoretically computed 
value for a dustless universe. 

Figure 12.1 shows the theoretical ‘best-fit’ curve for the data. To obtain the best 
fit, there were two parameters to vary: (i) the absolute magnitude of the supernova at 
the peak and (ii) the present-day value of pg. The x7 value for the best fit compares 
favourably with the best-fit value for standard cosmology optimized with respect to 
Q,. Note that the fit shown in Figure 12.1 does not optimize with respect to the 
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other cosmological parameters, which are taken as Zmax = 5,7 = 0.811, 40 = 
0.65 and Q, = —0.36. It is interesting that the best-fit value of pg turns out to be 
3.3 x 107-4 gcm +, which is in the right range for the dust to be able to thermalize 
the relic starlight into the microwave background. Had the model been along wrong 
or unphysical lines, we could have got a wildly different value of this parameter. 

The QSSC can also suggest an answer to the question of why some supernovae 
look exceptionally dim. This is because the dust (which is formed from the metallic 
vapours expelled by a supernova) lingers around the supernova to create more 
extinction of light. 


12.2.2 The radio-source counts 


In the QSSC these are generated by a combination of various populations of radio 
sources. Consider for example the two classes as follows: 


Class I: L = 107° W Hz7!, no = A = constant, z= 0; 


Class Il: L =5 x 10° WHz7!, no = A/4, z> 0.14. 
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Figure 12.1 The redshift-magnitude data for the type-Ia supernovae are fitted with 
the QSSC, with a density-optimized population of whisker grains in the intergalactic 
space causing extinction. The SC model with Qo = 1 and 2, = 0 is shown for 
comparison. 
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Here L is the luminosity and no the present-day number density of a population. So 
the sources in the second class are more powerful but less populous and they die 
out at redshifts less than 0.14. However, with this simple combination, we arrive at 


a source count curve in Figure 12.2 that agrees very well with the data shown in 
Figure 11.10. 
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Figure 12.2 A theoretical QSSC computation of the differential radio source counts 
expressed as a ratio of the Euclidean counts, based on a mix of two populations of 
radio sources. This may be compared with the observed curves of Figure 11.10, 
which are reproduced here in the upper half of the figure. 
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12.2.3 The angular-size—redshift relation 


The data on ultracompact radio sources discussed in the previous chapter have been 
fitted with the QSSC models. The resulting fits for two typical cases are shown in 
Figure 12.3. The two cases represent flat (k = 0) and negative-curvature (k = —1) 
models. The curvature parameter referred to in Figure 12.3 is Ko = ne GES 
Although both types of model give statistically good fits. the latter performs better. 
It will be interesting to check these preliminary findings against more data as they 
become available. 

Having discussed the tests of regions II and III, we now come to the tests of 
region I. 


12.2.4 The microwave background 


We have discussed extensively how the MBR arises in the QSSC and what its 
expected properties are. The main difference between the SC and the QSSC is that 
the fluctuations A7/T in the former are intricately related to initial conditions in the 
early universe and their evolution in the process of structure formation, whereas in 
the latter they reflect the inhomogeneities of contributions of relatively nearby and 
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Figure 12.3 The two curves shown above represent generic QSSC computations for 
zero and negative spatial curvatures. Although both models give a satisfactory fit to 
the angular-size and redshift data, the latter performs somewhat better. The curvature 
parameter Kg used here is a scaled version of k, as defined in the text. Based on the 
paper by S. K. Banerjee and J. V. Narlikar, 1999, Mon. Not. Roy. Astron. Soc., 
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recent origin. The latter have still to be worked out, and may require further details 
of the cluster/void distribution in the universe. 

For example, if the inhomogenesity of the distribution of dust in the present 
cycle is on the scale of a rich cluster of galaxies, it will cause inhomogeneity in the 
contribution of thermalized relic starlight of the present cycle, on the scale of angles 
subtended by such objects, at redshifts zmax ~ 5. These correspond to / in the range 
200-250. Thus the bump seen by ‘Boomerang’ receives a different interpretation 
here. 


12.25 Light nuclei 


These have been discussed in the context of the QSSC in Chapter 9. There we argued 
that the light nuclei form as a result of the decay of the Planck particle in an energetic 
fireball. However, in 1998, Geoftery Burbidge and Fred Hoyle argued that almost 
all nuclei can be made in stars. Thus, although the stellar contribution to helium in 
the present cycle is only ~ 10% of that observed, the stars in the previous cycles also 
contributed. Integrating over all previous cycles, we get a total contribution of stars 
of all previous cycles towards the present-day abundance of +He that is of the right 
order. 

The fact that there can be two possible ways of getting light nuclei may be 
something of an embarrassment to the theory, for then one has to understand why 
one rather than the other process dominated. The stellar option is aesthetically better 
since it involves only one process for the creation of al/ nuclei, light or otherwise. 
Also it relates the resulting starlight quite naturally to the microwave background. 
The scenario involving minicreation events, on the other hand, provides the right 
quantity of deuterium, for which no explicit stellar option is yet known. It may well 
be that the typical minicreation event produces only baryons and possibly deuterium, 
of which the former are then used in a star-formation process. 


12.2.6 Dark matter 


Unlike the big-bang cosmology, the QSSC does not seem to place any restriction 
on the baryonic density of the universe. either from considerations concerning light 
nuclei or from the size of imprints of structure formation on the microwave back- 
ground. Thus dark matter, to the extent that it is required, can be all baryonic. Since 
the typical minicreation event in the QSSC generates large-scale structure, it is likely 
that the clusters seen today retain some expansion velocities dating from their origin 
and therefore need not be virialized. In that case the amount of dark matter in them 
may have been overestimated. 

Amongst baryonic dark matter, the possibility of very old (say, ~30-40 Gyears) 
relic white dwarfs may provide an option, together with brown dwarfs and Jupiter- 
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like planets. In this sense. the findings of 0.5 Solar-mass objects from MACHO-type 
surveys may be significant. 

Having described the present-day observational constraints on the QSSC, we will 
now enter into a brief debate between the adherents of the standard cosmology and 
its opponents. 


es 


The case for standard cosmology 


An ardent supporter of standard cosmology will mention the following points in 
favour of the hot-big-bang models. 


1 


(6), 


The models are based on Einstein’s general theory of relativity. To the extent 
that it has been possible to test this theory, its predictions have always been 
borne out by observations. Thus we have confidence that the framework of 
our models is based on a sound theory. 


. The standard models are the simplest solutions of Einstein’s equations. It is 


remarkable therefore that they are able to reproduce such a profound 
observation as Hubble’s law. Moreover, these models predicted this law 
rather than coming as afterthoughts. This is clearly an indication that we are 
working along the right lines. 


. So far there is no satisfactory alternative to the theory of primordial 


nucleosynthesis for explaining the abundances of light nuclei, especially *He 
and 7H. The agreement between the observed abundances and the theoretical 
predictions is good enough to generate confidence in the hot big bang. 


. The observation of the microwave background radiation and its Planckian 


spectrum is a striking confirmation of the early hot phase in the history of the 
universe. Again, as in point 2, it is to the credit of the picture that the 
observation had been predicted by the theory. 


. The recent successes of grand unified theories (GUTs) applied to the very 


early universe suggest that such a scenario must have some germ of truth in 
it. For example, the expectation based on primordial nucleosynthesis that 
there cannot be more than three species of neutrino appears to be borne out 
by experiments with particle accelerators. In any case, the physical conditions 
under which the three basic forces of nature unite could have existed only in 
the very early universe. Since it is believed that redundant laws do not exist in 
nature, the situation leading to a GUT must have operated sometime; hence 
the very early universe is the logical choice for the stage at which the unified 
laws enacted their roles. 


A logical consequence of the GUT phase transition is ‘inflation’, which has 
turned out to be a fruitful input to the standard hot-big-bang cosmology and 
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promises to resolve some of its outstanding problems, including the provision 
of suitable initial conditions from which the large-scale structure evolved. 


7. The number counts and angular sizes of discrete source populations such as 
galaxies, radio sources and quasars exhibit evolution with epoch on the 
characteristic time scale of the expansion of the universe. The evolutionary 
models demand a greater density of quasars in the past, which is consistent 
with the predictions of the standard models that the universe was denser in 
the past than it is at present. 

8. The success in detecting very tiny inhomogeneities in the microwave 
background has led to a very flourishing effort at understanding the evolution 
of large-scale structure in terms of its interaction with radiation. Such an 
exercise helps in understanding the physics of the universe as it went through 
various past epochs even prior to those when discrete sources could be seen. 


124 The case against standard cosmology 


The agnostic may use the following counter-arguments in the cosmological debate. 


1. General relativity has been tested only in the weak-field approximation. We 
have no empirical evidence regarding how the theory fares for the strong-field 
scenarios of cosmology. The standard models therefore are to be looked upon 
as nothing more than extrapolations into speculative regions. 


2. Relativistic cosmology in general and standard models in particular have the 
curious and unsatisfactory feature of a spacetime singularity. The appearance 
of infinities is considered disastrous in any physical theory. In general 
relativity it is worse, since the singularity refers to the structure of spacetime 
and the physical content of the universe itself. Moreover, some adherents 
sometimes seek to elevate this defect out of the reach of physics. Thus one is 
not supposed to worry that the big bang violates all basic conservation laws 
of physics, such as the laws of conservation of matter and energy. Rather one 
is asked to look upon the event as beyond the scope of science. 


3. There is a discrepancy between the astrophysical age estimates and the 
Hubble age of the standard models. The discrepancy is made worse if ho is 
close to unity rather than 5, qo 2 5 rather than go ~ 0. The recent revival of 
the cosmological constant is a symptom of this problem. 


4. The photon-to-baryon ratio of ~ 10° is not explained by the standard models 
and the present temperature of ~3 K of the radiation background remains to 
be derived from a purely theoretical argument. Although GUTs provide one 
way of explaining N/Np, the present explanation still has the character of a 
postdicting and parameter-fitting exercise. 
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5. Despite numerous attempts by so many experts in the field. the formation of 


large-scale structure in the universe is ill-understood, especially in the context 
of the extraordinary smoothness of the microwave background, on the one 
hand, and the observed large-scale streaming motions relative to the Hubble 
flow observed today on the other. 


. Ona somewhat epistemological issue one feels uncomfortable at the way the 


research on the very early universe is being carried out. Because so much 
brainpower is currently being devoted to this field and has been for the last 
decade or more, this issue needs to be stressed somewhat more forcefully. A 
comparison with other branches of physics would be helpful for 
understanding the problem. 


In general, physics (or, for that matter, science in general) progresses with a 
close interplay between theoretical ideas and observed facts. Sometimes 
theory is speculative and is checked by firm observations. On other occasions 
theory is well founded but observations need to be further sharpened. In the 
work on the very early universe neither scenario holds: here one is dealing 
with theoretical speculations side by side with no direct observational 
evidence. 


When the electro-weak theory was formulated it was an exercise in 
theoretical speculations in gauge theories. It might or might not have worked. 
That it does work was eventually demonstrated by accelerator experiments. 
This is an example of how the scientific method works in particle physics. In 
Gamow’s work on the early universe well-established physics was used in a 
cosmological scenario that was speculative (there are no astronomical 
observations of the universe when it was ~1 s old). However, the ultimate 
predictions of the work can be compared with hard facts: the abundances of 
light elements and the radiation background. 


Neither of these conditions holds vis-a-vis the very early universe. No one 
can deny that the theoretical work on GUTs is still highly speculative. 
Neither can the theories be dynamically tested with particle accelerators. To 
capture the full flavour of a grand unified theory one needs to attain particle 
energies of ~10!5 GeV, which are far beyond the capabilities of present-day 
technology. On the cosmological side, the physics of the standard model with 
or without inflation at f ~ 10~*° s is also entirely speculative as those epochs 
cannot be observed. 


Thus one is matching one speculation with another. There is no harm in 
doing that. provided that one keeps reminding oneself that at best the exercise 
can claim consistency of this matching with what is observed today. Instead, 
very definitive claims are often made about what the universe was like at 
these epochs. 
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7. Furthermore, the requirement of ‘repeatability of an experiment’ is not 
satisfied in this picture. The GUT phase transition, inflation etc. happened 
once only and conditions conducive to them would not occur again. We may 
contrast this situation with nucleosynthesis in stars. This is an ongoing 
process with each star as an independent experiment. 


8. The role of non-baryonic dark matter is highly reminiscent of the “Emperor’s 
New Clothes’ — the story by Hans Christian Anderson. Except for neutrinos 
(whose massiveness is still open to question) no other form of such matter 
has been established experimentally. Yet the existence of various esoteric 
particles is taken for granted uncritically. Perhaps the cosmologists think that 
the physicists have established their existence on a firm footing while the 
physicists think that such particles must exist because cosmologists tell them 
so. The hard fact is that there are no hard facts on either side! 


So the sceptic may be permitted to remark that ‘The work on the very early 
universe, inflation, dark matter etc. is certainly very interesting, but is it physics?’. 


12.5 The outlook for the future 


In the light of what has been presented so far, we may ask a specific question both 
of the SC and of the QSSC: ‘What test can be performed that could in principle 
disprove this cosmology?’. This question is in the spirit of Karl Popper’s view of 
a scientific theory, namely that it should be disprovable. Thus, if such a test is 
performed and its results disagree with the prediction of the theory, then the theory 
is considered disproved. If the theory seeks survival by adding an extra parametric 
dimension, then that is against the spirit of this question. 


12.5.1 Tests that can disprove the SC 


With regard to the SC we suggest the following tests, which we feel to be decisive 
in disproving the current versions of the SC. 


1. Blue shifts. lf we find that a faint population of galaxies exhibits blueshifts, 
then the SC cannot be sustained. The QSSC, on the other hand, does predict 
such a population, namely the galaxies which are observed for the epochs 
close to the last maximum of the scale factor. The expected shifts are small, 
however, not exceeding ~0.1. It should be noted that, while finding such a 
population would disprove the SC, it does not prove the QSSC: it is merely 
consistent with the theory. Likewise, not finding a blueshifted spectrum does 
not prove the SC, but is consistent with it. 
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There are, however, problems with such a test. The obvious selection effect 
that an astronomer looks for line identifications on the short wavelength side 
of the observed line works against finding a blueshift. As the continuum itself 
gets brightened by blueshifting, the relatively weak blueshifted lines may be 
hard to detect against it. If one goes by the QSSC predictions, one needs to 
perform spectroscopy with galaxies fainter than ~ 27™ to find blueshifts, 
which is by no means easy. 


. Very old stars. The QSSC expects very old stars, born in the previous cycle, 


to be found in the Galaxy. They could be low-mass (~0.5Mo) stars just off 
the main sequence, which could be in the giant stage, as shown in Figure 
12.4, or seen as horizontal branch stars without the helium flash, or they could 
be very old white dwarfs. With ages as great as ~40—50 Gyears, these stars 
cannot be accommodated within the SC framework even with the 
cosmological constant. 


. Baryonic dark matter. If, through studies of clusters of galaxies containing 


hot gas, intergalactic space containing dust and MACHO-type microlensing 


Luminosity 


Surface Temperature 


Figure 12.4 In the HR diagram two stars with masses Mo and Mo /2 are shown 
branching off the main sequence onto the giant branch. A star of half the Solar mass 
branching off as a red giant can be 40-50 Gyears old. 
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observations, it is shown that the baryonic density parameter Qhar exceeds, 
say 0.02h,°, then the SC stands disproved, for it will have lost its one major 
asset, namely the ability to account for the observed abundance of deuterium. 
A large amount of baryonic matter will also pose difficulties for the 
structure-formation scenarios, which aim at explaining the observed 
inhomogeneity of galactic matter and its large-scale motions while keeping 
the anisotropies in the microwave background at the microkelvin level. 


. The o—ho diagram. We have already seen how this diagram helps constrain 


the SC. Further observations may help tighten the error bars on various 
parameters of the SC and thereby ultimately eliminate any permissible 
window in such a diagram. The MAP and PLANCK studies are expected to 
determine the parameters of the SC, together with other tests such as the m—z 
test. These will help to constrain the parameter space. 


5. Ages of stars and galaxies. Regardless of item 2 above, more precise 


determination of the ages of stars in the globular clusters in the Galaxy can in 
principle rule out many versions of the SC, if some ages turn out close to, say, 
18 Gyears. Likewise, nuclear cosmochronology can also in principle pose 
problems for many SC models by producing nuclear ages of the same order. 


In addition, if one improves the age—colour relationship for high-redshift 
galaxies, one can in principle disprove many SC models (i) via the total age 
criterion, viz. the look-back time plus the age of the galaxy exceeding the age 
of the universe, or (ii) by detecting fully formed mature galaxies too early in 
the universe. 


12.5.2 Tests that can disprove the QSSC 


We next outline a few tests that have the potential to disprove the QSSC. 


i 


The discovery of epochs of ultra-high redshifts. As we have seen, the QSSC 
model has a maximum redshift in the present cycle. In the typical case 
described here, zmax was taken as 5. There is sufficient flexibility in the 
model to make Zmax somewhat higher, say up to 10-15. However, any direct 
evidence that the universe had passed through an epoch of much higher 
redshift, say >30, would bring the credibility of the QSSC into question. 
(Abundances of light nuclei and the microwave background known today do 
not constitute such evidence because these are so interpreted within the SC 
framework: they have a different interpretation in the QSSC.) 


. Non-detection of old matter. Just as detection of old matter goes against the 


SC, so will the non-detection of such matter go against the QSSC. Since the 
QSSC claims that the observable universe contains very old stars, dedicated 
searches for such objects are important in order to test the theory. In this 
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connection, it is worth noting that current findings from gravitational 
microlensing would rule out the existence of white dwarfs of age 

10-12 Gyears since they would be luminous: however, they are consistent 
with the existence of white dwarfs as old as 40-50 Gyears. 


3. The absence of metallic whiskers. The dust grains which act as thermalizers 
of the relic stellar radiation so as to produce the microwave background, viz., 
the metallic whiskers in interstellar and intergalactic space, hold the lifeline 
to the QSSC. Narlikar et al. (1997) have discussed how these are produced 
and distributed in space, pointing out preliminary evidence consistent with 
their existence. Such evidence needs to be critically examined to see whether 
such dust indeed exists. In this connection determination of the m—z relation 
using type-la supernovae out to redshifts exceeding unity can play a crucial 
role. So can high-redshift quasars with substantial luminosity in the 
millimetre wavelengths. The finding of such quasars means either that, 
because of absorption by dust, they must be abnormally luminous in 
millimetre wavelengths, or that their redshifts are substantially 
non-cosmological, a possibility we will briefly touch upon in the final section. 
Failing these two alternatives, the QSSC loses one of its main arguments. 


4. Finding accretion of black holes. The QSSC claims that the pockets of 
high-energy emission in the universe such as the active galactic nuclei are 
explosive events pouring new matter into the universe. It questions the 
black-hole paradigm which invokes infalling matter circulating in an 
accretion disc. As observational methods improve, the nuclear region can be 
examined more critically to see which of the two alternatives is correct. Since 
the SC is not related to the black-hole/accretion-disc paradigm, finding versus 
not finding such accretion will not affect it seriously. However, the QSSC is 
more critically linked with the explosive-creation paradigm, so finding a clear 
instance of accretion by a black hole at the centre of an energy source will be 
an embarrassment to the theory. Here again it is worth stressing that finding 
evidence consistent with accretion of black holes does not constitute a proof 
of the phenomenon. 


126 Concluding remarks 


Cosmology is currently going through a critical stage. This statement is more than 
the cliché that it sounds like. We will elaborate on it with a few examples of 
outstanding questions that need to be settled clearly one way or the other. 


1. How homogeneous is matter in the universe? 


Technology has reached a stage at which automated observations on a large scale 
are a reality. Thus redshift surveys are expected to churn out spectra and redshifts 
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of galaxies by the million. It therefore makes sense to await a better comprehension 
of large-scale structure in our immediate vicinity before theorizing on the basis of 
a homogeneous and isotropic model. In particular, we need to know whether above 
the scale of, say, 200 Mpc, the universe can safely be regarded as homogeneous. 

It has been claimed, for example, that there is no ultimate scale of inhomogeneity 
and that the universe is fractal in nature. If so, the present Robertson—Walker models 
fail and one may have to do the modelling afresh. Less drastically, one may find 
inhomogeneity on a larger scale of, say, 400 Mpc. To what extent then are our present 
models reliable? 


2. Are the clusters dynamically relaxed? 


A major part of the present argument for dark matter comes from the virial theo- 
rem for clusters. If the peculiar velocity distribution for clusters can be determined 
or estimated with greater accuracy than it can at present, we may be able to ascertain 
whether the clusters are virialized or rather are expanding as Ambartsumian so 
strongly claimed in the 1960s. 

The QSSC suggests that the clusters may have been created in explosive creation 
processes and that they are expanding. This will mean that the virial theorem is not 
valid for clusters and this takes away the strength of the present argument for dark 
matter. Hence it is necessary to find independent checks on whether the velocity 
distributions of galaxies in clusters are in statistical equilibrium. 


3. Does the universe have a cellular structure? 


Analyses on larger scale have led to claims in 1998 by Einasto er al. of a cellu- 
lar/periodic structure of the universe. There are also claims for a fractal universe for 
which no ‘mean density’ can be defined. Neither of these investigations can be easily 
accommodated in the standard cosmology or in the QSSC, although Hoyle and 
Burbidge have attempted to explain periodic redshifts in the QSSC by a modification 
of the Machian relationship relating the inertia of a particle to the rest of the particles 
in the universe. So it is important to check with more detailed studies whether the 
claimed cellular structure in the large-scale distribution of galaxies really exists. 


4. Does Hubble’s law hold for all extragalactic objects? 


Throughout this book we have taken it for granted that the redshift of an extra- 
galactic object is cosmological in origin, i.e., that it is due to the expansion of the 
universe. In Chapter 1] we described this assumption as the cosmological hypothesis 
(CH). There we commented on the fact that, whereas the Hubble diagram on which 
the CH is based gives a fairly tight m—z relationship for first-ranked galaxies in clus- 
ters, a corresponding plot for quasars has enormous scatter. Although we discussed 
the cosmological tests on the basis of CH for quasars as well as galaxies, we found 
that. in some cases, special efforts are needed to make the CH consistent with data on 
quasars. These included, apart from the Hubble diagram, the superluminal motion 
of quasars, rapid variability, the absence of a Ly-~ absorption trough, etc. 
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To what extent is the CH valid for quasars? Let us begin with the type of data 
Stockton had collected, in which quasars and galaxies were found in pairs or groups 
of close neighbours in the sky. The argument was that, if a quasar and a galaxy are 
found to be within a small angular separation of one another, then it is very likely 
that they are physical neighbours and, according to the CH. their redshifts must be 
nearly equal. 

This argument is based on the fact that the quasar population is not a dense one 
and. if we consider an arbitrary galaxy, the probability of finding a quasar projected 
by chance within a small angular separation from it is very small. If the probability 
is <0.0L, say, then the null hypothesis of projection by chance has to be rejected. In 
that case the quasar must be physically close to the galaxy. This was the argument 
Stockton used. 

While Stockton found evidence that in such cases the redshifts of the galaxy and 
the quasar, zg and zg, say, were nearly the same, there have been data of the other 
kind also. In two books listed in the bibliography H. C. Arp has described numerous 
examples in which the chance-projection hypothesis ts rejected but <g < cg. Over 
the years four types of such discrepant cases have emerged. 
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Figure 12.5 A histogram of the distribution of separations of 300 quasar—galaxy 
pairs. If the quasars were randomly distributed with respect to bright galaxies then 
their numbers should have increased in proportion to the square of the angular 
separation. Instead, there is a peak within 60 arcseconds. The quasars are all of 
considerably higher redshifts than galaxies. Adapted from G. Burbidge, A. Hewitt, 
J. V. Narlikar and P. Das Gupta, 1990, ‘Association between quasi-stellar objects and 
galaxies’, Ap. J. Suppl. 74, 679. 
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J. There is growing evidence that large-redshift quasars are preferentially 
distributed closer to low-redshift bright galaxies (see Figure 12.5). 


2, There are alignments and similarities of redshift among quasars distributed 
across bright galaxies (see Figure 12.6). 


3. Close pairs or groups of quasars of discrepant redshifts are found more 
frequently than would occur due to chance projection (see Fi gures 12.6 and 
Pa, 


4. There are filaments connecting pairs of galaxies with discrepant redshifts (see 
Figures 12.8(a) and (b)). 


It is worth recording that there are continuing additions to the list of anomalous 
cases. They are not limited to optical and radio sources only, but are also found 
among X-ray sources, as seen for example in Figure 12.9. The reader may find it 
interesting to go through the controversies surrounding these examples. The sup- 
porters of the CH like to dismiss all such cases as either observational artefacts or 
selection effects. Or, they like to argue that the excess number density of quasars 
near bright galaxies could be due to gravitational lensing. While this criticism or 
resolution of discrepant data may be valid in some cases, it is hard to see why this 
should hold in all cases. 


pete 


——_ 
Figure 12.6 The concentration of quasars with various redshifts (marked in ihe 
figure) in the vicinity of the region of right ascension 11" 46™ 14 and declination 
11°11'42” found by H. Arp and C. Hazard (1980, Ap. J. 240, 726) Reproduced by 
courtesy of H. C. Arp. 
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Another curious effect that was first noticed by G. Burbidge in the late 1960s 
concerns the apparent periodicity in the distribution of redshifts of quasars. The 
periodicity of Az = 0.06 first found by Burbidge for about 70 QSOs is still present 
with the population multiplied 30-fold (see Figure 12.10). What is the cause of this 
structure in the < distribution? Various statistical analyses have confirmed that the 
effect is significant. Another claim, first made by Karlsson in 1977, is that log(1 +z) 
is periodic with a period of 0.206. This also is very puzzling and does not fit into 
the simple picture of the expanding universe that we have been working with in this 
book. 


Figure 12.7 These two triplets of quasars found on the same photographic plate 
show examples of exact alignments of quasars of various redshifts (shown in the 
figure). The chance of this alignment by random projection is less than 1074. 
Reproduced by courtesy of H. C. Arp. 
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On a much finer scale W. Tifft has been discovering a redshift periodicity 
c Az = 72 kms7! for differential redshifts for double galaxies and for galaxies 
in groups. The data have been refined over the years with accurate 21-cm redshift 
measurements. If the effect were spurious, it would have disappeared. Instead it 
has grown stronger and has withstood fairly rigorous statistical analyses (see Figure 
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Figure 12.8 (a) The large galaxy NGC 7603 (cz = 8700 km s_!) appears 
connected to a compact companion (cz = 16900 km s—!). (b) The luminous 
connection first found by Arp between NGC 4319 and Markarian 205 with redshifts 
z = 0.0056 and 0.07, respectively, has been confirmed by J. Sulentic with CCD 
observations. Images reproduced by courtesy of H. C. Arp. 


505 


506 12 A critical overview of cosmology 


For a universe regulated by Hubble’s law, it is hard to fit in these results. The 
tendency on the part of the conventional cosmologist is to discount them in the 
hope that, with more complete data, they may disappear. At the time of writing this 
account the data show no such tendency! 

It is probable that the effects are genuine and our reluctance to ignore them also 
stems from the lack of any reasonable explanation. The explanation may bring in 
other non-cosmological components in the observed redshift z. Thus we should 


write 
l+z=( + zc)(! + znc). 2.2) 


The cosmological component zc obeys Hubble's law while the non-cosmological 
part snc exhibits the anomalous behaviour. What could zNc be due to? There are a 
few possibilities, none of which has thoroughly been tested. 
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Figure 12.9 Two X-ray sources aligned across NGC 4258 were conjectured to be 
ejecta from the galaxy. They turned out to be quasars with redshifts 0.4 and 0.65, 
which are considerably higher than the redshift of the galaxy, which is 0.002. Picture 
reproduced by courtesy of H. C. Arp. 
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1. The Doppler effect arises from peculiar motions relative to the cosmological 
rest frame. It is a well-known phenomenon in physics. 

2. The gravitational redshift arises from compact massive objects, as discussed 
in Chapter 2. 


3. The spectral coherence discussed by E. Wolf causes a frequency shift in 
propagation when fluctuations of light at the source are correlated. 


4. In the tired-light theory a photon of non-zero rest mass loses energy while 
propagating through space. 

5. In the variable-mass hypothesis arising from the Machian theory of F. Hoyle 
and the author, particles may be created in small and large explosions and 


those created more recently will have smaller masses and hence larger 
redshifts. 


To what extent can these alternatives provide explanations for the discrepant data? 
Would the discrepancies dwindle away as observations improve or would they grow 
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Figure 12.10 A histogram of quasar redshifts showing peaks at approximate 
multiples of 0.06. The peaks are confirmed by power-spectrum and other analyses 
carried out by D. Duari, P. Das Gupta and J. V. Narlikar. 
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in significance? Clearly these issues have enormous implications for Hubble’s law 
in particular and for cosmology in general. 


What theory will replace general relativity on the Planck scale? 


Observations apart, there are new concepts coming through theory also. The gen- 
eral theory of relativity which has served cosmology well throughout the previous 
century is now being scrutinized to see how it fits within a wider framework of 
unification of all interactions. Quantum gravity, the loops approach of Ashtekar ef 
al., or the string-theory approach are all being tried and it is too early to predict what 
the generally accepted outcome will be. Will these new approaches throw some fresh 
light on Mach’s principle or the large-numbers hypothesis? Whatever the eventual 
perception may be, it is bound to throw fresh light on the spacetime singularity 
and the notion of a big bang. It may also substantially modify the early-universe 
scenarios being talked about today. 


The above discussion should be sufficient to convince the reader that the subject 
of cosmology is still very much open. As discussed in Chapter 1, the majority 
of astronomers at the turn of the century held the view that the entire universe is 
contained in our Galaxy. Improved observing techniques soon demolished that view 
and by the mid-1920s glimpses of the vast extragalactic world were beginning to 
enlarge the scope of cosmology. 


=72) | +216 


| 
; Z al 
. ea aL | 


i L =I | at | 1 | 
—200 0 200 400 600 


Az (km/sec) 


Figure 12.11 This histogram of differences between redshifts of dominant and 
companion galaxies shows that peaks occur at multiples of 72 km s~!. From H. Arp, 
1987, Quasars, Redshifts and Controversies (Berkeley: Interstellar Media). 


Exercises 


Today we are similarly on the brink of another observational breakthrough with 


many new-technology telescopes in the offing, both on the ground and in space. 
It may well be that observations from these will confirm the standard big-bang 
picture. It is more likely that the bigger and better telescopes of the future will 
reveal unexpected new phenomena in the universe, phenomena that will provide 
the greatest intellectual challenges to whatever ideas we hold sacrosanct today. 


We conclude with this prognostication. 


Exercises 


to 


tr) 


~ 


For k = 6.11 x 10+ cm? g—', make a rough estimate of , so as to get Am(z), the 
additional dimming produced by intergalactic dust out to redshift 0.5 as 0.2™. 


What is the maximum blueshift that one expects to find in the QSSC, given its parame- 
ters P, Q, 7 and fo? Obtain a numerical estimate for the model given by (9.117). 


Name an observation that can disprove the standard big-bang model, clarifying the 
details that, if they were to be found, could constitute an unequivocal disproof? Do a 
similar exercise for the QSSC. 


Suppose that quasars are located at a fixed distance D from their companion galaxies. 
Show that this assumption leads to a log 6—log zg plot with a mean slope of —1. Why 
is this assumption inconsistent with the CH? (6 is the angular separation between the 
quasars and the galaxy.) 


Let n(m) denote the number of quasars per unit square degree brighter than apparent 
magnitude m. If two quasars are found with angular separation 6 arcminutes, but with 
very different redshifts, what statistical test will you apply to decide whether the pair 
constitutes an example of an anomalous redshift? 
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k = 1.380662(44) x 107!6 erg K7! 

k~! = 11 604.50(36) K ev—! 
Sak? 

 15¢3p3 


DEA CEE 
( ) =202 T? cm7> 


13 | 
HE ch 


mye 


3 
G = 1.02 x 10-*() 


= 2.224 64(4) MeV 
28.296 9(4) MeV 


= 7.5041 10° einem Ke 
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Astronomical constants 


Light year llight year = 9.4605 x 10'7 cm 

Parsec I pe = 3.085 6(1) x 10!8 cm & 3.26 light years 
Radius of the Sun Ro = 6.959 x 10! em 

Mass of the Sun Mo = 1.989(1) x 1073 g 

Luminosity of the Sun Lo = 3.826(8) x 10°3 erg 57! 

Mass/light ratio for the Sun Mo/Lo = 0.51 gerg!5 

Luminosity of a star of zero Lo = 2.97 x 10? erg s—! 

absolute magnitude (Mj. = 0) 

Flux from a star of zero Ig = 2.48 x 1075 erg cm~? s7! 

apparent magnitude 

Radio flux density 1 Jy = 10-76 W m~ Hz7! 

Hubble constant Ho = 100h9 km s~! Mpc! 0.5 < ho < 1 


Hubble age 1 = Hy | = 9.8h5! x 10° years 
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er bh? 4 


OSSC 
SU(it) 
U (nn) 

VLBI 


slavenivts and Abnrevisatou: 


Cambridge catalogue of radio sources 

Cold dark matter 

Cosmological hypothesis (for quasar redshifts) 
Great Attractor 

Giga-electron-volt (unit for energy) 
Hubble’s constant 

H measured in units of 100 km s~'! Mpc 
Hot dark matter 

Hubble modulus 

Hoyle—Narlikar 
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Initial mass function 

Luminosity 

Local Group 

Large-numbers hypothesis 

Absolute magnitude 

Apparent magnitude 

Mega-electron volt (unit for energy) 
New General Catalogue 

Perfect cosmological principle 
Pulsar catalogue label 

Deceleration parameter 
Quasi-steady-state cosmology 
Special unitary group of n dimensions 
Unitary group of n dimensions 
Very-long-baseline interferometry 


The reference material listed below is divided into three categories, (1) textbooks 
(11), review articles and proceedings of scientific meetings and (ii1) lists of papers of 
a pioneering nature. In a rapidly growing subject like cosmology it is not possible to 
give an exhaustive list of references. It is hoped that the above distribution of sources 
of information will meet the varying needs of the readers. 
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